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Preface

This book provides an overview of X-ray technology, the historic developmental
milestones of modern CT systems, and gives a comprehensive insight into the main
reconstruction methods used in computed tomography. The basis of reconstruc-
tion is, undoubtedly, mathematics. However, the beauty of computed tomography
cannot be understood without a detailed knowledge of X-ray generation, photon–
matter interaction, X-ray detection, photon statistics, as well as fundamental signal
processing concepts and dedicated measurement systems.Therefore, the reader will
find a number of references to these basic disciplines together with a brief introduc-
tion to the underlying principles of CT.

This book is structured to cover the basics of CT: from photon statistics tomod-
ern cone-beam systems. However, the main focus of the book is concerned with de-
tailed derivations of reconstruction algorithms in D and modern D cone-beam
systems. A thorough analysis of CT artifacts and a discussion of practical issues,
such as dose considerations, provide further insight intomodernCT systems.While
mainly written for graduate students in biomedical engineering, medical engineer-
ing science, medical physics, medicine (radiology), mathematics, electrical engin-
eering, and physics, experienced practitioners in these fields will benefit from this
book as well.

The didactic approach is based on consistent notation. For example, the nota-
tion of computed tomography is used in the signal processing chapter. Therefore,
contrary to many other signal processing books, which use time-dependent values,
this book uses spatial variables in one, two or three dimensions. This facilitates
the application of the mathematics and physics learned from the earlier chapters
to detector array signal processing, which is described in the later chapters. Add-
itionally, special attention has been paid to creating a text with detailed and richly
discussed algorithm derivations rather than compact mathematical presentations.
The concepts should give even undergraduate students the chance to understand
the principal reconstruction theory of computed tomography.The text is supported
by a large number of illustrations representing the geometry of the projection sit-
uation. Since the impact of cone-beam CT will undeniably increase in the future,
three-dimensional reconstruction algorithms are illustrated and derived in detail.

This book attempts to close a gap. There are several excellent books on medical
imaging technology that give a comprehensive overview of modern X-ray technol-
ogy, computed tomography, magnetic resonance imaging, ultrasound, or nuclear
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medicine modalities like PET and SPECT. However, these books often do not go
into the mathematical detail of signal processing theory. On the other hand, there
are a number of in-depth mathematical books on computed tomography that do
not discuss practical issues. The present book is based on the German book Ein-
führung in die Computertomographie, which first appeared during the summer of
. Fortunately, since the book was used by many of my students in lectures on
Engineering in Radiology,Medical Engineering, Signals and Systems inMedicine, and
Tomographic Methods, I received a lot of feedback regarding improvements on the
first edition. Therefore, the idea arose to publish an English version of the book,
which is a corrected and extended follow-up.

I would like to thank Siemens Medical Solutions, General Electric Medical Sys-
tems, and Philips Medical Systems, who generously supported my laboratories in
the field of computed tomography. In particular, I would like to thank my friend
Dr. Michael Kuhn, former Director of Philips Research Hamburg. It was his ini-
tiative that made possible the first installation of CT in my labs in . Addition-
ally, I have to thank Mrs. Annette Halstrick and Dr. Hans-Dieter Nagel (Philips
Medical Systems Hamburg), Leon de Vries (Philips Medical Systems Best), Doris
Pischitz, Jürgen Greim and Robby Rokkitta (Siemens Medical Solutions Erlangen),
Dieter Keidel and Jan Liedtke (General Electric Medical Systems) for many photos
in this book. I would like to thankWolfgangHärer (AXICC, SiemensMedical Solu-
tions), Dr. Gerhard Brunst, (General Electric Medical Systems), Dr. ArminH. Pfoh,
Director of General Electric Research Munich, Dr. Wolfgang Niederlag (Hospital
Dresden-Friedrichstadt), Prof. Dr. Heinz U. Lemke (Technical University Berlin),
Dr. Henrik Turbell (Institute of Technology, Linköpings Universitet), and Prof.
Dr.Dr. Jürgen Ruhlmann (Medical Center Bonn) for the courtesy to allowme to use
their illustrations and photos. Further, I have to thank the Digital Collections and
Archives of Tufts University, the Collection of Portraits of the Austrian Academy of
Sciences, and the Röntgen-Kuratorium Würzburg e.V. for the courtesy to allow me
to use their photos.

Additionally, I have to thank my friends, colleagues, and students for proof-
reading and translating parts of the book. In alphabetical order I appreciated the
help of:

Dr. Bernd David (Philips Research Laboratories Hamburg)
Katie Dechambre (Milwaukee School of Engineering)
Erin Fredericks (California Polytechnic State University, San Luis Obispo)
Sebastian Gollmer (University of Lübeck)
Dr. Franko Greiner (University of Kiel)
Tobias Knopp (University of Lübeck)
Dieter Lukhaup (Schriesheim-Altenbach)
Andreas Mang (University of Lübeck)
Prof. Dr.-Ing. Alfred Mertins (University of Lübeck)
Jan Müller (University of Lübeck)
Dr. Hans-Dieter Nagel (Philips Medical Systems Hamburg)
Susanne Preissler (RheinAhrCampus Remagen)
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Tony Shepherd (University College London)
Vyara Tonkova (RheinAhrCampus Remagen)

Many special thanks go to Sebastian Gollmer, Andreas Mang, and Jan Müller, who
did the copy editing of the complete manuscript. However, for the errors that re-
main, I alone am responsible and apologize in advance.

I would like to thank the production team at le-tex as well as Paula Francis for
copy editing. Further, I have to thank Springer Publishing, especially Dr. Ute Heil-
mann and Wilma McHugh for their excellent cooperation over the last few years.

Finally, I would like to thank my wife Kerstin, who has supported and sustained
my writing efforts over the last few years. Without her help, patience, and encour-
agement this book would not have been completed.

Lübeck, June  Thorsten M. Buzug
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1.1
Computed Tomography – State of the Art

Computed tomography (CT) has evolved into an indispensable imaging method
in clinical routine. It was the first method to non-invasively acquire images of the
inside of the human body that were not biased by superposition of distinct anatom-
ical structures. This is due to the projection of all the information into a two-
dimensional imaging plane, as typically seen in planar X-ray fluoroscopy.Therefore,
CT yields images of much higher contrast compared with conventional radiogra-
phy. During the s, this was an enormous step toward the advance of diagnostic
possibilities in medicine.

However, research in the field of CT is still as exciting as at the beginning of its
development during the s and s; however, several competing methods ex-
ist, the most important being magnetic resonance imaging (MRI). Since the inven-
tion ofMRI during the s, the phasing out of CT has been anticipated. Neverthe-
less, to date, the most widely used imaging technology in radiology departments is
still CT. AlthoughMRI and positron emission tomography (PET) have been widely
installed in radiology and in nuclear medicine departments, the term tomography
is clearly associated with X-ray computed tomography .

Some hospitals actually replace their conventional shock rooms with a CT-
based virtual shock room. In this scenario, imaging and primary care of the patient
takes place using a CT scanner equipped with anesthesia devices. In a situation

 In the United States computed tomography is also called CAT (computerized axial tom-
ography).
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where the fast three-dimensional imaging of a trauma patient is necessary (and it is
unclear whetherMRI is an adequate imaging method in terms of compatibility with
this patient), computed tomography is the standard imagingmodality. Additionally,
due to its ease of use, clear interpretation in terms of physical attenuation values,
progress in detector technology, reconstruction mathematics, and reduction of ra-
diation exposure, computed tomography will maintain and expand its established
position in the field of radiology.

Furthermore, the preoperatively acquired CT image stack can be used to syn-
thetically compute projections for any given angulations. A surgeon can use this
information in order to get an impression of the images that are taken intraoper-
atively by a C-arm image intensifier. Therefore, there is no need to acquire add-
itional radiographs and the artificially generated projection images actually resem-
ble conventional radiographs. Additionally, the German Employer’s Liability Insur-
ance Association insists on aCT examination in severe accidents that occur at work.
Therefore, CT has advanced to become the standard diagnostic imagingmodality in
trauma clinics. Patients with heavy trauma, fractures, and luxations benefit greatly
from the clarification provided by imaging techniques such as computed tomog-
raphy.

Recently, interesting technical, anthropomorphic, forensic, and archeological
(Thomsen et al. ) as well as paleontological (Pol et al. ) applications of
computed tomography have been developed.These applications further strengthen
the method as a generic diagnostic tool for non-destructive material testing and
three-dimensional visualization beyond its medical use. Magnetic resonance imag-
ing fails whenever the object to be examined is dehydrated. In these circumstances,
computed tomography is the three-dimensional imaging method of choice.

1.2
Inverse Problems

The mathematics of CT image reconstruction has influenced other scientific fields
and vice versa. The backprojection technique, for instance, is used in both geo-
physics and radar applications (Nilsson ). Clearly, the fundamental problem
of computed tomography can be easily described: Reconstruct an object from its
shadows or, more precisely, from its projections. An X-ray source with a fan- or
cone-beam geometry penetrates the object to be examined as a patient in medical
applications, a skull found in archeology or a specimen in nondestructive testing
(NDT). In the so-called third generation scanners, the fan-shaped X-ray beam fully
covers a slice section of the object to be examined.

Depending on the particular paths, the X-rays are attenuated at varying extents
when running through the object; the local absorption is measured with a detector
array. Of course, the shadow that is cast in only one direction is not an adequate
basis for the determination of the spatial distribution of distinct structures inside
a three-dimensional object. In order to determine this structure, it is necessary to
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irradiate the object from all directions. Figure . schematically illustrates this prin-
ciple, where pγi (ξ) represents the attenuation profile of the beam versus the X-ray
detector array coordinate ξ under a particular projection angle γi . If the different
attenuation or absorption profiles are plotted over all angles of rotation γi of the
sampling unit, a sinusoidal arrangement of the attenuation or projection integral
values is obtained. In two dimensions, these data, pγi (ξ), represent the radon space
of the object, which is essentially the set of raw data.

In a special CT acquisition protocol, the spiral measurement process, the
X-ray tube is continuously rotated, with the examination table being moved lin-
early through the measuring field. This scan process produces data that take a spi-
ral or helical path. This method offers the possibility of computing any number of
slices retrospectively, so that an accurate three-dimensional rendering can be ex-
pected. To allow this acquisition technique, a slip ring transfer system has been de-
veloped. In such a system, power supply to the X-ray tube and signal transfer from
the detector system is guaranteed, even though the imaging system continuously
rotates.

From a mathematical point of view, image reconstruction in computed tomog-
raphy is the task of computing the spatial structure of an object that casts shadows
using these very shadows. The solution for this problem is complex and involves
techniques in physics, mathematics, and computer science. The described scenario
is referred to as the inverse problem in mathematics.

Fig. .. Schematic illustration of computed tomography (CT). Three homogeneous objects
with quadratic intersection areas are exposed with X-ray under the projection angles γ
and γ. Each projection angle produces a specific shadow, pγ(ξ), which, measured with
the detector array represents the integral X-ray attenuation profile. The geometric shadow
boundaries are indicated with dashed lines. However, analysis of the profile under the first
projection angle, γ , on its own does not allow one to deduce an estimate of the number of
separated objects
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1.3
Historical Perspective

A particular kind of mathematical problem in CT became popular in the s
when the astrophysicist Bracewell proved that the resolution of telescopes could
be significantly improved if spatially distributed telescopes are appropriately syn-
chronized. However, in , similar problems with the same mathematical basis
had already been discussed (cf. Cormack [] and the references therein; many
examples are collected by Deans []).

One example can be found in the field of statistics: Given all marginal distri-
butions of a probability distribution density, is it possible to deduce the probability
density itself? In this example, the marginal distributions represent an equivalent
example for the measured projections in computed tomography. Another example
can be found in astrophysics: Looking from earth into a particular direction of the
universe, only the radial velocity component of the stars can be obtained via the
spectral Doppler red shift. This again represents the same inverse problem that has
to be solved if the distribution of the actual three-dimensional velocity vector is to
be reconstructed from the radial velocity components acquired from all available
directions.

In computed tomography, the meaning of the mathematical term inverse prob-
lem is immediately apparent. In contrast to the situation shown in Fig. ., the spa-
tial distribution of the attenuating objects that produce the projection shadow is
not known a priori. This, actually, is the reason for acquiring the projections along
the rotating detector coordinate ξ over a projection angle interval of at least �.
Figure . illustrates this situation. It is an inversion of integral transforms. From
a sequence of measured projection shadows �pγ(ξ), pγ(ξ), pγ(ξ), . . .�, the spa-

Fig. .. Schematic illustration of the inverse problem posed by CT. Attenuation pro-
files, pγ(ξ), have been measured for a set of projection angulations, γ and γ.The unknown
geometry, or the object with its associated spatial distribution of attenuation coefficients, has
to be calculated from a complete set of attenuation profiles �pγ(ξ), pγ(ξ), pγ(ξ), . . .�
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Fig. ..Left: AllanMacLeodCormack (–) shortly after the official announcement of
the Nobel Prizes for medicine in  (courtesy of Tufts University, Digital Collections and
Archives). Right: Sir Godfrey Hounsfield (–) in front of his first EMI CT scanner
(courtesy of General Electric Medical Systems)

Fig. .. Left: Johann Radon (–; courtesy of the Austrian Academy of Sciences
[OAW], collection of portraits). Right: Wilhelm Conrad Röntgen (–; courtesy of
Röntgen-KuratoriumWürzburg e.V.)
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tial distribution of the objects, or more precisely, the spatial distribution of the at-
tenuation coefficients within a chosen section through the patient, must be esti-
mated.

In , the solution to this problem was applied for the first time to a sequence
of X-ray projections for which an anatomical object had beenmeasured fromdiffer-
ent directions. Allen MacLeod Cormack (–) and Sir Godfrey Hounsfield
(–) are pioneers of medical computed tomography and in  received
the Nobel Prize for Medicine for their epochal work during the s and s.
Figure . shows a picture of the two Nobel Prize winners.

Table .. Summary of historical CT milestones

Year Milestone
 Röntgen discovers a new kind of radiation, which he named X-ray
 Röntgen receives the Nobel Prize for physics
 Bockwinkel employs the Lorentz’s solution in the reconstruction of three-

dimensional functions from two-dimensional area integrals
 Radon publishes his epochal work on the solution of the inverse problem of

reconstruction
 Ehrenfest extends the solution of Lorentz to n dimensions using the Fourier

transform
 Cramer and Wold solve the reconstruction problem in statistics in which the

probability distribution is obtained from a complete set of marginal probability
distributions

 Eddington solves the reconstruction problem in the field of astrophysics to cal-
culate the distribution of star velocities from the distribution of their measured
radial components

 Bracewell applies Fourier techniques for the solution of the inverse problem in
radio astronomy

 TheUkrainian scientist Korenblyumdevelops anX-ray scanner and tries tomeas-
ure thin slices through the patient with analogue reconstruction principles

 Cormack contributes the firstmathematical implementations for tomographic re-
construction in South Africa

 Hounsfield shows proof of the principle with the first CT scanner based on a ra-
dioactive source at the EMI research laboratories

 Hounsfield andAmbrose publish the first clinical scanswith an EMIhead scanner
 Set-up of the first whole body scanner with a fan-beam system
 Hounsfield and Cormack receive the Nobel Prize for Medicine
 Demonstration of electron beam CT (EBCT)
 Kalender publishes the first clinical spiral-CT
 Demonstration of multi-slice CT (MSCT)
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Cormack pointed out that previously the Dutch physicist H.A. Lorentz had
found a solution to the three-dimensional problem in which the desired function
had to be reconstructed from two-dimensional surface integrals (Cormack ).
Lorentz himself did not publish the results and so, unfortunately, the context of
his work is still unknown today. The result, however, is associated with Lorentz by
H. Bockwinkel, whomentioned the work in a  publication on light propagation
in crystals.

A detailed, mathematical basis to the solution of the inverse problem in com-
puted tomography was published by the Bohemian mathematician Johann Radon
in  (cf. Fig. ., left) (Radon ). Due to the complexity and depth of themathe-
matical publication, however, the consequences of his ground-breaking results were
revealed very late in the mid-th century. Additionally, the paper was published in
German, which hindered a wide distribution of the work. In �Chap. , an excerpt
of his original work is reprinted.

In Table ., some of the historical milestones and development steps of com-
puted tomography are summarized.The list undoubtedly has to start with Wilhelm
Conrad Röntgen (–), who received the Nobel Prize for physics in  (cf.
Fig. ., right). Before , a significant number of mathematical contributions in
the field of inverse problems were developed independently and are summarized
here only retrospectively.

1.4
Some Examples

Figures . to . show several examples of computer tomographic images that illus-
trate different anatomical regions often used in clinical practice. Modern CT scan-
ners yield images with an excellent soft tissue contrast. In Fig. ., the slices are
annotated with the relevant scan protocol parameter. The most important parame-
ters are the acceleration voltage (which determines the energy of the X-ray quanta),
the tube current (which determines the intensity of the radiation), the slice thick-
ness (which is the axial thickness of the X-ray fan beam), and the gantry tilt (which
is the angulation of the CT frame with respect to the axial axis). In spiral-CT, the
pitch is an additional parameter that defines the table feed in units of slice thick-
ness.

In clinical practice, besides choosing an appropriate set of scan parameters
(cf. Figs. . and .), it is necessary to have a planning step for accurate anatom-
ical scanning before CT slice sequence acquisition. In this planning step, the slices
must be adapted to the anatomical situation, and furthermore, the dose for sensi-
tive organs must be minimized. The planning is accomplished on the basis of an
overview scan that looks similar to simple projection radiography (cf. �Chap. ).
Here, the exact position and orientation of the slice can be interactively defined.
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Fig. .. Examples of CT images. Modern CT scanners produce images with excellent soft
tissue contrast (courtesy of J. Ruhlmann)

Figures . and . illustrate that computed tomography is a three-dimensional
modality. The geometrically precise slice stack can be constructed in a secondary
reconstruction step to yield a virtual three-dimensional volume. In Fig. ., five
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Fig. .. A patient overview must be acquired for CT scan sequence planning. Depending
on the manufacturer the overview scan is called a topogram, a scout view, a scanogram or
a pilot view.Thegeometric scan interval andgantry tilt are determined interactively (courtesy
of J. Ruhlmann)

slices are illustrated as an example. Additionally, the patient’s skin and lung was
segmented with a simple threshold and visualized using a surface-rendering pro-
cedure. For the same data set an alternative visualization is presented in Fig. ..
Multi-planar reformatting (MPR) is used to show angulated sections through the
three-dimensional stack of slices. Typically, the principal sections (the sagittal, coro-
nal, and axial slices) are presented to the radiologist. In Fig. ., the principal slice
directions are illustrated.
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Fig. .. Conventional CT produces two-dimensional slices. However, CT becomes a three-
dimensional imaging modality if consecutive slices are arranged as axial stacks (courtesy of
J. Ruhlmann)

Fig. ..Thearrangement of a set of axial CT slices to build up a three-dimensional volume is
called secondary reconstruction.This data representation allows deeper diagnostic insights.
Typically, segmented organs of interest are displayed using either surface rendering or an
approach in which the gray values are presented in an orthonormal reformatting consisting
of the sagittal, coronal, and axial view (courtesy of J. Ruhlmann)
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Fig. .. Primarily, with CT, an axial slice sequence is acquired and reconstructed. Using
interpolation, coronal and sagittal slices can be calculated from the stack. This procedure is
called multi-planar reformatting (MPR)

1.5
Structure of the Book

This book gives a comprehensive overview of the main reconstruction methods in
computed tomography. The basis of the reconstruction is undoubtedly mathemat-
ics. However, the beauty of computed tomography cannot be understood without
a basic knowledge of X-ray physics, signal processing concepts and measurement
systems. Therefore, the reader will find a number of references to these basic disci-
plines as well as a brief introduction to many of the underlying principles.

With respect to the subtitle of this book, it is structured to cover the basics of
CT, from photon statistics to modern cone-beam systems. Without an elementary
knowledge of X-ray physics, a number of the described imaging effects and artifacts
cannot readily be understood. In �Chap. , X-ray generation, photon–matter inter-
action, X-ray detection, and photon statistics are briefly summarized. In �Chap. ,
a retrospective overview of the historical milestones on the road map of the tech-
nical developments in computed tomography is given. Starting with tomosynthe-
sis in the s and s, the different types or generations of CT are character-
ized. The chapter concludes with motivation for the modern scanner concepts like
electron-beam CT (EBCT), micro-CT, and especially helical cone-beam CT. Al-
though remarkable advances in CT technology have been achieved, Fig. . shows
that the appearance of the gantry has undergone only a slight change throughout
the years.



 1 Introduction

Fig. ..Design of CT gantries in  and  (courtesy of Philips Medical Systems)

In �Chap. , the principles of signal processing are reviewed. This chapter fo-
cuses on the necessary background of computed tomography and consequently
uses signals of spatial variability. �Chapters  and  give a detailed overview of
two-dimensional reconstruction mathematics. The most important algorithms are
derived step by step. In �Chap. , the Fourier-based methods are collected. In�Chap. , the algebraic and statistical approaches are explained.

Fig. .a–c.Whole body scans can be performed with the latest generation of CT systems,
including a multi-slice detector system. Even very small vessels of the feet can be precisely
visualized (courtesy of Philips Medical Systems)
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In �Chap. , the limitations of the practical implementation of the previously
described methods are discussed. Specifically, the correspondence of the parallel
pencil-beam and the fan-beam X-ray system are demonstrated.

In �Chap. , the three-dimensional methods of CT image or volume recon-
struction are reviewed. It is shown that some of the ideas are consequent extensions
of the methods discussed in �Chap. .Themethods described in this chapter repre-
sent the basis of a highly active field of research. A description of the existing mani-
fold algorithmic variations in the field of helical cone-beam methods, for instance,
is beyond the scope of this book. However, in Fig. . an example of the impressive
quality of the three-dimensional reconstruction results of modern multi-slice CT
scanners is given.

In �Chap. , an introduction to the methods of image quality evaluation is
given. The chapter focuses on typical artifacts of computed tomography, whereby
two-dimensional and three-dimensional artifacts are differentiated. Additionally,
the important fourth power law is derived that describes the correspondence among
signal-to-noise ratio, dose, and detector element size.

In �Chap. , some practical aspects of computed tomography are described.
This includes CT planning, which uses the overview scan mentioned previously,
the mapping of the physical attenuation values to the Hounsfield scale, and a list
of exemplary application fields of CT in practice. Finally, �Chap.  concludes the
book with a review of dose issues in clinical computed tomography.
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2.1
Introduction

For the discovery of a new radiation capable of high levels of penetration, Wilhelm
Conrad Röntgen was awarded with the first Nobel Prize for physics in . In ,
in experimentswith accelerated electrons, he had discovered radiationwith the abil-
ity to penetrate optically opaque objects, which he named X-rays. In this chapter,
the generation of X-rays, photon–matter interaction, X-ray detection, and statistic-
al properties of X-ray quanta will be described. However, the scope of this chapter
is limited to physical principles that are relevant to computed tomography (CT).
A more comprehensive description can be found in many physics text books, for
example Demtröder (), and in overviews on radiological technology, for ex-
ample Curry et al. (). One of the main reasons for the wide exploitation of
Röntgen’s radiation was the simple equipment required for X-ray generation and
detection. Nevertheless, the development of robust, high-power X-ray tubes that
are optimized for use in CT, is ongoing.

2.2
X-ray Generation

X-ray radiation is of electromagnetic nature; it is a natural part of the electromag-
netic spectrum, with a range that includes radio waves, radar and microwaves,
infrared, visible and ultraviolet light to X- and γ-rays. In electron-impact X-ray
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sources, the radiation is generated by the deceleration of fast electrons entering
a solid metal anode, and consists of waves with a range of wavelengths roughly
between −m and −m. Thus, the radiation energy depends on the electron
velocity, ν, which in turn depends on the acceleration voltage, Ua, between cathode
and anode so that with the simple conservation of energy

eUa = 

meν

 (.)

the electron velocity can be determined.

2.2.1
X-ray Cathode

In medical diagnostics acceleration voltages are chosen between kV and kV,
for radiation therapy they lie between kV and kV, and for material testing
they can reach up to kV. Figure . shows a schematic drawing of an X-ray

Fig. .. Schematic drawing of an X-ray tube. Thermal electrons escape from a cathode fila-
ment that is directly heated to approximately ,K. The electrons are accelerated in the
electric field between cathode and anode. X-ray radiation emerges from the deceleration of
the fast electrons following their entry into the anode material

 Charge of electrons: e = . ċ − C; mass of electrons: me = . ċ − kg.
 There is no clear definition of the X-ray wavelength interval. The range overlaps with
ultraviolet and γ-radiation.

 Acceleration energy is measured in units called electron volts (eV). eV is the energy that
an electronwill gain if it is acceleratedby an electrical potential of one volt.The same unit
is used to measure X-ray photon energy.
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tube. Electrons are emitted from a filament, which is directly heated to approxi-
mately ,K to overcome the binding energy of the electrons to the metal of the
filament .

The binding energy, Ev, is due to twomain effects (Bergmann and Schäfer ).
The first effect is the formation of a dipole layer at the cathode surface. When a free
inner electron moves toward the surface of the metal, electrostatic forces prevent
the electron from escaping. However, before reversing its direction, the electron
overshoots the outer metal ion layer, and, as a result, an electron is missing inside
the metal for charge neutralization. The surplus of positive charge at the inner side
of the surface layer, together with the negative electron outside the metal, forms an
electric dipole layer. The electric field inside the dipole layer slows down electrons
trying to leave the metal.This effect results in the partWDipole of the work function.

The other part originates fromwhat is called a mirror-image force. Due to elec-
trostatic influence, an electron above a metal surface causes a charge displacement
inside the metal. The resulting electric field between the electron and the metal sur-
face looks like the field between a charge, −e, above and a virtual mirror charge, +e,
below the metal boundary at the same distance x from the boundary. To bring an
electron from distance d above the surface to infinity, the work

Wmirror = e

πε

�

∫
d

dx(x) = e

πεd
(.)

Fig. ..The electron beam is controlled by a cylindrically shaped electrode, containing the
cathode with opposite potential.This electron optics is called aWehnelt cylinder, or is some-
times also called a focusing cup. In this way, the electrons are steered onto a small focal
point on the anode. Shown in a is a dual-filament and in b a modern mono-filament; both
are designed to produce focal spot sizes of .mm and .mm (courtesy of Philips Medical
Systems)

 Filaments are usually made of thoriated tungsten with a melting point at ,�C.
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must be applied. Since the metal–vacuum interface is not an ideal mirror surface, it
is sensible to start the integration at a distance of approximately one atom diameter
(d � −m), leading to a work of Wmirror � .eV.

Due to their thermal energy, electrons are boiled off from the filament. This
process is called thermionic emission. The temperature of the metal must be high
enough to increase the kinetic energy, Ekin, of the electrons such that Ekin �
Ev = Wdipole + Wmirror. The emission current density, je, is essentially a func-

Fig. .. Simulation of electron trajectories emitted from the filament and accelerated onto
the anode. The potential at the Wehnelt cylinder controls the electron focus on the anode.
Below: Shape and size of a large and a small X-ray focus (courtesy of Philips Medical Sys-
tems)
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tion of the temperature and can be described by the Richardson–Dushman equa-
tion

je = CRDT e−
φ
kT , (.)

where CRD is the Richardson–Dushman constant

CRD = πmeke
h , (.)

k is the Boltzmann constant and φ is the work function defined as the difference
between Ev and the Fermi energy edge. An electron cloud forms around the fila-
ment and these electrons are subsequently accelerated toward the anode. When the
electrons reach the surface of the anode they will be stopped abruptly.

To produce a small electron focus on the anode, the trajectories of the acceler-
ated electronsmust be controlled by electron optics.The focusing device can be seen
in Fig. .. Basically, it is a cup-shaped electrode that forms the electric field near
the filaments such that the electron current is directed to a small spot. In Fig. .
it can be seen how the potential of the Wehnelt optics (frequently named Wehnelt
cylinder) influences the electron trajectories. In this way, the cylinder can easily be
controlled to produce a large or small X-ray focus.The effect that this has on imag-
ing quality will be discussed in a later section.

2.2.2
Electron–Matter Interaction

With the entry of accelerated electrons into the anode, sometimes also called the
anticathode, several processes take place close to the anode surface. Generally, the
electrons are diffracted and slowed down by the Coulomb fields of the atoms in the
anode material. The deceleration results from the interaction with the orbital elec-
trons and the atomic nucleus. As known from classical electrodynamics, accelera-
tion and deceleration of charged particles creates an electric dipole and electromag-
netic waves are radiated. Usually, several photons emerge throughout the complete
deceleration process of one single electron. Figure .a illustrates two successive de-
celeration steps. It can happen, however, that the entire energy, eUa, of an electron
is transformed into a single photon. This limit defines the maximum energy of the
X-ray radiation, which can be determined by

eUa = hνmax = Emax . (.)

The limit Emax corresponds to the minimum wavelength

λmin = hc
eUa

= .nm
Ua�kV , (.)

 For ideal metals CRD � A cm− K−. However, in practice CRD is material-dependent.
 Boltzmann constant: k = . ċ − J K− .
 .eV for tungsten.
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Fig. ..X-ray spectrumof a tungsten anode at accelerationvoltages in the range ofUa = –
kV. The anode angle is � and mm Al filtering has been applied. The intensity versus
wavelength plot shows the characteristic line spectrum as well as the continuous bremsstrah-
lung (courtesy of B. David, Philips Research Labs). The minimumwavelength is determined
by the total energy, eUa, of the electron reaching the anode. Process illustrations: a brems-
strahlung, b characteristic emission, c Auger process and d direct electron-nucleus collision

where h is Planck’s constant and c is the speed of light. While the acceleration
voltage determines the energy interval of the X-ray spectrum, the intensity of the
generated X-ray spectrum or the number of X-ray quanta, is solely controlled by
the anode current.
 Planck’s constant: h = . ċ − Js; speed of light in vacuum: c = . ċ  m�s.



2.2 X-ray Generation 

Due to the fact that the slowing down of electrons in the anode material is
a multi-process deceleration cascade, a continuous distribution of energies can be
shown by the bremsstrahlung (cf. Fig. .). Since the free electrons are unbound,
their energy cannot be quantized. The energy balance can be described by the fol-
lowing equation

Ekin(e−)(+atom lattice) � (atom lattice+)Ekin−hν(e−) + hν . (.)

Unfortunately, the process of X-ray generation by electron deflection is a rare one.
It has been shown (Agawal ) that the intensity of bremsstrahlung follows

I 	 Zh (νmax − ν) , (.)

where Z is the atomic number of the anodematerial.The conversion efficiency from
kinetic electron energy to bremsstrahlung energy can be described by

η = KZUa , (.)

where K is a material constant that was found by Kramers () to theoretically
be K = . ċ − kV− when the acceleration voltage, Ua, is given in kV.

The continuous bremsstrahlung is superimposed by a characteristic line spec-
trum, which originates from direct interaction of fast electrons with the inner shell
electrons of the anode material. If an electron on the K-shell or K-orbital is kicked
out of the atom by a collision with a fast electron, i.e., the atom is ionized by the loss
of an inner electron, an electron of one of the higher shells fills the vacant position
on the K-shell. An example for the energy balance of the transition of an L-electron
to the K-shell is given by

EK(Atom+) � EL(Atom+) + hνKL . (.)

As the inner shells represent states having a lower potential energy than the outer
shells, this process is accompanied by the emission of a photon. Due to the high-
energy difference between the inner shells, these photons, with a wavelength

λ = hc
Ei − Ej

(.)

are X-ray quanta. This process creates sharp lines in the X-ray spectrum that are
characteristic finger prints for the anode material. The notation of these lines is
agreed upon as follows: Kα , Kβ , Kγ , . . . denote the transition of an electron from
the L-, M-, N-, . . . shell to the K-shell and Lα , Lβ , Lγ , . . . denote the transition from
the M-, N-, O-, . . . shell to the L-shell, etc. Figure .b illustrates a Kβ emission.

The position of the characteristic K-line spectrum is given by Moseley’s Law

λ = hc
En − E

= hc
.eV(Z − )( − �n) , (.)

where Z is again the atomic number of the anode material and n is the principal
quantum number of the electron falling to the K-shell.
 Experiments are in good agreement with Kramers’ result, but show a slight dependence
on Z.
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The result is the production of a large number of X-ray quanta at a few discrete
energies. It can be seen in Fig. . that the probability of X-ray quanta emerging
by the Kα process is higher than the probability of bremsstrahlung quanta at the
same energy. However, in total the characteristic X-ray radiation contributes far
less to the total intensity than the bremsstrahlung. Figure . shows a typical spec-
trum for a tungsten anode at acceleration voltages between Ua = kV and kV.
In Fig. .c a competing process, named the Auger process, is illustrated as well.
Instead of emitting the Kβ radiation the atom may absorb the photon by emitting
another electron, called an Auger electron. This is seen as a non-radiative process.
The emerging Auger electrons are mono-energetic.

The probability of the Auger process is constant for all elements. However, the
probability of emitting characteristic radiation is given by the ratio

P = Z

Z + a
= 
 + a

Z

<  , (.)

where a is a positive constant . For elements with low atomic numbers, the Auger
process dominates, whereas for heavy elements, characteristic emission dominates.

The direct collision of the fast electron with the nucleus of an anode atom is
indicated in Fig. .d. This interaction represents an ideal conversion of the entire
kinetic energy of the electron to bremsstrahlung in one single deceleration process.
Obviously, the collision contributes to the upper limit of the X-ray spectrum. How-
ever, from the X-ray intensity at the upper energy limit of the spectrum, it can be
concluded that direct collision is a very rare interaction process. The mean energy
lost of the electron in matter can quantitatively be described by

� dE
dx

� = � dE
dx

�
bremsstrahlung

+ � dE
dx

�
ionization

, (.)

where the first term of (.) is given by quantum electrodynamics (QED)

� dE
dx

�
bremsstrahlung

= −αNAρ
Z

A

 e

mec
� E ln� 

Z� � , (.)

where α is the fine-structure constant , Z is the atomic number, ρ is the density,
A is the atomic weight of the material, and NA is the Avogadro constant .

The second term of (.) is given by the Bethe–Bloch equation

� dE
dx

�
ionization

= −πNAρ
Z
A

 e

mec
� z

β �  ln
mecβγTmax

I
� − β − δ


� .

(.)
The electron velocity is given in units of the speed of light, i.e., β = v�c, and, here,
the charge of the electron z is given in units of the elementary charge, therefore,
z = . γ is the Lorentz factor, i.e., γ = ( − β)−�. Tmax is the maximum kinetic
energy to be transferred in a single collision. I is the mean ionization energy of the
material and δ is a density correction of the ionization energy.
 For K-shell emission a = . ċ  (Otendal ).
 Fine-structure constant: α = e�(πεħc) � �..
 Avogadro constant: NA = . ċ  mol− .



2.2 X-ray Generation 

2.2.3
Temperature Load

Using (.), it can be estimated that the quantum efficiency of the conversion from
kinetic energy into X-ray radiation, within a tungsten anode (W, Z = ), and work-
ing with an acceleration voltage of Ua =  kV, is roughly in the magnitude of
η = .. This means that % of the kinetic energy is transferred locally to the lat-
tice, heating up the anode. As a result, CT X-ray tubes have serious heat problems.
Since it is the energy deposition in the target volume that produces the heat load,
the tube current and the duration of exposure or, more precisely, the product of cur-
rent in milliamperes and exposure time in seconds, are two important parameters
of the practical scan protocol the radiologist has to choose appropriately. The heat
capacity of an X-ray tube is measured in Heat Units

HU = U ċ I ċ t . (.)

For several decades rotating anode disks have been used to distribute the thermal
load over the entire anode. The anode target material is rotated about the central
axis and therefore, new, cooler anode material is constantly rotated into position at
the focal spot (Mudry ). In this way, the energy of the electron beam is spread
out over a line, called the focal line, rather than being concentrated at one single

Fig. .a–d.X-ray tubes through the years a , b , c , and d schematic illustration
of a modern X-ray tube with a rotating anode disk (courtesy of Philips Medical Systems)
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Fig. .. a X-ray anode with b spiral-groove bearing (courtesy of Philips Medical Systems)

point. This line focus principle was invented in , and in  the idea of a rotat-
ing anode was realized (Otendal ). Figure . shows different types of CTX-ray
tubes with rotating anode disks that have been used down the years. In Fig. .a
a tube from  is shown. It was integrated into single-slice CT with a scan time
of s per slice. The heat capacity was –  HU. In , an X-ray tube with a heat
capacity of –  HU came onto the market (Fig. .b). This tube was ready to
be integrated into spiral-CT systems. In Fig. .c a modern tube that is used today
is shown. It has a heat capacity of –  HU and has been integrated into recent
multi-slice CT systems. A significant part of the heat (about %) is conducted via
the bearing of the rotating anode as schematically drawn in Fig. .d.The rest of the
heat is transferred via radiation to the housing of the X-ray tube. The rotation fre-
quency is very high, causing mechanical parts of the tube to be subjected to g-forces
of up to g. A liquid metal-filled spiral-groove bearing as shown in Fig. . al-
lows very high continuous power compared with conventional ball bearings. Often,
a heat exchanger is placed on the rotating acquisition disk to cool the anode.

For the design of an optimal X-ray tube anode it has been found that a ma-
terial with high efficiency, i.e., a large Z, high thermal conductivity, λt, and a max-
imummelting point temperature, ϑmax, must be chosen. For rotating anodes Zϑmax� (λtρc)� must be optimized, where ρ is the mass density and c the heat capacity.
Tungsten fulfills these requirements (Morneburg ).

2.2.4
X-ray Focus and BeamQuality

Ideally, X-rays should be created from a point source, because an increase in source
size will result in a penumbra fringe in the image of any object point. The size and
shape of the X-ray focus seen by the detector determines the quality of the resulting
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image.The effective target area, called the optical focus, depends on the orientation
of the anode surface that is angulated with respect to the electron beam. The pro-
jection of the focus shape onto the detector must be minimized to obtain a sharp
image. However, this surface angle increases the tube power limit, because it allows
the heat to be deposited across a relatively large spot while the apparent spot size at
the detector will be smaller by a factor of the sine of the anode angle (Mudry ).

Figure . schematically illustrates that the image quality is degraded by a large
focus diameter, due to significant partial shadow areas of each object point. The
mathematical expression that measures the image quality is called the modulation
transfer function (MTF). Mathematical measures of image quality will be discussed
in detail in �Chap. . A large angle between the incident electron beam and the
anode surface normal is generally not desired because there is a certain probability
that the electrons are elastically reflected from the surface and thus do not con-
tribute to X-ray generation. The probability of this backscattering effect increases
as the atomic number of the anode material increases and as the angle between the
surface normal and the anode rotation axis decreases.

Fig. .a–c.The size of the optical focal point is determined by the orientation of the anode
surface normal relative to the electron beam. The larger the optical focal point, the more
blurred the image becomes, since all points of the object are surrounded by a penumbra
fringe
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Typically, the X-ray focus diameter for diagnostic tubes is found to be between
. mm and  mm. The penetration depth of electrons into the anode depends on
the kinetic energy and the anode material and can be found up to μm.The radi-
ologist may have the option of choosing between two focus sizes.This is technically
realized by focusing the electron beam onto two target points with different anode
orientations. Figure . illustrates that the spatial resolution of the detector can also
be doubled by switching between two foci during data acquisition. This concept is
called a flying focus.

The basic assumption of the imaging principles of fluoroscopy and of CT recon-
struction is that the object to be scanned is illuminated homogeneously. Therefore,
another factor that must be considered regarding image quality is the directional
characteristic of the X-ray. Slight deviations from a homogeneous beam profile can
be compensated for by specially formed filters mounted on the X-ray tube and by
detector calibration. The next paragraphs give a brief explanation of the physical
mechanism that leads to inhomogeneous object illumination.

Generally, two effects are responsible for a directional characteristic of the ef-
fective X-ray beam. As discussed above, bremsstrahlung is produced by dipole radi-
ation that shows the specificHertzian antenna characteristic. Fast electrons acceler-
ated with Ua = kV have a velocity of roughly % of the speed of light, meaning
that relativistic effects emerge. In the case of dipole radiation, the relativistic model
reveals an antenna characteristic that points into the same direction as the electron
velocity.This relativistic effect grows with increasing kinetic energy of the electrons.
In Fig. .a the antenna characteristic for a relativistic dipole is shown. However,
with respect to the total radiation characteristic of the X-ray tube, this effect is less
important because, as mentioned above, bremsstrahlung is produced in a multiple
deceleration cascade. Since the direction of the electron changes with each deceler-
ation step, in practice, the radiation is homogeneous over π. For this reason, X-ray

Fig. .a,b.With a flying focus the spatial resolution of the sampling unit can be doubled

 The diameter of the X-ray focus depends on the diagnostic application (see for example
Huda and Slone []).
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Fig. .. a Radiation directionality of a Hertz dipole producing bremsstrahlung during rela-
tivistic electron deceleration.bHeel effect: Intensity reduction of X-ray due to self absorption
at the anode surface. cX-ray spectra of a tungsten anode simulated for different anode angles
at Ua = kV and mm Al filtering (courtesy of B. David, Philips Research Labs)

tubes have a protective housing with a window for the useful beam; otherwise the
π characteristic would cause the patient and the radiologist to be exposed to an
unnecessary dosage.

More important than the relativistic effects are the surface effects of the anode.
X-ray beams leaving the anode tangential to the anode surface are reduced in in-
tensity when arriving at the detector. This intensity reduction is due to the self-
absorption of photons by the anode, caused by the microscopic roughness of the
anode surface. In Fig. .b the characteristic of X-ray intensity versus radiation dir-
ection is schematically illustrated.TheX-ray intensity decreases gradually with a re-
duction in the angle, ϑ, between beam and anode surface.This effect, which is called
the Heel effect, grows during the lifetime of any X-ray tube, because the roughness
of the anode surface increases (see Fig. .) due to erosion by electron bombard-
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Fig. .. a Appearance of a used anode disk after , scans. b–d Different magnifi-
cations of the focus lines. The surface shows - to -mm-deep cracks and a loss of grains
(courtesy of Philips Medical Systems)

ment along the focus line (Heinzerling ). Figure .c shows the resulting X-ray
spectra simulated for a tungsten anode at an acceleration voltage of Ua = kV
and mm Al beam filtering. It can be seen that the X-ray intensity decreases with
the anode angle, β, especially for lower energy X-rays, due to the self absorption
process.

However, in modern CT systems the cone of the utilized X-rays is becoming
larger and larger. Therefore, it is important to know the radiation characteristics of
the anode.

2.2.5
Beam Filtering

It should be noted at this point, that the image quality of CT specifically suffers
from the fact that attenuation is a complicated function of the wavelength. The de-
tails of the functional behavior are given in the next section. Generally, one has to
bear in mind that a low-energy X-ray, i.e., radiation with a larger wavelength, is
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more strongly attenuated when passing through matter than high-energy X-ray.
As a consequence, the center of the polychromaticX-ray is shifted to higher energies
or harder radiation respectively. This is the origin of what is called beam hardening,
which produces artifacts in the reconstructed images, because today it is standard to

Fig. .. Beam hardening of an X-ray spectrum produced by a tungsten anode (anode angle
�, acceleration voltage Ua = kV) due to filtering by a flat, .-mm source side-mounted
aluminum filter and a .-mm copper filter respectively. The amount of intensity reduction
depends on the wavelength. The intensity of the high-energy bremsstrahlung of the copper-
filtered spectrum is even higher than the intensities of the characteristic Kα and Kβ lines
(courtesy of B. David, Philips Research Labs)

 Low energy quanta are generally undesired in X-ray imaging. They increase the dose to
the patient, but do not contribute to imaging, because they are almost totally absorbed by
the human body.
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consider the X-ray to be monochromatic within the mathematical reconstruction
process.

Artifacts due to beam hardening will be discussed in � Sect. ... In Fig. . the
X-ray spectrum of a tungsten anode is shown.The beam hardening is demonstrated
by a source side aluminumand copper filter respectively. Generally, a flatmetal filter
measuring a fewmillimeters is mounted to the X-ray tube.The filtering of the useful
beam reduces the number of X-ray quanta while increasing the average energy of
the radiation.This pre-hardening of the radiation reduces beam-hardening artifacts
during image reconstruction and the dose to which the patient is exposed.

2.2.6
Special Tube Designs

Although much effort has been made to increase the heat capacity of X-ray tube
anodes, the power of these tubes is still limited. Since there is a desire for higher
power tubes that are also of lower weight, specially designed X-ray devices have re-
cently been developed. One design abandons the solid-state principle of the anode.
In these tubes a liquid metal jet is subjected to fast electrons. The main idea is very
simple. Liquid metal, eutectics of SnPb, GaInSn, or PbBiInSn, turbulently stream-
ing through a tube close to the cathode, is heated at the focal spot. While the heated

Fig. .. a Basic principle of the liquid metal X-ray tube. b The anode module consists of
a constricted fluid channel incorporating an exchangeable electron-beam window module.
cTheanodemodule itself is connected to a fluid circuit containing a displacement pump and
a water-cooled cross-flow heat exchanger. d Infrared imaging of the focal spot temperature
(courtesy of Philips Research, Hamburg [David et al. , ])



2.3 Photon–Matter Interaction 

Fig. .a,b. Straton design:Directly cooled StratonTM X-ray tubewith alternating focal spots
(courtesy of Siemens Medical Solution)

material is transported through the tubing, cold metal enters the focal spot area.
A schematic diagram of what is known as the LIMAX tube (Liquid Metal Anode
X-ray) is shown in Fig. .. The liquid metal is cooled effectively by circulation
through a heat exchanger. The liquid metal is separated from the vacuum by a dia-
mond, tungsten or molybdenum window of several microns in thickness (David
et al. , ). In comparison to stationary anode X-ray tubes, the LIMAX de-
sign has shown a significant improvement in its ability to be continuously loaded.
However, in the current state of development, the peak power does not reach values,
to the order of kVA, that are required for the latest CT generation.

A different strategy for direct tube cooling is implemented by the Straton X-ray
tube (see Fig. .a,b).The direct anode cooling, realized by completely embedding
the rotating housing in cooling oil, eliminates the need for heat storage capacity and
therefore permits a smaller tube size. Thanks to its low weight, this kind of X-ray
device has been integrated into the current state-of-the-art dual source generation
of CT scanners.

2.3
Photon–Matter Interaction

The X-ray is known to have a very high, material-dependent capability of matter
penetration. However, the number of photons, i.e., the radiation intensity, decreases
exponentially while running through an object along the incident direction. This
attenuation is due to absorption and scattering. The reason for an exponential re-
duction in photon number is that each photon is removed individually from the
incident beam by an interaction. In this chapter, the most important physical mech-
anisms of photon–matter interaction (i.e., Rayleigh scattering, Compton scattering,
photoelectric absorption, and pair production), as well as their mathematical mod-
els, will be explained briefly.
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2.3.1
Lambert–Beer’s Law

As illustrated in Fig. ., all physical mechanisms that lead to the attenuation of
radiation intensity (reduction of photons) measured by a detector behind a homo-
geneous object are usually to be subsumed by a single attenuation coefficient, μ.
Within this simple model the total attenuation of a monochromatic X-ray beam
can be calculated in the following way. The radiation intensity – which is propor-
tional to the number of photons – after passing a distance Δη through an object is
determined by

I(η + Δη) = I(η) − μ(η)I(η)Δη . (.)

By simple reordering of (.) the quotient

I(η + Δη) − I(η)
Δη

= −μ(η)I(η) (.)

can be obtained. Taking the limit of (.) leads to the differential quotient

lim
Δη� 

I(η + Δη) − I(η)
Δη

= dI
dη

= −μ(η)I(η) . (.)

In a first step, the medium is assumed to be homogeneous, i.e., in (.) the ob-
ject can be described by a single attenuation constant μ(η) � μ along the entire
length of penetration. This leads to an ordinary linear and homogeneous, first-
order differential equation with constant coefficients. The solution is obtained by
separation of variables. Consider the right-hand side of (.), which can be sepa-
rated to

dI
I(η) = −μ dη . (.)

Fig. ..Mathematical model of monochromatic X-ray attenuation. The photons are run-
ning through an object of thickness Δηwith a constant attenuation coefficient, μ. Equal parts
of the same absorbing medium attenuate equal fractions of the radiation
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Integration of both sides of (.)

∫ dI
I(η) = −μ ∫ dη (.)

gives

ln �I� = −μ η + C . (.)

Due to the physical fact that the intensity is defined as a positive quantity, the abso-
lute sign, � ċ �, is obsolete so that subsequent exponentiation leads to

I(η) = e−μη+C . (.)

With the initial condition I() = I, the special solution of the differential equa-
tion (.)

I(η) = I e−μ η , (.)

is obtained, known as Beer’s law of attenuation . The linear attenuation coeffi-
cient, μ, of (.) is an additive combination of a scatter coefficient, μs, and an ab-
sorption coefficient, α, i.e.,

μ = μs + α . (.)

The attenuation coefficient is measured in units of [μ] = m−. Beer’s law holds for
pencil-beam geometry only, where the scattered radiation is completely removed
from the main beam. With a wide beam, much of the scattered radiation carries on
with a forward component to its direction (Barrett and Swindell ). Generally,
the linear attenuation coefficient is given by

μ = ρNA

A
ċ σtot = n ċ σtot , (.)

where ρ is again the density, A is the atomic weight of the material and NA is the
Avogadro constant. That means the attenuation coefficient is given by the number
of target atoms per unit volume, n, times the total photon atomic cross-section, σtot,
for either scattering or absorption.

By introducing the absorber density, ρ, the mass attenuation coefficient

κ = μ�ρ (.)

can be defined. The mass attenuation coefficient is measured in units of [κ] =
m�kg. This coefficient is useful for estimating the mass of a material required to
attenuate the primary beam in the design of X-ray shielding.

 This observation holds for monoenergetic X-ray. In the case of polychromatic X-ray one
must integrate over all energies.



 2 Fundamentals of X-ray Physics

2.3.2
Mechanisms of Attenuation

In the following paragraphs the principal individual competing physical processes
modeled by (.) will be explained briefly. Generally, photon interaction can result
in a change in incoming photon energy and/or photon number and/or traveling
direction. In Fig. ., the single processes are summarized schematically.

2.3.2.1
Rayleigh or Thomson Scattering

Rayleigh or Thomson scattering is an elastic scattering event that can be ob-
served if the diameter of the scattering nucleus is small compared with the wave-
length of the incident radiation. The incident and the scattered X-ray have equal
wavelength, but the directions of the scattered rays are different from those of the in-
cident beam. Consequently, there is no energy transfer.The cross-section can be de-
rived by the classical model in which the electric field of the incoming beam drives
strongly bound electrons of an atom up and down.This makes the electrons radiate
– again, as in the case of the emergence of bremsstrahlung discussed in � Sect. ..,
due to their acceleration – during oscillation, creating a dipole.TheThomson cross-
section (Feynman ) is given by

σThomson = πre


ω(ω − ω
) (.)

where

re = 
πε

e

mec
(.)

is the classical electron radius and, ε is the permittivity of free space.
Principally, at low energies (ω < ω, with ω being the natural frequency of

the bounded atom electrons) elastic scattering is an important part of attenuation
because the probability of scattering is proportional to the th power of the radi-
ation frequency. However, at very high frequencies ω � ω, the Thomson cross-
section becomes constant and competing processes become dominant .Thomson,
or Rayleigh, scattering is a coherent process by which photons interact with atomic
bound electrons, leaving the target atoms neither excited nor ionized. Obviously,
 The scattering process is called Rayleigh scattering if the momentum transferred by the
photon is small compared with the momentum of the electron in the atom. In this case
onemust sum the amplitudes of the X-rays scatteredby all electrons in the atom(see Sergé
[]).

 The scattering processes is often calledThomson scattering if it is a photon–nucleus inter-
action.

 Permittivity of free space: ε = . ċ − F�m.
 This is the reason why the sky appears blue.
 Therefore, coherent scattering is of less interest in classical CT.However, it has been shown
recently that coherent scattering can be used for bone characterization.
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Fig. .. Principles of photon–matter interaction. For the Rayleigh process the dipole an-
tenna characteristic is illustrated. For pair production the successive process of pair annihi-
lation is illustrated as well

the model does not take into account the quantum aspects of light and, therefore,
for energies being considered here, this classical scattering model yields results in
disagreement to what is found by experiments.
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There are three further mechanisms of X-ray attenuation that take the quantum
mechanical interaction principles into account. These are either pure photon ab-
sorption processes (photoelectric absorption and pair production) or a mixture of
scattering and photo energy absorption (Compton scattering).

2.3.2.2
Photoelectric Absorption

The entire energy of anX-ray photon, hν, can be absorbed by an atom, if the binding
energies of atomic electrons are smaller than hν. The interacting electron is raised
to a state of the continuous spectrum, i.e., the electron of a lower shell is kicked
off the atom and travels through the material as a free photoelectron. The energy
balance of this ionizing process is given by

hν (+ Atom) � Eion(Atom+) + Ekin(e−) . (.)

(.) means that the electron leaves the atom with a kinetic energy equal to the
difference between the quantum energy of the incident photon and the binding
energy of the electron. This energy difference is removed from the primary beam
and transferred locally to the lattice in the form of heat. The vacancy left by the
electron that was kicked out is filled by electrons from outer shells or, in the case
of solids, by electrons from the band. As a result of recombination, characteristic
X-ray fluorescence lines can be measured. If the radiation energy of the successive
recombination process for the electron vacancy described by (.) is large enough
to kick out another electron in the more outlying shells, the new free electron is
called an Auger electron. As mentioned already in � Sect. .., Auger electrons are
monoenergetic particles. This process is sometimes called radiation-free transition
or internal conversion.

The linear absorption coefficient depends on the energy, hν, of the incident
X-ray beam and the atomic number, Z, of the absorber material. It has been demon-
strated experimentally that a useful rule of thumb is given by

α = k
ρ
A

Z(hν) , (.)

where k is a constant that depends on the shell involved, ρ is the density, and A is
the atomic weight of the material. Thus, the absorption is given by

α 	 Z λ . (.)

This strong Z dependence of the absorption coefficient is utilized within the choice
of radio-opaque contrast media based on for example iodine (I, Z = ) or bar-
ium (Ba, Z = ) (Lauenberger and Lauenberger ). In Fig. . the attenuation

 For recovering the nature of the photoelectric absorption in ,Albert Einstein received
the Nobel Prize for physics in .
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Fig. ..Mass attenuation coefficient (α�ρ measured in units of cm/g) for lead and water
as well as for the bio-tissues bone and soft tissue given versus the incident radiation energy.
For absorption processes above the K-shell the curve shows a fine structure (compiled with
data from the web database XCOM [Berger et al. ])

coefficients are given for lead (Pb, Z = ), water (HO), and two bio-materials.
It can be seen that (.) is a piecewise function for lead. However, for water and
bio-materials the functional dependence of the attenuation coefficient in the diag-
nostically relevant photon-energy interval (keV � hν � keV) becomes more
complicated.

Due to (.), lead (Pb, Z = ) shields X-ray radiation approximately ,
times better than aluminum (Al, Z = ). It must be noted that the mass attenu-
ation coefficient, κ, defined by (.) shows a κ 	 Z dependency only, because the
atomic weight, A, is proportional to the atomic number, Z (Demtröder ).

If the mass attenuation coefficient is considered as a function of the incident
radiation wavelength, a complicated structure is revealed. In Fig. . it can be seen
that the absorption curve for lead exhibits characteristic absorption edges.

To understand the absorption edges at λk (k = , , . . .), excitation energies be-
longing to the wavelengths must be discussed. For wavelengths λ � λk, the energy
of the X-ray beam is high enough to excite an electron from an inner shell, i.e.,
to lift up the electron to the energy continuum, or ionize the atom. However, for
wavelengths λ � λk, the photon energy is too small to lift the electron to an ex-
cited, quantum mechanically allowed state. Therefore, at this very edge, the pene-
trated material suddenly becomes transparent. This principle is repeated when the
wavelength is increased for electrons of the L-, M-, . . . shell. For any shell above
the K-shell a fine structure appears in the absorption spectrum ( for the L-shell,
 for theM-shell, etc.). If the photon energy is higher than the binding energy of the

 The fine structure occurs due to L-S coupling and, for heavy atoms, jj coupling.
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K-shell, more than % of the photoelectric absorption takes place in the emission
of K-shell electrons.

2.3.2.3
Compton Scattering

An X-ray photon with energy hν sometimes collides with a quasi-free electron.
The energy balance of this collision process is given by

hν(+ e−) � Ekin(e−) + hν′ . (.)

In contrast to the photoelectric absorption, the X-ray photon loses only a part of its
energy during the Compton collision. Thus, the scattered photon is of lower energy
when it continues its travel through the matter. The energy level of the scattered
photon can be measured under the scatter angle ϑ, via the shift of wavelength

Δλ = h
mec

( − cos(ϑ)) . (.)

The complementary part of the energy is carried by the kinetic energy of the recoil
electron that is kicked off the atom. This Compton electron is also called a sec-
ondary electron. Both the scattered photon and the Compton electron may have
enough energy to undergo further ionizing interactions. (.) can be derived by
considering the conservation of energy and momentum. It says that in the forward
scattering direction no energy is transferred, whereas in the backward scattering
direction most of the quantum energy is transferred. However, even at � of de-
flection the scattered X-ray quanta retain at least two-thirds of their initial energy
(Bushong ). Sometimes Compton backscattering produces ghost images of the
detector back board.

Overall, the probability of Compton scattering depends on the electron den-
sity n and not on the atomic number of the scattering medium. Since the electron
density difference between distinct tissues is small, Compton scattering provides
low-contrast information. The total cross-section for Compton scattering can be
derived from the Klein–Nishina equation (Leroy and Rancoita )

σCompton = πre ��  + EE  �
( + E)
 + E  − ln( + E)E � + ln( + E)

E −  + E( + E) � ,

(.)

where E = hν�(me c) is the reduced energy of the incoming photon. Substituting
(.) into (.) leads to

μCompton = n ċ σCompton , (.)

the desired (material-independent) energy dependence of the attenuation coeffi-
cient due to Compton scattering.
 For recovering the nature of incoherent scattering Arthur Holly Compton received the
Nobel Prize for physics in .

 For instance a weakly bound valence electron in the outer shell.
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2.3.2.4
Pair Production

For photon energies of hν � .MeV the creation probability for an electron–
positron pair raises continuously inside the Coulomb field of a nucleus or an elec-
tron. The energy balance of this pair production process is given by

hν � e− + e+ + Ekin , (.)

if Einstein’s mass–energy equivalency

hν = mec + Ekin (.)

is satisfied.
The positron, e+, is the anti-particle of the electron, e−. Therefore, it has the

same physical properties with the exception that the electric charge of a positron is
positive . In Fig. . it is schematically shown that, in matter, the positron always
meets an electron after a very short traveling length. When an electron and its anti-
matter particle, e+, have a collision, they disintegrate and two γ-rays emerge (each
with the energy of mec if the particles come together at rest). This annihilation
process can be described by the following balance:

e− + e+ � hν . (.)

Pair annihilation plays a key role in positron emission tomography (PET). Due to
the conservation of linear momentum, called annihilation radiation, the two pho-
tons travel apart in approximately opposite directions. Since the entire electron
and positron mass is transformed, each photon has an energy of keV.The anni-
hilation radiation is measured by coincidence detection.

Besides the physical mechanisms described above, it is also possible that the
photon is scattered or absorbed by the nucleus. The photonuclear cross-section
is, however, negligible for the diagnostic energy window, because this interaction
contributes only to –% of the total attenuation within a narrow energy interval
between a few MeV and a few tens of MeV (Leroy and Rancoita ). The total
cross-section for pair production for photon energies in the interval

�mec� ll hν ll α−Z−� �mec�
can be approximated (Leroy and Rancoita ) via

σpair production = αreZ
 �


ln(E) − 


+ .E � , (.)

 Pair production in the field of an electron is sometimes called triplet production (Leroy
and Rancoita ).

 Positrons were predicted by P.A.M. Dirac in . C. Anderson proved their existence in
.

 Due to the conservation of linear momentum.
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where α is again the fine-structure constant. Table . summarizes the photon inter-
action principles.

The contributions of the four attenuation processes described in the paragraphs
above to the total attenuation of X-ray in matter depends on the wavelength of the
incident beam and the material that is penetrated. In Fig. . (top), the functional
behavior of the total attenuation coefficient due to Rayleigh and Compton scatter-
ing, photoelectric absorption, and pair production, is given versus the quantum en-
ergy of the photons for lead (Pb).The data are obtained from the currently available
web database XCOM (Berger et al. ).

For high energies, hν � MeV, pair production is the main contribution to
the total attenuation. In the mid-energy range of hν � MeV, incoherent Compton
scattering is the dominant process. However, in the diagnostic energy window for
CT, keV � hν � keV as indicated in Fig. . (top), photoelectric absorp-
tion governs the overall behavior. For that reason, lead is an excellent X-ray shield-
ing material. The contribution of the undesired Rayleigh and Compton scattering is
more than one magnitude lower than the required X-ray photon absorption. Con-
trary to the behavior of lead, water (HO) would not be an appropriate shielding
material. In Fig. . (bottom), the different contributions of attenuation processes
are given versus the incident photon energy.

For high energies hν � MeV pair production is the main contribution to the
total attenuation of water. In a broad mid-energy range, keV � hν � MeV,
incoherent Compton scattering is the dominant process. Within the diagnostic
energy window for CT, indicated in Fig. . (bottom), Compton scattering gov-
erns the overall behavior. Even Rayleigh scattering shows a higher probability than
the photoelectric absorption. For typical X-ray tube voltages between kV and
kV, the contribution of Compton scattering to the total attenuation ismore than
two magnitudes higher than the contribution of photoelectric absorption. Since
the human body consists mainly of water, this fact has its consequences for dose
considerations in diagnostic imaging, because organs adjacent to the scanned re-
gion are subjected to radiation by the secondary X-ray photons, hν′, described
by (.).

Table .. X-ray photon interaction in matter (Tisson )

Orbital electrons Nuclei Electric field
of the atom

Ideal absorption Photoelectric Photo disintegration Pair production
absorption

Elastic scattering Rayleigh scattering Thomson scattering Delbrück scattering
Inelastic scattering Compton scattering Nuclear resonance

scattering
Not observed

 For an X-ray tube operating at kV the average photon energy is about keV (Hsieh
).
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Fig. ..Mass attenuation coefficient, μ�ρ, versus incident photon energy for lead (top) and
water (bottom). For the diagnostic energy window of CT, E = [keV–keV], photoelec-
tric absorption is dominant for lead and Compton scattering is dominant for water. Pair
production is possible for quantum energies of E � MeV (compiled with data from the web
database XCOM [Berger et al. ])

Radiation by Compton scattering is a significant contribution to the patient’s
total dose, as well as to the radiologist, in interventional imaging procedures.There-
fore, the radiologist must wear a shielding lead apron. In Fig. .a, it is schematic-
ally shown that the patient becomes a source of radiation himself. For that reason,
it is important to know the spatial iso-dose lines of a CT system to be obtained by
a standard scattering phantom. In Fig. .b,c, so-called scatter diagrams of a Philips
TOMOSCAN CT system are shown in top and side view.
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Fig. .. aDue to Compton scattering the patient becomes a source of radiation and organs
outside the region of examination are subjected to X-rays as well. Radiation protection must
be designed on the basis of scatter diagrams, b and c, for a particular CT system

The discussion of the mass attenuation coefficient with respect to issues of ra-
diation protection shows how important it is to know the physical mechanisms of
X-ray photon attenuation. The physical principles of attenuation are different for
diverse biomaterials. In Figs. .–. the functional behavior of the attenuation
coefficients of some important biomaterials are given, again versus the quantum
energy of the photons.The data are obtained from the web database XCOM (Berger
et al. ).

For reference, and without a detailed discussion, the coefficients are presented
for the elements iron (Fe, Z = ), titanium (Ti, Z = ), platinum (Pt, Z = ), and
gold (Au, Z = ), as well as for the mixtures and compounds amalgam (% Sn,
Z = ; % Hg, Z = ; % Ag, Z = ) and compact bone (% H, Z = ; % C,
Z = ; % N, Z = ; % O, Z = ; % P, Z = ; % Ca, Z = ). The element
mixtures of soft tissue and blood (after ICRP) behave very similarly to water, as
shown in Fig. . (bottom).

As a consequence of the variability of the attenuation as a function of the mate-
rial characteristics presented in Figs. .–., the mathematical problem of CT is
not as simple as expressed in (.), because in an anatomical slice, the attenuation

 Main composition AgSn + Hg� AgHg + SnHg.
 ICRP – International Commission on Radiological Protection.
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Fig. ..Mass attenuation coefficient, μ�ρ, versus incident photon energy for iron (top) and
titanium (bottom). For the diagnostic energy window of CT, E = [keV–keV], photo-
electric absorption is dominant in the low-energy part and Compton scattering is dominant
in the high-energypart of the diagnostic window (compiled with data from the web database
XCOM [Berger et al. ])

coefficient is a function of the spatial coordinates and photon energy. However, on
the other hand, the spatial distribution of the attenuation coefficient μ is the main
focus of diagnostic interest. The gray-value differences in CT images represent dis-
tinct material composites and densities of the organs. The normal CT image shall
be seen as standard, as radiologists learn, and any variation of that standard is po-
tentially pathologic.
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Fig. ..Mass attenuation coefficient, μ�ρ, versus incident photon energy for platinum (top)
and gold (bottom). For the diagnostic energy window of CT, E = [keV–keV], photo-
electric absorption is dominant (compiled with data from the web database XCOM [Berger
et al. ])
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Fig. ..Mass attenuation coefficient, μ�ρ, versus incident photon energy for amalgam (top:
% Sn, Z = ; % Hg, Z = ; % Ag, Z = ) and for compact bone (bottom: % H,
Z = ; % C, Z = ; % N, Z = ; % O, Z = ; % P, Z = ; % Ca, Z = ). For the
diagnostic energy window of CT, E = [keV–keV], photoelectric absorption is dom-
inant for amalgam and Compton scattering is dominant for bone (compiled with data from
the web database XCOM [Berger et al. ])
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2.4
Problems with Lambert–Beer’s Law

From amathematical point of view, the complicated dependency of the attenuation
coefficient on the property of the penetrated material means that the differential
equation (.) cannot be fully integrated as shown in (.). In the case of spatially
varying attenuation, μ(η), the solution for the intensity after a running length, s, is
given by

I(s) = I()e− s
∫


μ(η)dη
, (.)

summing up the unknown coefficients along the X-ray beam within the exponent.
A second point to mention is the energy dependence of the attenuation values,
which is not modeled by (.). Hence, (.) must be extended to

I(s) = Emax

∫


I(E)e− s
∫


μ(E ,η)dη
dE . (.)

The difference between (.) and (.) is the origin of what is called the beam-
hardening artifact. However, in practice, only (.) is used. Therefore, this is the
basicmodel that will be used throughout this book. As one is especially interested in
the spatial variation of the attenuation, i.e., in the inversion of the integral operation
in (.), the projection integral

p(s) = − ln
 I(s)
I()� =

s

∫


μ(η)dη (.)

is defined for convenience. It is essentially the negative logarithm of the ratio of the
incoming and outgoing number of photons.

In the technical realization of CT, one is restricted to a certain discretization
of the reconstructed images. When an X-ray beam runs through the continuous
matter, such a partitioning of the penetrated material cannot be physically meas-
ured. Nevertheless, one can model the matter to be discrete and calculate the to-
tal attenuation for this case. If the attenuation coefficient varies discontinuously, as
schematically indicated in Fig. ., the intensity reduction while running through
the tissue can be estimated without solving a differential equation.

In this model, the attenuation

Ii +  = Ii − μi + IiΔη = Ii( − μi + Δη) (.)

of the intensity Ii resulting in the intensity Ii +  when running through the tissue,
i + , of thickness Δη, and attenuation coefficient, μi + , can be obtained. Conse-
quently, the total attenuation is a series of products

In = I( − μΔη)( − μΔη)( − μΔη)�( − μiΔη)�( − μnΔη) . (.)



2.4 Problems with Lambert–Beer’s Law 

Fig. .. Attenuation of an X-ray beam while running through a tissue that is modeled by
a sequence of discontinuous partitions

If the discretization of the tissue is very fine, i.e., Δ η is chosen to be small, the factor
terms in parentheses can be interpreted as the Taylor expansion of the exponential
function. With

e−δ �  − δ (.)

for small δ, the approximation

In � I e−μΔη e−μΔη e−μΔη � e−μiΔη � e−μnΔη (.)

can be obtained. By taking the limit δ �  the exact equation

In = I e
− n
�
i = 

μiΔη � I e− ∫ μ(η)dη (.)

can be obtained. This view on the modeling of X-ray attenuation is closely related
to a statistical view of photon number reduction by photon–matter interaction that
will be introduced at the end of this chapter. To summarize the facts above, it can
be said that the attenuation of X-ray through matter is well understood and thus,

Fig. .. Causes of attenuation: Wavelength of the incident beam, atomic number, mass
density, and thickness of the medium (after Laubenberger and Laubenberger [])
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the gray values of the CT images are a direct physical representation of the material
properties.This is clearly an advantage in comparison toMRI, where the gray values
can be tuned by various parameters of complicated scanning protocols such that the
direct relation to physical properties is lost. In CT, high values of the attenuation
coefficient, μ, are due to a high density or high atomic number of the medium.
In Fig. ., the relationship between the attenuation and the wavelength of the
incident beam, as well as the atomic number, density, and thickness of the material,
is schematically summarized.

In �Chaps. – the reconstruction of non-superimposed object slices will be
derived and discussed in detail. Within the calculation of the spatial distribution
of the attenuation coefficient, μ(x , y), the projection modeled by (.) and (.)
must be reversed in some sense.

2.5
X-ray Detection

Since the main interaction principles between X-ray photons and matter have been
explained in the section above, no new effects have to be introduced to explain the
interaction between X-ray radiation and the detectormaterial. Consequently, X-ray
quanta are not measured directly, but are detected via their interaction products
(for example, emitted photoelectrons). The overall detection efficiency is primarily
determined by the geometric efficiency (also called the fill factor) and the quantum
efficiency (also called the capture efficiency) (Cunningham ). The geometric
efficiency refers to the X-ray sensitive area of the detector as a fraction of the total
exposed area, and the quantum efficiency refers to the fraction of incident quanta
that are absorbed and contribute to the signal.The overall detection efficiency is the
product of the geometric and the quantum efficiency.

2.5.1
Gas Detectors

X-ray radiation is able to ionize gases.This fact was discovered very early in the last
century and led to the development of thewell-knownGeiger–Müller counter. In the
first tomographic experiments carried out byCormack andHounsfield, the Geiger–
Müller counter was used as a detector in pencil-beam geometry. In the early days of
clinical CT, gas-based detector arrayswere alsomanufactured forwhat are knownas
third-generation scanners in fan-beam geometry. Even today, some scanners using
high-pressure xenon are in use. The photoelectric interaction,

hν + Xe � Xe+ + e− , (.)
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describes the first part of the detection process chain. Xenon ions and electrons
are attracted by high voltage to a cathode and an anode respectively. A series of
alternating cathode and anode pairs forms the detector array. Figure . sche-
matically shows the reaction chain starting with the photoelectric ionization to
the recombination of the free charged particles at the electrode surfaces. The cur-
rent produced by recombination is a measure of the X-ray intensity entering the
detector.

A weak quantum efficiency (a low probability for the photoelectric absorp-
tion) can be compensated for by a high pressure and by tall ionization cham-
bers. Another advantage of tall chambers is improved directional selectivity of
the detector element. Since the ionization probability is proportional to the travel
length of X-ray quanta inside an element (one cathode–anode block), detection of
X-ray quanta with an oblique entrance will be suppressed. In this way, a tall de-
tector element has a built-in collimation. However, septa between detector elem-
ents are insensitive regions that will decrease the geometric efficiency of the de-
tector.

Fig. .. Schematic cut-out of two adjacent ionizing chambers of a xenon high-pressure
detector array. Since the chambers are communicating, all detector elements have the same
Xe pressure and, therefore, the same sensitivity
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2.5.2
Solid-State Scintillator Detectors

Today, almost all modern CT systems are equipped with scintillator detectors. Such
a detector essentially consists of two main components: A scintillator medium and
a photon detector. In a first step, the short-wave X-ray radiation entering the detec-
tor is converted into long-wave radiation (light) inside the scintillation media. Typ-
ical scintillator materials used are cesium iodide (CsI), bismuth germanate (BGO)
or cadmium tungstate (CdWO). The choice of material is critical and depends on
the desired quantum efficiency for the conversion from X-ray to light and on the
time constant for the conversion process, which determines the afterglow of the de-
tector.

For a very fast fluorescence decay, i.e., a very small time constant, as required
by modern sub-second scanners, ceramic materials made of rare earth oxides like
gadolinium oxysulphide (GdOS) are used (Kalender ). To assess the quality
of a detector material with respect to the desired behavior of high quantum effi-
ciency, the mass attenuation coefficient must be known. In Fig. . it can be seen

Fig. ..Mass attenuation coefficient for the main photon–matter interaction principles in
detector materials. Photoelectric absorption is more than one magnitude higher than scat-
tering processes in xenon and the GdOS-ceramic. Due to the fact that, inside the relevant
diagnostic energy window, the mass attenuation coefficient due to photoelectric absorption
for GdOS is higher than for xenon, the quantum efficiency of the ceramic detectormaterial
is superior. This holds especially true, since the density of the solid-state detector material is
obviously higher than the density of xenon
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that the GdOS ceramic has a higher probability of energy conversion via photo-
electric absorption than xenon. Due to the fact that the mass density ρ of the gas
xenon is three magnitudes smaller than the mass density of the solid-state detec-
tor material, the effective absorption of quanta inside the solid-state detector, and
therefore its quantum efficiency, is significantly higher. This can be only partially
compensated by long Xe chambers and a high gas pressure.

In Fig. . the components of a scintillator detector unit are shown schemat-
ically. On the right-hand side of Fig. . a detector unit of the Philips Tomoscan
EG is shown. One unit consists of  detector elements. X-rays that have been scat-
tered may undergo deflection through a small angle and finally reach the detec-
tor. This is an undesired detection because it reduces the image contrast. To sup-
press the measurement of scattered X-ray quanta, collimator lamella are attached
to each element. Such an anti-scatter collimator grid is directed toward the X-ray
focus to filter out photons not traveling in the line of sight between X-ray source
and detector. Without an anti-scatter grid, the image quality would be significantly
reduced.

However, there is an obvious disadvantage of the anti-scatter grid. To block an
oblique entrance of scattered X-ray photons effectively, a minimum lamella thick-
ness of . mm is required. In practice, the detector elements have a total geometric
efficiency of about –% (Kalender ). This decreased fill factor leads to an
undesired reduction in spatial detector resolution.

Fig. .. Schematic drawing and photograph of a detector unit. Single detection channels
are separated by thin anti-scatter lamella.The scintillatormedium converts the X-ray quanta
to light, which subsequently is detected by a photodiode mounted on the crystal
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Fig. .a–b.Uncovered detector array of the compact Philips Tomoscan EG scanner. a Rib-
bon cable connections of  detector units, each consisting of  channels, above the anti-
scatter grid. b Arrangement of the detector units in a circle segment

On the rotating sampling unit, the series of detector elements is arranged in
a circle segment with the X-ray source at its center. In Fig. . a detector array
with  units, each with  channels, is shown.

2.5.3
Solid-State Flat-Panel Detectors

Crystal- and ceramic-based solid-state detectors described in the previous section
can be extended to multi-row or multi-slice detector systems. The key feature of
such multi-row arrays is a maximum effective X-ray-sensitive area. This feature is
quantified by the fill factor, which is explained below. Xenon high-pressure gas de-
tector array systems cannot be easily extended to flat area detector systems. There-
fore, all modern multi-slice CT systems are based on solid-state scintillation detec-
tors.

In Fig. ., a cone-beam detector system is drawn schematically. In contrast to
detector systems in technical CT systems, for example, in micro-CT (where flat-
panel detectors are employed) almost all clinical CT systems are equipped with
cylindrical detector units. As illustrated in Fig. . the multi-array system forms
a cylinder barrel with the X-ray source as its center. If the number of rows of such
multi-slice detector systems is chosen to be very high, the orientation of the respect-
ive X-ray fan inside the cone beam, relative to the axial slice, becomes significant,
and the requirements of image reconstruction increase. However, modern CT sys-
tems are equipped with cone-beam sampling units due to improved spatial resolu-
tion and faster image acquisition. Image reconstruction in cone-beam systems will
be discussed in �Chap. .

In Fig. ., different technical configurations of multi-slice detector systems
used in Siemens (left) and General Electric (right) multi-slice CT (MSCT) systems
are shown. The Siemens detector is a UFCTM adaptive array detector. This detector
unit is partitioned into either  slices measuring .mm thick or  slices meas-
uring .mm thick. The flexibility is achieved by the interconnection of pairs of
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Fig. .. Cone-beam illumination of a cylindrical detector system. The multi-array system
forms a cylinder barrel with the X-ray focus as its center.The source-detector sampling unit,
with diameter FDD (Focus-Detector-Distance), is rotating on a circle (dashed line) with the
iso-center inside the field of measurement

detector segments. The General Electric detector type, shown here, has spatially
equidistant rows of detector elements. However, an electronic combination of the
rows results in flexible slice thickness as well.

Without reconstruction mathematics that are adapted to the cone-beam situ-
ation, image artifacts arise for the higher X-ray fan angulations, even in a -row
detector system. This leads to clinically unacceptable image quality. In any case,
the reconstruction algorithms used for the cone-beam geometry need to be revised
for practical implementation. Therefore, it is a consequent step to leave the multi-
row detector arrays and move in the direction of real flat-panel detector systems.
These systems have recently become commercially available. However, they were
not originally designed for use in CT systems, but rather to compete with estab-
lished radiography systems using film cassettes, computed radiography cassettes,
and image intensifiers.

In Fig. ., the typical composition of such a digital flat-panel X-ray detec-
tor is shown. In Fig. .a, the key aspect of the construction is illustrated. Each
sensor element consists of a photodiode and a thin-film transistor (TFT). Both are
made of amorphous silicon on a single glass substrate. The pixel matrix is coated
with an X-ray-sensitive layer. Multi-chip modules are used as read-out electron-
ics at the edge of the detector field. The X-ray-sensitive coating is a cesium iodide
layer used, for example, in General Electric CT systems. The basis is the single glass
substrate with a silicon matrix of , � , sensors, each μm in size. The
monolithic structuring is done with thin-film technology such that a composition
of a set of medium-sized sub-panels, which have undesired dead zones at the in-

 Pixel is an acronym composed of picture and element, using the abbreviation ‘pix’ for pic-
ture.
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Fig. .a–d.Detector parts used for multi-slice detector technology – courtesy of Siemens
Medical Solutions (a, c), General Electric Medical Systems (b), and Philips Medical Sys-
tems (d)

terfaces, potentially producing imaging artifacts, is not required. The final coat-
ing with cesium iodide (CsI) is the required scintillator layer of the detector. The
CsI layer is applied directly onto the pixel matrix by a physical deposition pro-
cess.

The production technique is known from semiconductor production. Phys-
ical and chemical processing steps, i.e., the combination of photolithography and
further etching phases, are applied to produce these finely structured detector
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Fig. .. Left: Composition of a digital flat-panel X-ray detector. Right: Schematic illustra-
tion of the signal conversion chain inside the detector (courtesy of General Electric Medical
Systems: Brunst [])

elements. This leads to an X-ray-sensitive detector field with a desired high fill
factor,

f = X-ray sensitive area of the detector
total area of the detector

, (.)

that cannot be produced by the simple combination of the detector types described
in � Sects. .. and ...

In Fig. ., the signal processing flow inside the X-ray detector is illustrated
schematically. X-ray quanta entering the detector are converted into visible light in
the upper CsI scintillator layer. The light photons are guided to the photodiodes of
the next processing layer. The photons are absorbed, thereby producing an electric
charge in the photodiodes that is proportional to the intensity of theX-ray radiation.
During detector exposure, the electric charge is integrated and stored in the detec-
tion element, which acts as capacitor. The actual read-out process is initialized by
the thin-film transistor, which switches the charge to the read-out electronics via the
data link.There, an amplification and the analog-to-digital conversion is performed
on the same chip, resulting in fast operation with low noise. Figure . illustrates
that the flat-panel detector system has a very high fill factor. In Fig. ., a pre-
assembly, raw detector with ribbon cable data links as well as a post-assembly, dig-
ital flat-panel detector that is ready for application, are shown. Its ,, pixels
are integrated onto an active  � cm area.
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Fig. .. Schematic illustration of the flat detector field and a single detector element of the
field.The quality of the detector is influenced by the size of the X-ray-sensitive detector area.
Insensitive areas such as splices of space for electronics must be minimized. The measure
of this geometric detector quality is the fill factor, i.e., the ratio between the X-ray-sensitive
area and the total area of the sensor (courtesy of General Electric Medical Systems: Brunst
[])

A highly desired system property of the digital scintillation detector system is
the linear dynamics over a wide range of illumination. In this way, high- and low-
dose applications have the same contrast information, i.e., excellent contrast resolu-
tion. Figure . shows the characteristic response diagrams of the signal dynamics
of an analog film system and a digital scintillator system respectively. Film sys-
tems are capable of imaging objects with high contrast within a very narrow expo-
sure range only. If the object is over- or underexposed, the contrast of the image
can easily be too low. Due to the linear characteristic response curve of the digital
system, it is robust against over- and underexposure. However, within the range of
low-contrast imaging, flat-panel systems do not achieve the quality of dedicated CT
detector systems described in the sections above (Kalender ).

In addition to the linear characteristic diagrams of the detector dynamics, an-
other important advantage of the flat-panel detector is its excellent spatial resolu-
tion. To optimize the spatial resolution, cesium iodide is evaporated onto thematrix
so that direct contact between the scintillation material and the carrying photo-
diode matrix is established. This manufacturing step is designed so that cesium io-

 Flat-panel detector systems were developed for use in simple radiography systems to re-
place film systems or computed radiography cassettes.
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Fig. .. Realization of a cm 	 cm flat-panel detector integrating , 	 , pixels.
a Pre-assembly panel with ribbon cable for read-out electronics. b Complete flat-panel sys-
tem ready for use (courtesy of General Electric Medical Systems: Brunst [])

dide grows anisotropically, forming needles on the matrix. In Fig. ., the needle
structure of CsI is demonstrated in an electron microscope picture. If X-ray quanta
are converted into visible light inside the CsI structure, the emerging photons are,
in all likelihood, traveling along the needles, because they act as a fiber-optical ca-
ble. In this way photons are guided directly onto the photodiode or in the opposite
direction. The photons that are traveling in the opposite direction face a mirror on
the top side of the CsI layer that ensures that eventually almost all photons find
their way to the photodiode. This light guidance effect of the CsI fiber structure is
the reason for the high quantum efficiency of the digital flat-panel detectors. The
X-ray-sensitive CsI coating can be made very thick to obtain a high quantum effi-
ciency and to also suppress broad photon scattering, whichwould reduce the spatial
resolution. The scintillation light is bundled by the CsI fibers onto a small point on
the photodiodematrix. However, an isotropic CsI layer must always find a compro-
mise between high quantum efficiency and high spatial resolution.

 Typically, a cloud of about , optical photons, each with energy of approximately eV,
is generated by an X-ray quantum of several tens of keV.
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Fig. .. Comparison of dynamic characteristics between a film detector system (left) and
a digital scintillation detector (right). Besides a desired linearity of the digital detector, the
dynamic range of the scintillation detector of –,: (compared with –: of the
film detector) is also superior (Brunst )

Fig. ..The cesium iodide scintillation layer of a flat-panel detector element (picture taken
with an electron microscope, courtesy of General Electric Medical Systems: Brunst [])
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Fig. ..Adigital flat-panel detectormounted on an experimental rotatingC-armdevice for
testing cone-beam reconstruction algorithms (courtesy of General ElectricMedical Systems)

In Fig. . a digital flat-panel detector mounted on an experimental C-arm de-
vice is shown. The device can be rotated and, therefore, used to demonstrate the
feasibility of cone-beam tomographic imaging. C-arm-based tomographic devices
are relatively small and inexpensive compared with complete CT systems. On the
other hand, they exhibit mechanical instabilities with reduced spatial resolution.
However, there is a demand for interventional three-dimensional imaging modal-
ities. This is because surgeons would like to add intra-operative three-dimensional
CT information to endoscopic or ultrasound imaging in minimally invasive oper-
ations, but typically there is not enough space for a normal CT system in an oper-
ating room (Härer et al. ). Compared with clinical CT systems, a disadvantage
of the flat-panel C-arm-based apparatus is the small diameter (cm or less) of the
imaging field (Härer ).

2.6
X-ray Photon Statistics

X-ray radiation consists of X-ray quanta with specific statistical properties that
must be considered in many fields of X-ray signal processing applications. It will be
shown later in this book that particular reconstruction methods can be applied in
CT that are based on the statistical nature of X-ray quanta. Furthermore, the evalu-
ation of image quality is based upon the physically correct model of noise statistics.

The next sections will focus on the statistical properties of the X-ray source
and on those of the X-ray detector. As with many stochastic processes, the statis-
tics of X-ray generation and interaction with matter can be understood in the limit
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of processes with binomial probability densities. Additionally, Lambert–Beer’s law
of photon absorption will be discussed in terms of photon statistics and the most
important moments of Poisson-distributed random variables will be addressed. In
the final sections the central-limit theorem and non-Poisson measurement will be
discussed.

2.6.1
Statistical Properties of the X-ray Source

Statistical reconstruction techniques like themaximum likelihood expectationmax-
imization (MLEM) approach, which will be introduced in � Sect. ., are based on
the exact knowledge of quantum number statistics. The probability density func-
tion is explicitly incorporated in the method. Therefore, a mathematical model of
the physical nature of X-ray quanta must first be found.

To derive the statistical photon model, the section begins with a discussion of
the X-ray quanta generation statistics inside the focus area on the X-ray tube anode.
As mentioned at the beginning of this chapter, the lattice atoms of the anode ma-
terial are bombarded with fast electrons that are accelerated during their transit
from the cathode to the anode. In Fig. ., this situation is illustrated. Let N elec-
trons arrive at the active focus volume in the time window [, T] and, let each of

Fig. .. X-ray quanta generation as a statistical counting process
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the N electrons have a probability, p (with  � p � ), of interacting in the same
time interval with one of the target atoms in such a way that an X-ray quantum
emerges.

It is also assumed that each collision process between fast electrons and target
atoms in the lattice is statistically independent of all other collisions inside the focus
volume. Then, the probability, P, that the random variable, N , i.e., the number of
emerging X-ray quanta, is assigned exactly to the number n is

P (N = n) = �N
n
�pn( − p)N−n . (.)

Thismeans that the number of X-ray quanta,N , is a binomially distributed ran-
dom variable withN out of �, . . . N�. (.) is the well-known Bernoulli distribu-
tion, whichmeasures the probability that n successful outcomes occur in a sequence
of N independent trials. The term

�N
n
� = N!

n!(N − n)! (.)

is the binomial coefficient and can be visualized by Pascal’s triangle, illustrated in
Fig. .. The term is sometimes also read as “N chooses n”.

It is well known that the statistics of independent coin-throwing experiments
can be modeled by the Bernoulli distribution. The probability of heads and tails is
p = .. The Bernoulli distribution is the simplest discrete distribution, and it is
a building block for other, more complicated discrete distributions.

Fig. .. Pascal’s triangle

 Actually,  years before Pascal studied the number triangle, the Chinesemathematician
YangHuidescribed the triangle first.Therefore, inChina it is known asYangHui’s triangle.
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Obviously, the generation of X-ray quanta can be statistically interpreted as
a counting process. (.) is a normalized discrete probability distribution, where

N�
n = 

P (N = n) = N�
n = 

�N
n
�pn( − p)N−n = (p + ( − p))N =  . (.)

However, a realistic magnitude of the number of fast electrons arriving at the
focus volume in the time interval, [, T], can be approximated via the anode cur-
rent. Let I = mA, a typical current used for medical CT. Then, the number of
electrons arriving in ms is

N = T
I
e
= − s ċ .A

. ċ − As �  . (.)

On the other hand, the probability, p, of a successful collision is very small. It has
been mentioned above that this small probability, or efficiency, of the X-ray quanta
creation process is the reason for the considerable heat problem of X-ray tubes.

In practice, the number of arriving electrons and the probability of successful
collision can be expressed in the limits N � � and p �  respectively. However,
since an X-ray tube produces X-ray quanta, there must be a positive number of pho-
tons in the limit of Np � n�, where E[N] = n� �  is the expectation value of the
number of X-ray quanta. This leads to a certain limit of the Bernoulli distribution
that will be derived below.

Assume that

Np = n� (.)

and substitute (.) into (.), resulting in

P (N = n) = �N
n
�pn( − p)N−n = �N

n
��n�

N
�n � − n�

N
�N−n

= N!
n!(N − n)! �n�

N
�n � − n�

N
�N−n

= N(N − )�(N − (n − ))
n!

� N
n�
�n

� − n�

N
�N

� − n�

N
�n

= N(N − )�(N − (n − ))
n!� N

n�
− �n � − n�

N
�N

= 
n!

����� 
Nn � − 

N
� ċ ċ ċ ċ 
 − (n − )

N
�

Nn � 
n�

− 
N
�n

!""""#� −
n�

N
�N

.

(.)
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In the limit N ��, the second term in the last row of (.) is (n�)n . The last
term is given by

lim
N��� − n�

N
�N = e−n

�
, (.)

which can easily be shown, because

lim
N��� − n�

N
�N = lim

N��
exp
ln� − n�

N
�N��

= lim
N���exp�N ln� − n�

N
��� .

(.)

With the expansion of the logarithm,

ln ( $ x) = − ��
i = 

(%)i x i

i
for −  < x < + , (.)

one obtains

lim
N��� − n�

N
�N = lim

N��
exp
N &−n�

N
− 

�n�

N
� − 


�n�

N
� . . .'�� . (.)

Factoring out * n�
N , leads, finally, to

lim
N��� − n�

N
�N = lim

N��
exp
−n� − 

n� �n�

N
� − 


n� �n�

N
� . . . �� = e−n

�
.

(.)

By substituting (.) into (.), one obtains

lim
N���Nn�pn( − p)N−n = 

n!
(n�)n e−n

�
. (.)

For a large number of fast electrons, the probability, P, that the random variable,N ,
is exactly assigned to n, can be calculated via the Poisson distribution density func-
tion

P (N = n) = (n�)n
n!

e−n
�
. (.)

The parameter n� of the Poisson distribution, i.e., the expectation value E[N] of
the number of X-ray quanta, is a measure of the radiation intensity. Thus, X-ray
generation is a Poisson process. Obviously, the Poisson distribution arises when the
number of fast electrons interacting with the target medium is much larger than
the expected number of X-ray quanta that emerge. In Fig. ., a comparison be-
tween the binomial and the Poisson distribution is shown. In the left figure, the
density functions for N =  coin-throwing experiments, each with the probability
p = . of resulting in heads, are drawn. Obviously, the symmetric binomial distri-
bution (illustrated with vertical lines) gives the correct model. If N increases and



 2 Fundamentals of X-ray Physics

Fig. .. Comparison between binomial and Poisson distribution density functions. The
binomial density function is given by the vertical lines; the Poisson density function is given
by the solid line, although the Poisson process is also discrete. Left: Ten coin flipping experi-
ments with p = .. Right: Fifty fast electrons interacting with the target medium creating an
X-ray photon with a probability of p = .

p decreases, for example, let N =  be the number of fast electrons and p = .
be the efficiency of successful interaction in the anode material, then the binomial
and Poisson model result in approximately the same distribution density function
as illustrated in the right hand figure.

As shown above for the binomial density function, the probability values for the
Poisson process must also in total be . With the Taylor expansion for the exponen-
tial function, it can be verified that

��
n = 

P (N = n) = ��
n = 

(n�)n
n!

e−n
� = e−n

� ��
n = 

(n�)n
n!

= e−n
�
e+n

� =  . (.)

2.6.2
Statistical Properties of the X-ray Detector

Reviewing the X-ray detector types explained in � Sect. . in terms of their statis-
tics, it becomes clear that the X-ray photon detections via the photoelectric effect
can also be seen as statistically independent processes. In statistics, such detectors
are called Bernoulli detectors. Let p, with  � p � , be the probability that enter-
ing X-ray quanta ionizes a xenon atom of the detector. It has been derived in the
previous section that X-ray quanta leaving the X-ray tube are Poisson-distributed.
Therefore, the detection process must be modeled for a Bernoulli detector, which
receives Poisson-distributed quanta.

The probability that n quanta are detected, if N quanta enter the detector, is
given by the conditional probability

PD(n�N) = -../..0�
N
n
�pn( − p)N−n for n = , , . . . ,N

 for n � N
. (.)
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Since the source is modeled by the Poisson distribution,

PS (N = N) = (n�)N
N!

e−n
�
, (.)

this term must be multiplied with (.). In this way, the probability of a Bernoulli
detection of n quanta of a Poisson source can be expressed as

PSD (N = n) = ��
N = n

PS(N)PD(n�N) = ��
N = n

(n�)N
N!

e−n
��N

n
�pn( − p)N−n

= e−n
� ��

N = n

(n�)N
N!

N(N − )�(N − (n − ))
n!

pn( − p)N−n
= e−n

� ��
N = n

(n�)n (n�)N − n pn( − p)N − n(N − n)!n!
= e−n

� ��
N = n

(pn�)n (( − p)n�)N − n(N − n)!n! .

(.)

In the last part of (.), terms that do not include the number of entering pho-
tons, N , are factored out of the sum. Thus, one obtains

PSD (N = n) = e−n
� (pn�)n

n!

��
N = n

(( − p)n�)N − n(N − n)! . (.)

Shifting the sum index gives

PSD (N = n) = e−n
� (pn�)n

n!

��
N = 

(( − p)n�)N
N!

. (.)

The sum in (.) is the Taylor expansion of the exponential function e(−p)n� .
Ultimately, one obtains

PSD (N = n) = e−n
� (pn�)n

n!
e(−p)n�

= (pn�)n
n!

e−n
�
e+n

�
e−pn�

= (pn�)n
n!

e−pn� .

(.)

Equation (.) reveals that the number of Bernoulli-detected X-ray quanta of
a Poisson source is again a Poisson-distributed random variable. The final result
is merely scaled by the detection probability, p, i.e., the efficiency of the detector.

Equation (.) is exceedingly important because it explains why X-ray quanta
show Poisson statistics after traveling through an absorbing object. Obviously, the
attenuation processes inside the object are guided by binomial statistics, since the
mechanisms for absorption are the same as those inside the detector.The statistical
chain from generation of the quanta inside the X-ray tube, via the attenuation inside
the object of interest, to the measurement by the X-ray detector, is called a cascaded
Poisson process.
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2.6.3
Statistical Law of Attenuation

Similar to the situation in� Sect. ., the traveling length, s, of X-ray quanta through
an object of interest is subdivided into m slices. In Fig. ., the geometric situ-
ation for a statistical model of the attenuation process is given. The subdivisions
are non-overlapping, and the attenuation processes are assumed to be statistically
independent.

An X-ray quantum arriving at position η has the probability

pt =  − μ(η)Δη , (.)

of passing the object interval  and, in turn, the probability

pa = μ(η)Δη , (.)

of being absorbed in that interval. Generally, the transmission probability of the
X-ray quantum running through interval i is given by

pt, i �  − μ(iΔη)Δη , (.)

with

Δη = s
m

and η = i
s
m

. (.)

In the limit m � �, (.) becomes exact. Since the intervals are disjoint and the
attenuation processes are assumed to be statistically independent, the transmission
probability for the entire traveling length, s, is given by

pt,s � m1
i = 

pt, i . (.)

The logarithm of (.) gives

ln(pt,s) = lim
m��

m�
i = 

ln� − μ �i s
m
� s

m
� . (.)

Fig. .. Subdivision of the X-ray quanta traveling length into the m disjoint, statistically
independent intervals of thickness Δη
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Due to the limit in (.), the Taylor expansion for the logarithm in (.) can be
truncated after the linear term, such that

ln(pt,s) = − lim
m��

m�
i = 

μ �i s
m
� s

m
(.)

is obtained. However, due to the limit, the right-hand side of (.) is essentially the
integral

ln(pt,s) = − s

∫


μ (η) dη . (.)

Thismeans, the probabilities of X-ray quantum transmission and absorption during
traveling through the entire object are given by

pt,s = e
−

s
∫


μ(η)dη
and pa,s =  − e

−
s
∫


μ(η)dη
(.)

respectively. The probability that n < N quanta are transmitted, if N quanta are
leaving the X-ray source, is again given by the Bernoulli distribution function,

P (N = n) = �N
n
�pn( − p)N−n , (.)

with an expectation value,

n� = E [N] = N�
n = 

N P(N = n) , (.)

that can be calculated via the definition of the binomial series, i.e.,
N�

n = 
P(n) = N�

n = 
�N
n
�pnqN−n = (p + q)N , (.)

with p + q = . Applying the operator p ċ ∂�∂p to both sides of (.) yields

p
∂
∂p


 N�
n = 

P(n)� = N�
n = 

�N
n
�pnpn − qN − n

= N�
n = 

n�N
n
�pnqN − n

= pN(p + q)N −  .
(.)

Since the middle row of (.) is the explicit calculation of the expectation value in
(.) and p + q = , it has been shown that

E [N] = n� = N�
n = 

N P(N = n)
= N�

n = 
n �N

n
�pn( − p)N − n = Np .

(.)



 2 Fundamentals of X-ray Physics

This means that one has an ideal detector if p = , and the detector is switched off
if p =  (Epstein ). For the expectation value of the X-ray quanta number, one
obtains

n� = Npt,s = N e
−

s
∫


μ(η)dη
(.)

when (.) is substituted into (.). It has already been mentioned that the num-
ber of X-ray quanta is proportional to the radiation intensity. With n� 	 I(s) and
N 	 I(), (.) finally reads

I(s) = I()e− s
∫


μ(η)dη
. (.)

The statistical discussion of the attenuation process also leads us to Lambert–Beer’s
law. It should be noted that the same result is obtained if the Poisson distribution
function (.) is used instead of the binomial distribution function in (.).

2.6.4
Moments of the Poisson Distribution

To evaluate the image quality of the CT imaging process quantitatively, one has to
discuss the moments of the Poisson distribution function. The first moment of the
Poisson distribution is given by

μ = E [N] = �
n
N P (N = n) , (.)

i.e., the expectation value, μ, of the number of X-ray quanta assigned with the ran-
dom variable N . Further, the second central moment is given by

σ = E 2(N − μ)3 = �
n
(N − μ) P (N = n) , (.)

i.e., the variance, σ, of the distribution.The square root of the variance is the stand-
ard deviation, σ.

An important value for quantitative signal or image quality evaluation is the
signal-to-noise ratio, defined as the ratio,

SNR(N) = μ
σ
, (.)

between signal mean and standard deviation.
The expectation value of a binomially distributed random variable has already

been used in the previous section. The result of (.) was E[N] = Np. To calculate

 The mean is an estimate of the expectation value only. However, in this book the symbol
is the same.



2.6 X-ray Photon Statistics 

the expectation value of a Poisson-distributed random variable, it is started with the
same term,

E [N] = ��
n = 

N P(N = n) , (.)

and utilized the definition of the Poisson distribution function (.) such that

E [N] = ��
n = 

n
(n�)n

n!
e−n

� = ��
n = 

n
(n�)n

n!
e−n

�

= e−n
� ��

n = 
n
(n�)n

n!
= e−n

� ��
n = 

n�
(n�)n − (n − )!

= n� e−n
� ��

n = 

(n�)n(n)! = n� e−n
�
e+n

� = n� .

(.)

Obviously, the parameter
E [N] = n�

is the expectation value.This is consistent with the result of (.), because n� = Np
and, within the limits N � � and p � , the Bernoulli distribution transforms to
the Poisson distribution function.

The variance of a Poisson-distributed random variable can also be calculated
explicitly. Starting again with

E 2(N − μ)3 = ��
n = 

(N − μ)P (N = n) (.)

and substituting the definition of the Poisson distribution function and the result
of (.), one derives

E 2(N − μ)3
= ��

n = 
(n − n�) (n�)n

n!
e−n

�

= e−n
� & ��

n = 
n (n�)n

n!
− n�

��
n = 

n
(n�)n

n!
+ (n�) ��

n = 

(n�)n
n!

'
= e−n

� &n� ��
n = 

n
(n�)n − (n − )! −  (n�) e+n� + (n�) e+n�'

= e−n
� &n� ��

n = 
(n + ) (n�)n(n)! −  (n�) e+n� + (n�) e+n�' (.)

= e−n
� &n� ��

n = 
n
(n�)n(n)! + n�

��
n = 

(n�)n(n)! −  (n�) e+n� + (n�) e+n�'
= e−n

� 4(n�) e+n� + n� e+n
� −  (n�) e+n� + (n�) e+n�5

= e−n
�
e+n

� 4(n�) + n� −  (n�) + (n�)5 = n� .
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The results of (.) and (.) characterize the Poisson distribution. Obviously, it
holds that

μ = σ , (.)

which means that the expectation value equals the variance of the random variable

E [N] = E 2(N − μ)3 . (.)

For the signal-to-noise ratio of Poisson-distributed signals, like X-ray radiation, one
obtains

SNR(N) = n�6
n�

= 6n� . (.)

The signal-to-noise ratio increases with the square root of the number of quanta.
Considering (.) and (.), the signal-to-noise ratio is proportional to the square
root of the X-ray tube current.

2.6.5
Distribution for a High Number of X-ray Quanta

For a high number of quanta, the factorial in (.) can be approximated by the
Stirling equation,

n! � nn e−n
6
πn. (.)

In this case one obtains

P (N = n) = (n�)n
n!

e−n
� � (n�)n

nn e−n
6
πn

e−n
�

= 6
πn

e−(n
�−n) �n�

n
�n

= 6
πn�

e−(n
�−n) �n�

n
�n+ 



(.)

as an approximation of the Poisson distribution density function. Analogous to the
derivative of (.), exp(ln(ċ)) is applied onto the bracketed term in the last row of
equation (.), such that

P (N = n) = 6
πn�

e−(n
�−n) eln	

n�
n 


n+ 


= 6
πn�

e−(n
�−n) e�n+


 � ln	 n�

n 
 .
(.)

With the Taylor expansion of the logarithm (.), one obtains

P (N = n) = 6
πn�

e−(n
� − n) e�n+


 � ln	+ n�−n
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� 6
πn�
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 �
 n�−n

n − 
 	 n�−n

n 
�
,

(.)
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which can be truncated after the quadratic term. As one is interested in very large
numbers of X-ray quanta, n, the term (n+ �) can be substituted with n, such that

P (N = n) � 6
πn�

e−(n
�−n) e

n
 n�−n
n − 

 	 n�−n
n 
�

= 6
πn�

e−(n
�−n) en

�−n e−

 n	 n�−n

n 


= 6
πn�

e−
(n�−n)

n .

(.)

For highly probable numbers of events, i.e., n � n�, or (n−n�)�n ll , (.) finally
transforms into

P (N = n) � 6
πn�

e−
(n�−n)

n� , (.)

which is the probability density function of Gaussian distributed random variables.
(.) is a consequence of what is called the Central Limit Theorem. The Cen-

tral LimitTheorem ensures that, regardless of the underlying distribution of mutu-
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Fig. ..Upper curves: Comparison between Poisson and normal distribution density func-
tions. The Gaussian density functions are shown by dashed lines; the Poisson density func-
tions are shown by solid lines. Left: Ten coin flipping experiments. Right:  fast electrons
interacting with the X-ray tube anode material. Lower curves: Gaussian distribution density
functions for increasing mean and variance respectively (n� = μ = σ)
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ally independent random variables, Ni , as long as one is summing enough random
variables, S = 7i = Ni , the resulting density function of S is Gaussian. In Fig. .,
a comparison between a Poisson and a Gaussian density function is shown. The
upper figures illustrate the deviations of the density functions for expectation values
of  and  respectively. The Poisson density function is plotted as a solid line and
the Gaussian density function as a dashed line.

Although (.) guarantees that the distribution density function of the ran-
dom X-ray quanta generation process has a Gaussian appearance, this does not
mean that the model has two independent parameters,

P (N = n) � 6
πσ

e−
(μ−n)

σ , (.)

i.e., mean, μ, and standard deviation, σ. As shown in Fig. ., the Gaussian den-
sity function behaves like the Poisson density function. Since μ = σ, the density
function will be flattened as the mean increases. For the counting processes con-
sidered here, the Gaussian density function is therefore limited to a one-parameter
distribution.

2.6.6
Non-Poisson Statistics

A scintillator-based X-ray detector can be considered, in principle, as an ideal
Bernoulli detector in the sense that an incident X-ray photon is converted into light
that is consecutively detected by a photodiode or photomultiplier, in which an elec-
tron or a burst of electrons, respectively, is produced. The number of electrons, or
electron bursts, counted in a certain time interval obeys the Poisson statistics if the
statistics of the incident X-ray photons are Poisson-distributed as well. It has been
shown in the previous sections that this is indeed the case. However, at high-energy
flux rates it is not possible to detect individual X-ray photons. In such a situation,
the detector works as an integrating detector rather than as a counting detector, and
the average current of the photodiode is taken as ameasure of X-ray intensity. If this
is the case, the brightness of the scintillation light becomes important. The bright-
ness must not be considered in counting situations, where the number of ‘light on’
events in a time interval is the quantity of interest. However, here the brightness of
the incident radiation is a random variable as well.

In a situation where a photomultiplier is used to detect the scintillator photons,
it can easily be shown that the resulting signal after the electron avalanche is non-
Poisson. Let m be the electron amplification factor of each dynode cascade step,
i.e.,Nout = m ċNin. SinceNin is a Poisson-distributed random variable, it holds that
σin = E[Nin]. Further, it is true that σout = (m ċ σin) = m ċ E[Nin]. However, the
latter equality reveals that Nout cannot be a Poisson-distributed variable because
m ċ E[Nin] 8 E[Nout].

Generally, raw intensity data acquired from the data acquisition system (DAS)
of CT is processed through several correcting steps to develop corrected data. This
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preprocessing chain is mandatory in the correction of a number of physical effects.
Steps of the chain include corrections for offsets, non-linearity of detectors, temper-
ature variations, detector afterglow, etc. In daily routine, an air or blank scan is car-
ried out to compensate for sensitivity variations of the detector elements and to cope
with structured form filters as the tube-side bowtie filters (cf. � Sect. ., Fig. .)
respectively.This is done in order to obtain a calibration function that allows the as-
sumption of a homogeneous illumination of the detector array within the image re-
construction steps. Additionally, a water beam hardening correction is performed.
In a subsequent step, the logarithm of this corrected data is taken to achieve the
projection or sinogram data. These sinogram values generally do not obey Poisson
statistics and it can be shown that reconstruction algorithms that expect Poisson-
distributed data sometimes lead to suboptimal results. However, a remedy has been
proposed by Nuyts et al. (). A noise-equivalent count (NEC) scaling or shift-
ing can be applied in order to transform arbitrary sinogram noise into noise that is
approximately Poisson-distributed. The NEC scaling factor, α, can be obtained via

E 2(αN − E [αN])3 = E 2(αN − αμ)3 = αE 2(N − μ)3 (.)

and

E [αN] = αE [N] , (.)

leading to

α = E [N]
E 2(N − μ)3 . (.)

The NEC shifting constant, γ, can be obtained similarly via

E 2((N + γ) − E [N + γ])3 = E 2((N + γ) − E [N] − γ)3 = E 2(N − E [N])3
(.)

and

E [N + γ] = E [N] + γ . (.)

With the characteristic of Poisson-distributed data,

E 2((N + γ) − E [N + γ])3 = E [N + γ] , (.)

the shifting constant is given by

γ = E 2(N − E [N])3 − E [N] . (.)

Thenon-Poisson sinogram valuesmay be subjected either toNEC scaling or toNEC
shifting.
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3.1
Introduction

Conventional X-ray imaging suffers from the severe drawback that it only produces
two-dimensional projections of a three-dimensional object. This results in a reduc-
tion in spatial information (although an experienced radiologist might be able to
compensate for this). In any case, a projection represents an averaging.The result of
the averaging can be imagined if one were to overlay several radiographic sections
at the light box for diagnosis. It would be difficult for even an expert to interpret the
results, as averaging comes along with a considerable reduction in contrast, com-
pared with the contrast present in one slice.

Figure . shows conventional images of the cranium (left) and of the knee
(right). These images show the high attenuation of X-rays within, for example, the
cranial bone and most notably around the dental fillings. The small differences in
attenuation that characterize soft tissue, however, are not visible at all. The mor-
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Fig. .. Conventional planar X-ray leads to low-contrast images that do not allow clinical
diagnostics involving soft tissue. The figure shows the cranial bone (left), in which details
of spatial structures in the brain cannot be recognized. On the image of the knee (right),
even bone structures have low contrast.This low contrast is caused by the averaging process
during the X-ray’s passage through the body

phology of the brain, in particular, is completely lost in the averaging process. In
the knee, even the bone structures are imaged with poor contrast due to the super-
imposition.

3.2
Tomosynthesis

In the s, the desire to undo the averaging process that characterizes conven-
tional X-ray radiography led to the first tomographic concept.Theword tomography
itself is composed of the two Greek words tomos (slice) and graphein (draw). The
word tomography was considerably influenced by the Berlin physician Grossmann,
whoseGrossmann tomograph was able to image one single slice of the body (Gross-
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mann ). Figure . shows a historic picture of the Grossmann tomograph (left)
(Lossau ), as well as amodern tomosynthesis scanner (right) (Härer et al. ).

The principle of the conventional or analog geometric tomography method is
illustrated in Fig. .. During image acquisition, the X-ray tube is linearly moved
in one direction, while the X-ray film is synchronously moved in the opposite dir-
ection. For this reason, only points in the plane of the rotation center are imaged
sharply. All points above and below this region are blurred, more so at greater dis-
tances from the center of rotation. Hence, the method can be interpreted as “blur-
ring tomography.” It is called “tomosynthesis” if there is digital post-processing of
the projection images.

The blurred information above and below the center of rotation does not disap-
pear, but is superimposed on the sharp image as a kind of gray veil or haze. There-
fore, a substantial reduction in contrast is noticeable. However, the gain in quality
compared with a simple radiograph is clearly visible in the example of a tomosyn-
thetically acquired slice sequence of the knee in Fig. . (Härer et al. , ).
Table . gives a historic overview of the milestones of analog tomography meth-
ods.

Due to the increased availability of electronic X-ray detectors, tomosynthe-
sis systems are currently regaining scientific attention (Stevens ). Figure .
shows the Siregraph T.O.P. from Siemens Medical Solutions, a modern tomosyn-
thesis scanner (right). In this system, projection images are measured duringmove-
ment and stored digitally using an image intensifier system.This allows subsequent
image reconstruction that is superior to the analog blurring technique. Figure .

Fig. ..Digital tomosynthesis is superior to conventional or analog geometric tomography.
Left: The historic Grossmann tomograph (Lossau ; Grossmann ). Right: The Siro-
graph T.O.P. from Siemens, equipped with an image intensifier system (D), which is syn-
chronously moved with the X-ray tube (R), and therefore defines a slice (S). Courtesy of
Siemens Medical Solutions, from (Härer et al. , )
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Fig. ..The first attempts to create radiographic slices of the human body were carried out
using conventional or analog geometric tomography, also referred to as tomosynthesis if the
acquired X-ray images are digitally post-processed. In this process, the X-ray tube and the
detector are synchronously moved in opposite directions. For this reason, structures situated
above and below the plane of the center of rotation are blurred (tomosynthesis images of
a knee phantom: Courtesy of Siemens Medical Solutions (Härer et al. , ))

Table ..Historic milestones of analog tomography (see Webb )

Class Mechanical arrangement Motion Inventor

Stratigraphy X-ray tube and film cassette
are perpendicular to a rigid
pivoting pendulum

Linear,
circular
or spiral

Alessandro
Vallebona ()

Planigraphy X-ray tube and film cassette
move in parallel equidistant
planes with reciprocalmotions

Linear,
circular
or spiral

André Edmond Marie
Bocage (),
Ziedses des Plantes (),
Ernst Pohl ()

Tomography X-ray tube and film cassette
are attached to a rigid pendu-
lum, but the detector is always
parallel to the tomographic
plane

Linear Gustav Grossmann ()

enables a direct comparison between the analog image of the knee given by conven-
tional geometric tomography (bottom left) and single slices acquired with a spacing
of mmusing tomosynthesis. The blurring angle, α, determines the extent to which
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the contribution from structures above and below the slice (S) are suppressed in the
blurring. Besides the class of trajectory (see Table .) of the X-ray tube (R) and de-
tector (D), the blurring angle, α, determines the quality of the image at S.The larger
the angle, α, the smaller the extrinsic slice artifacts, i.e., the amplitude of the signal
from structures located exterior to the slice being reconstructed (Härer et al. ).

A related method, called “orthopan tomography,” is now widespread in dental
radiology. In this method, a panoramic view of rows of teeth is produced on an
imaging plane that is curved to follow the jaw. However, sophisticated trajectories
allow a reconstruction of slices by geometric tomography as well.

Nowadays, the term “tomography”, despite competitive modalities such as MRI
(magnetic resonance imaging) or PET (positron emission tomography), is still most
commonly associated with computed tomography (CT) or, more precisely, with
X-ray CT. CT is also referred to as CAT (computerized axial tomography).

Computed tomography avoids the superimposition of blurred planes and pro-
duces such a large contrast that even soft tissue can be imaged well. The resulting
leap in the quality of diagnostic imaging led to the enormous success of CT.

Historically, four distinct generations of CT have emerged. Their classification
relates to both the way that X-ray tubes and detectors are constructed, and the way
that they move around the patient. Figures ., ., ., and . illustrate the dif-
ferent generations schematically.

3.3
Rotation–Translation of a Pencil Beam (First Generation)

The first generation of CT involves an X-ray tube that emits a single needle-like
X-ray beam, which is selected from the X-ray cone by means of an appropriate pin-
hole collimator. This geometry is referred to as “pencil beam”. A single detector is
situated on the opposite side of the measuring field and the X-ray tube.The detector
is moved synchronously along with the X-ray tube. This displacement is linear and
is repeated for different projection angles, γ (cf. Fig. .). Depending on the specific
attenuation properties of the tissue, the intensity of the X-ray is attenuated on its
path through the body.

The amount of X-ray attenuation is measured by the detector and subsequently
digitally recorded. For each angle, γ, this step yields a simple one-dimensional radio-
graph. However, from this initial radiograph, it is still not possible to determine the
spatial distribution of the tissue attenuation coefficients. It is clear that in order to
determine the location of two consecutive objects on one projection line, the situa-
tion needs to be viewed sideways as well.This is the approach taken byCT. CT views
an object from all sides, since the projection angle is varied from � to �.

 In the early years terms likeComputerized Transaxial Tomography (CTAT) orDigital Axial
Tomography (DAT) were used (Bushong ).
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Fig. ..Thefirst generation ofCT is equippedwith a pencil beamand a single detector.These
are moved linearly, and the configuration is rotated through different projection angles, γ.
Each point inside the field of view needs to be X-rayed from all “sides,” so the X-ray source
and detector are rotated through �. The X-ray pencil beam is extracted from the beam
characteristic of the source, by using an appropriate pin-hole collimator

Fig. ..The first head scanner was built in the EMI Central Research Laboratories in Lon-
don. Courtesy of General Electric Medical Systems
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Thefirst CT scanner, built by the company EMI (Electric andMusical Industries
Ltd.), was based on this principle. In  Godfrey N. Hounsfield realized the scan-
ner in the EMI Central Research Laboratories (Hounsfield ). For his invention,
he jointly won the Nobel Prize for medicine together with Allen M. Cormack in
. Figure . shows a picture of the EMI head scanner. The first experiments by

Fig. ..Hounsfield’s historic experiment, which he established in London at the EMI Cen-
tral Research Laboratories in the s (top) and the first image produced (bottom). Courtesy
of General Electric Medical Systems



 3 Milestones of Computed Tomography

Hounsfield were performed in  with a radioactive Americium source (Am)
being linearly displaced along with the detector. Hounsfield collected data in steps
of �, through the � necessary for image reconstruction. The first reconstruc-
tion of a two-dimensional slice took  days – a clinically unacceptable processing
time. However, for the first time, a two-dimensional slice image could be achieved
that did not originate from averaging or blurring information, as in conventional
geometric tomography mentioned in the section above. Figure . shows the his-
torical layout of the experiment (top) as well as the first image it produced (bot-
tom).

Fig. .. One of the first commercially available, first-generation CT scanners was the
Siemens Siretom in , shown here a closed and bwith covers removed.With this scanner
it was possible to produce c axial images of the head with d an imagematrix of 	 pixels.
Courtesy of Siemens Medical Solutions
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The actual reconstruction of a two-dimensional slice is only possible if the pro-
jection values are digitized. The image section to be visualized is determined by the
measurement principle, since the pencil beam virtually cuts the object at that slice.
However, the calculation of the spatial distribution of the attenuation values at that
very slice is mathematically complex and will be described in �Chaps. –. Due
to the complexity of the mathematical methods of Johann Radon’s reconstruction
technique, published in , it remained only theory for half a century. A practical
solution to the reconstruction problem was not possible until the development of
computer technology. It is from this that CT gets its name.

The first commercial scanners from EMI had a narrow focused X-ray beam
and a single sodium iodide (NaI) scintillation detector.This pencil-beam principle,
which is not practiced any more, is of fundamental importance as it is here that
the mathematical methods of reconstruction can be understood most easily. In-
deed, the mathematical methods of moremodern geometries can be obtained from
pencil-beam geometry using suitable coordinate transformations. Figure . shows
one of the first tomographs of the first generation produced by Siemens in .
The subsequent rapid development of CT has been, and still is, driven by three es-
sential goals: Reduction of acquisition time, reduction of X-ray exposure, and, last
but not least, reduction of cost. Throughout the course of optimizing these factors
there are several historical stages, which are briefly described in the following sec-
tions.

3.4
Rotation–Translation of a Narrow Fan Beam (SecondGeneration)

The computed tomograph of the second generation has an X-ray source with a nar-
row fan beamand a short detector array consisting of approximately  elements (cf.
Fig. .). However, since the aperture angle of the fan beam is small, the X-ray tube
and detector array still need to be translated linearly before the projection angle is
adjusted for another projection. In the earliest of the second-generation scanners,
the angle of the fan beam was about �.

Despite the need for linear displacement, the acquisition time was reduced to
a few minutes per slice, as the detector array could measure several intensities sim-
ultaneously. However, themeasuring field was still small. For this reason, and due to
their long acquisition times, the first- and second-generation scanners were mainly
restricted to use in imaging the cranium. Figure .c gives an idea of the scale of
the measuring field. The cranium can be fixed in the scanner and shows no large
intrinsic movement during acquisition time (relative to the spatial resolution that
could be achieved at the time).

 In 
 Sect. ., it is shown that this is not entirely historically correct. In , Edholm
() proposed an analog, optical procedure for tomographic image reconstruction.
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Fig. .. The CT scanners of the second generation have one X-ray source with fan-beam
geometry, as well as a short detector array. The X-ray fan is created from a conical X-ray
source by means of a slit-shaped collimator. The fan angle is about � and the detector
is made up of  elements. In this case, the detector and tube also need to be moved lin-
early before the projection angle is adjusted, as the entire field of view is not X-rayed by
the fan

This is certainly not the case when imaging the area of the thorax or the ab-
domen, as the intrinsic movements of the heart and lung, as well as the move-
ment of the diaphragm and soft organs of the abdomen, produce artifacts in the
reconstructed images. The mathematical methods of reconstruction demand that
all points of one slice are X-rayed from all angles from � through �. One ob-
ject moving out of the imaging plane during rotation of the X-ray tube, due to pa-
tient movement, will inevitably result in errors in image reconstruction. Such image
errors, referred to as motion artifacts, are described in detail in �Chap. .
3.5
Rotation of a Wide Aperture Fan Beam (Third Generation)

The main goal of developments in the s was to reduce acquisition time down
to less than s. This was intended to give enough time to acquire an image of the
abdomen with minimal error, while the patients held their breath. A major step
toward achieving this goal was an extension of the second generation’s fan-beam
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concept, i.e., the introduction of a substantially larger angle of the X-ray fan and
a correspondingly longer detector array. Figure . gives a schematic illustration of
this principle of third-generation scanners.

Nowadays, the angle of an X-ray fan beam is typically between � and �
and the detector array is usually constructed as an arc with between  and ,
elements. In this way it is now possible to simultaneously X-ray the entire meas-
uring field, which is currently wide enough to cover the torso, for each projection
angle, γ. As a result, the third generation of CT systems can completely abandon
linear displacement of the X-ray tube. The acquisition time for third-generation
systems is reduced considerably, since a continuous rotation can take place with-
out interruption for linear displacement. The majority of CT scanners currently
in use are fan-beam systems of the third generation. Figure . shows an ex-
perimental set-up of a third-generation scanner with a mechanical magnification
unit in the Philips research labs and Fig. . shows a typical Siemens CT scanner
of .

Fig. .. The third generation of CT scanners has a substantially larger angle of the X-ray
fan and a longer detector array, such that the entire measuring field can be X-rayed simul-
taneously for one single projection angle, γ. Hence, the need for linear displacement of the
source-detector system is removed.The third generation represents an extension of the prin-
ciple behind the second generation.The fan angle is usually around � to � and the detec-
tor array is made of up to , detector elements. As a consequence of the larger aperture,
the X-ray is exploited to a greater extent. Also, the scanner can rotate continuously without
stopping for linear displacement. This results in a major reduction of acquisition time
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Fig. .. a Principle of geometric enlargement in . Two possible positions of the
tube/detector construction as to optimize the scanner for both head and body scan, while
having a limited detector size. b Detector module of  channels. c Lab model including
geometric enlargement construction. Courtesy of Leon de Vries, Philips Medical Systems

Typical image errors of third-generation scanners are called “ring artifacts.”
A single defective, or even insufficiently calibrated, detector in the array results in
characteristic ring-shaped errors in the reconstructed tomogram. These kinds of
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Fig. ..An example of a whole body scanner from : The Siemens Somatom family DR.
This third generation of computed tomography scanners has a measuring field of approxi-
mately  cm in diameter. With  solid state detectors, acquisition times of about  s were
possible for a � rotation (courtesy of Siemens Medical Solutions)

artifacts are discussed in detail in � Sect. ... While they are seen in images from
third-generation scanners, they cannot appear in images from fourth-generation
tomographs.

3.6
Rotation–Fix with Closed Detector Ring (Fourth Generation)

The fourth generation of CT scanners does not differ from the third-generation
tomographs with respect to the X-ray tube. The fan-beam source also rotates con-
tinuously around the measuring field without any linear displacement. The differ-
ence is in the closed, stationary detector ring with up to , single elements. The
X-ray tube either rotates outside (Fig. ., left) or inside (Fig. ., right) the detec-
tor ring.
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Fig. .. Computed tomography scanners of the fourth generation do not differ from those
of the third generation with respect to the X-ray source. As with the third generation, the
X-ray source rotates continuously without any linear displacement. However, the fourth gen-
eration has a stationary detector ring. Within the fourth generation systems there are two
distinct types: The path of the X-ray source is either outside (left) or inside (right) the detec-
tor ring. The number of detectors is around ,.The angle of the fan beam depends on the
measuring field

Fig. ..The fourth generation of CT scanners uses an “inverse fan,” whose center is situated
at a single detector. Unlike the third-generation scanners, it is in principle possible tomeasure
an arbitrarily dense inverse fan, as long as a single detector element can be read at a high
enough frequency while the X-ray source moves continuously
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If the X-ray tube is outside the detector ring, it is necessary to prevent the X-rays
from radiating through the detectors from behind. Therefore, the detector ring is
dynamically tilted away from the path of the tube. In this way, the line of sight be-
tween the tube and the appropriate section of the detector ring only passes through
the patient (and patient table) and not through the electronics behind the detectors.

The fourth-generation tomographs establish “inverse fans,” which are centered
on detectors rather than on the X-ray focus. Figure . shows an inverse fan sche-
matically. An inverse fan is also referred to as a “detector fan.”

An inverse fan can be very dense, limited only by the sampling rate at which in-
dividual detectors can be read out. As a result, unlike third-generation tomographs,
this scanner is not limited to the spatial resolution of a single fan beam.

3.7
Electron Beam Computerized Tomography

If there is a need for even shorter acquisition times, the concept of moving sam-
pling systems must be left behind entirely. One approach to achieving this is using
electron beam computerized tomography (EBCT). This type of CT was developed
for cardiac imaging.

Fig. .. Realization of an electron beam computerized tomography (EBCT) scanner by
Imatron, for fast cardiac imaging. Courtesy of General Electric Medical Systems
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In EBCT, there is no longer a localized X-ray tube rotating around the patient
as in conventional CT technology. Instead the patient is situated, in a manner of
speaking, inside the X-ray tube. An electron beam is focused onto wolfram target
rings, which are arranged in a half circle around the patient, and generates the de-
sired X-ray fan beam upon impact with the wolfram target. The X-ray irradiation
is measured with a stationary detector ring.

Such systems have mainly been sold to cardiologists by the company Imatron.
The electron beam technique is able to acquire an image slice in ms. Figure .
shows a diagram of an EBCT system as well as an illustration of a modern Imatron
system. Further technical details can be found, for example, in Weisser ().

3.8
Rotation in Spiral Path

Another development, which was a great leap forward in capability from that of
the third generation, led to what is identified by Bushberg et al. () as the sixth
generation of tomography scanners.This refers to the introduction of slip-ring tech-
nology, which enables spiral or helical sampling respectively.

As the X-ray tube must be continuously supplied with energy, the rate of circu-
lar movement was previously limited by the attachment of an electric cable, which
was mounted on a spool. In this process the cable was unwound in one direction
and carefully wound up in the other. This represented a huge obstacle to the reduc-
tion of acquisition time. The X-ray sampling unit had to stop and start again after
a certain angle of rotation. Although data could be collected throughout both clock-
wise and counter-clockwise rotations, limits were placed on high velocities due to
the increasing torsional moment. This problem was solved by the introduction of
slip-ring technology. In this technology, the energy is provided via sliding contacts,
situated between the outside of the sampling unit, in what is called the gantry, and
the rotating sampling unit.This enables the sampling unit carrying the X-ray source
and, in the case of third-generation scanners, the detector array, to rotate continu-
ously. As a result of slip-ring technology, rotation frequencies of two rotations per
second, “sub-second scanners”, are nowadays commonplace.

Figure . shows different technologies for the transfer of energy. On the left,
slip-ring technology, as discussed above, can be seen on a Siemens Somatom AR.T
CT scanner. However, there are also smaller, more compact devices, in which the
sampling unit is independent from an external energy supply during rotation, by
means of accumulators. An example is given on the right of Fig. ., which shows
a mobile Philips Tomoscan M CT scanner with the covers removed.

The slip-ring innovation enabled a new acquisition technique. Alongwith a con-
tinuous motion of the patient table through the sampling unit, it became possible to
measure data in the shape of a spiral. The spiral-CT technique was demonstrated

 Strictly speaking, the X-ray tube trajectory is a helix.
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Fig. ..Differentmethods of energy transfer to the continuously rotating sampling unit. In
the Siemens Somatom AR.T (left), slip-ring technology is used. In the compact mobile CT
scanner of the Philips Tomoscan M (right) an accumulator array is used

Fig. .. Willi Kalender in the mid-s at the Laboratories of Siemens (by courtesy of
W. Kalender)

successfully on a prototype by Kalender in  (Kalender et al. ). Figure .
shows Willi Kalender at the laboratories of Siemens Medical Solutions in the mid-
s.

3.9
Rotation in Cone-Beam Geometry

As already mentioned, there has so far not been a common definition of the gen-
erations of development of CT. In Bushberg et al. (), scanners equipped with
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a cone-shaped X-ray beam and a plane detector are referred to as the seventh gen-
eration.

However, even within the cone-beam scanner itself, one needs to distinguish
between systems that use only a small cone opening, as in the case of a multi-
slice (multi-line) detector system or indeed a symmetric X-ray cone. In particular,
the necessary reconstruction methods differ extensively between these systems, as
demonstrated in �Chap. .

To understand the motivation behind the development of cone-beam CT sys-
tems, recall that the step from the pencil-beam to the fan-beam concept came along
with the advantages that the X-ray source was exploited more effectively, and that
there was a reduction in acquisition time. In � Sect. .. it has been discussed that
the efficiency of the energy transformation throughout the generation of X-ray ra-
diation is just about %.

As the heat produced inside the X-ray tube essentially defines the physical ca-
pacitance, and therefore limits the measuring time, the next straightforward step
in the development of CT scanners involved the use of a cone-shaped X-ray beam,
which is already produced in the X-ray tube. Both the pencil-beam and the fan-
beam geometry are created by means of appropriate pin-hole or slit collimators,
which re-shape the original X-ray source intensity profile, reducing efficiency.

Technologically, there are three important problems that had to be solved before
the successful application of cone-beam geometry to CT imaging.

Fig. .. Prototype of a cone-beam CT scanner, equipped with a flat detector. Courtesy of
Siemens Medical Solutions
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First of all, a flat-panel detector, which did not exist at the time, had to be intro-
duced to replace the line or multi-line detector arrays. Second, the huge amount of
raw data that quickly emerge on sub-second scanners in particular had to be trans-
ferred from the rotating sampling unit to the image reconstruction computer. The
required bandwidth for the data transfer poses a challenge even today. Third, there
is the problem of reconstruction, whose mathematics is slightly more sophisticated
compared with the two-dimensional methods. This will be discussed in detail in�Chap. . Figure . shows a prototype of a cone-beam CT scanner at the Siemens
laboratories.

3.10
Micro-CT

Recently, micro-CTs, which essentially comprise a miniaturized design of the cone-
beam CTs mentioned in the previous section, and which are typically used for non-
destructive, three-dimensional microscopy, have become commercially available.
The X-rayed measuring field, usually as small as cm in volume, is so small that
medical applications might seem to be ruled out. Indeed, these scanners are more
commonly used for material testing and analysis, but medical applications are on
their way to taking center stage. An example in human medicine is the analysis of
trabecular structures in bones. Micro-CTs are also ideal scanners for radiological
examinations of small animals (De Clerck et al. ).

Figure . shows a commercial micro-CT system,manufactured by the Belgian
company SkyScan. It is produced as a desktop device and has ameasurement cham-
ber that is entirely shielded against scattered X-ray beams by lead walls, so that no
further means of protection are necessary. The object to be examined is placed on
a rotating specimen disk, which is controlled by a step motor.

Figure .a shows the preparation of an examination of a Neanderthal man’s
tooth. This specimen is about , years old. The curator of the Department of
Preservation of Archeological Monuments in Koblenz is currently interested in the
structure of the tooth’s interior. Figure .b shows a cone-beam X-ray of the tooth.
As well as the nerve channel, the fissure lines are imaged very well.

The twomost crucial components of micro-CTs are the X-ray tube and the two-
dimensional detector array. In particular, it is the size of the focus and the size of the
detector elements that, apart from the mechanical accuracy of the rotary motion,
determine spatial resolution. In Fig. . it has already been illustrated how the size
of the focus affects the representation of detail. It follows that the micro-CT system
needs a micro-focus tube. In � Sect. . it will be shown that it is the modulation
transfer function,

MTFimaging system(q)=MTFX-ray source(q)MTFdetector(q)=9 sin(πbFq)
πbFq

9 9 sin(πbDq)
πbDq

9
(.)
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Fig. .. a Micro-CT desk device of SkyScan Inc. at the Institute of Medical Engineering,
University of Lübeck, Germany. The object to be examined is placed on a rotating specimen
holder inside the measurement chamber. The measurement field is about cm in volume.
bA simple X-ray image of a tooth from an archeological dig illustrates an impressive variety
of structures. As well as the nerve channel, fine fissure lines that have been formed inside this
Neanderthal man’s tooth over the millennia are recognizable. The small arrow indicates the
location of a reconstructed slice, which will be examined in more detail. The planar , 	
, pixel charge-coupled device (CCD) array is cooled down and has a detector size of
bD < μm

that quantifies the resolution of objects with a spatial frequency q (given in line
pairs per millimeter). In the case of micro-CTs, an X-ray focus size of bF < μm is
desirable. Using such a small target area for the electrons, the anode current cannot
be very large. The current is typically less than μA. Since the current controls
the intensity of the X-ray spectrum, there are certain constraints with respect to
the materials being examined. A -bit X-ray charge-coupled device (CCD) chip
with a pixel matrix of , � , is used as a detector, which is connected to the
scintillation crystal by fiber optics. The size of the picture elements has an order
of magnitude of around bD < μm. SkyScan specifies a resolution of about μm
(Sassov , a, b). As micro-CTs are cone-beam X-ray systems, three-
dimensional reconstruction methods are required to calculate the images (Wang
et al. ).

Figure . shows the difference in spatial resolution between a micro-CT and
a clinical CT system, using the example of the tooth from a Neanderthal man. In
a reconstructed slice, fine fissures are identifiable in the image from the micro-CT
(Fig. .a).The reconstruction using a clinical CT (Fig. .b) is not able to resolve
these details. The location of the section shown in Fig. .a,b is marked with an
arrow in Fig. .b. When comparing the three-dimensional reconstructions and
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Fig. .. Comparative inspection of image resolutions, using the example of the tooth from
an archeological dig. An approximately ,-year-old Neanderthal man’s tooth was ex-
amined using a, cmicro-CT and b, d ordinary clinical CT.The position of the reconstructed
section is marked in Fig. .b. The difference is immediately obvious. The fine fissures that
have formed inside the tooth over the millennia cannot be imaged using clinical CT. c In the
three-dimensional reconstruction of the micro-CT image the fissures can be identified as fis-
sure planes. For comparison, the entire tooth imaged by the ordinary CT scanner has been
reconstructed in d. Given the dimensions of the tooth, even this reconstruction is impressive,
but it does not reveal the micro-structures evident in the micro-CT image

visualizations in Fig. .c,d, there is a distinct difference as well. Fissure planes
passing through the entire tooth are only visible on the micro-CT image.
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3.11
PET-CT Combined Scanners

With the exception of contrast-enhanced angiography and perfusion techniques,
CT, on its own, is only able to provide morphological information, i.e., informa-
tion on the shape of objects. On the other hand, positron emission tomography
(PET) provides information on the metabolism, i.e., the biomedical function of an
anatomical region. As already described in �Chap. , CT is based on the attenu-
ation of X-ray radiation. Different organs, having different absorption properties,
are therefore only imaged according to their shape, and the patient is considered to
be passive during imaging.

In PET, the patient is injected with a radioactively marked tracer, which is me-
tabolized inside the body. One very important tracer is F-FDG (−(Fluorine--
Fluoro--Deoxy-D-Glucose),which can be used to trace glucose metabolism. This is
especially important for oncology studies, since, due to their faster metabolism, the
F-FDG uptake of tumors exceeds the uptake of non-malignant tissue. Compared
with ordinary glucose, F-FDG differs in the presence of the tracer atom. As such,
it behaves like glucose only at the beginning of the metabolic chain. Thereafter, the
molecule is detected, but not catabolized any further, leading to an accumulation
of the tracer inside the tumor.

F-FDG is a positron emitter, so wherever the tracer accumulates, the process
of positron annihilation is intensified.This process was shown as a daughter process
of pair production in Fig. ., and is described by (.). In the case of F-FDG,
however, a proton, p, decays into a neutron, n, a neutrino, ν, and a positron, e+, as
a parent process

p � n + e+ + ν . (.)

Upon collision with an electron close to where this decay occurs, the positron en-
tirely de-materializes, becoming two gamma ray photons that fly away in opposite
directions. The gamma ray photons are then measured by two detectors, located
opposite each other, in what is called a coincidence measurement. By means of fil-
tered backprojection, the location of the de-materialization can be reconstructed,
and tumors are represented as hot spots inside the image. The mathematical funda-
mentals of the image reconstruction of PET techniques will be described later. For
further details of the technique, and of applications of PET, the reader is referred,
for example, to Ruhlmann et al. ().

An interesting approach to imaging diagnostics is the combination of bothmor-
phological and functional imaging methods. The goal of displaying function along
with morphology in a single image has been realized for some time using meth-
ods of image registration . Registration is an image processing step that must over-

 Positrons, e+, are the antiparticles of electrons, e−.
 Registration is an image processing step, aligning the coordinate systems of two modali-
ties. A detailed illustration of these techniques can be found, e.g., in Hajnal et al. ().
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come problems caused by the different positioning of the patient in two different
scanners, and changes resulting from the time that passes between the two acqui-
sitions.

In the case of combined techniques, the patient is successively scanned us-
ing the different imaging modalities. Using a combined PET-CT scanner, such
as, for instance, the biograph from Siemens (Fig. ., top), the images are ac-
quired almost simultaneously, with the patient effectively in the same position, so
that the location of a tumor relative to the surrounding anatomy can be displayed
immediately. The bottom of Fig. . shows an intestinal tumor being imaged as
a hot spot.

Fig. .. The biograph scanner from Siemens is an integrated PET-CT concept that can
image metabolic and anatomic information at the same time. Courtesy of Siemens Medical
Solutions
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3.12
Optical Reconstruction Techniques

The term “computed tomography” is historically connected to the development of
computers, which have been successfully applied in the field of image reconstruc-
tion since the s. It was mentioned in � Sect. ., that a practically applicable so-
lution to the problem of image reconstruction was not possible before the introduc-
tion of computer technology. In fact, there is also the possibility of achieving recon-
struction in an optico-photographic fashion. In  Edholm introduced a tricky
optical configuration, which is illustrated in Fig. ..

In order to acquire an image, an X-ray fan is produced using slit collimation,
which radiates through the object andwhose projection profile is recorded on a film
as a single line. The film is moved linearly and synchronously with the rotation of
the object being examined.

The resulting pattern is referred to as a sinogram, and can be used for recon-
struction. The first step in the reconstruction chain is the one-dimensional illu-
mination of the sinogram, which is imaged by a cylinder lens onto a second film.
The cylinder lens spreads the profile spatially. By displacing the sinogram film and

Fig. .. Principle of the optical reconstructionmethod for analog CT based on the ideas of
Edholm ()
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simultaneously rotating the cylindrical lens, a simple backprojection is achieved
since all projection profiles are superimposed. In a final step the resulting back-
projection is high-pass filtered using Fourier optics to produce the image recon-
struction. Nowadays, computer technology is so advanced, that results are supe-
rior to those of optical reconstruction. Therefore, optical techniques are no longer
pursued.
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4.1
Introduction

The entire theory of the continuously developing area of signal processing is be-
yond the scope of this chapter. In this chapter, only the principal methods of signal
processing that are important for computed tomography (CT) will be described. In
contrast to most essays on signal processing, descriptions of the signals in the spa-
tial domain will be used – since it is in this form that signals are present in X-ray
and CT imaging modalities.

4.2
Signals

Thesignals being considered here are one-dimensional spatial signals: s(x) – for in-
stance from a detector array of a CT scanner, or two-dimensional images: f (x , y) –
e.g., one slice of a DCT image.The signals are either continuous or, after sampling,
discrete functions of one or more variables.

4.3
Fundamental Signals

In signal processing, some fundamental signals are extraordinary in the sense that
the deformation of a signal throughout its transmission enables conclusions to be
drawn about the system itself. These fundamental signals are given in (.) to (.),
as well as in Fig. ..

Heaviside step function step(x) = &  x : 
 otherwise (.)

Rectangular function rect(x) = &  �x� � �
 otherwise (.)

Triangle function tri(x) = &  − �x� �x� � 
 otherwise (.)

Sinc function si(x) � sinc(x) = sin(πx)
πx

(.)

Gaussian function gauss(x) = 6
π
e−x


(.)
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Fig. .. Illustration of some of the fundamental functions of signal processing. By analyzing
the changes that these signals experiencewithin linear and complex systems, conclusions can
be drawn about the systems themselves. Dirac’s delta “function” is of particular importance.
It is connected to the “impulse response” of the system, whichwill be used frequently in later
chapters. Due to the importance of the delta impulse, which is actually a distribution, this
“function” is described in detail in 
 Sects. .–.

Delta distribution
+�

∫
−�

f (x)δ(x − x)dx = f (x) (.)

or formally,

δ(x − x) = &  x 8 x� x = x
and

+�

∫
−�

δ(x − x)dx =  . (.)
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4.4
Systems

Systems process signals. In particular, one refers to a “transmission system,” and
describes it by an output signal, g(x), corresponding to a specific input signal, s(x).
The transformation equation can be formally written as

g(x) = L�s(x)� (.)
g(x , y) = L� f (x , y)� . (.)

A transformation can also be represented schematically by a block diagram, as
shown in Fig. ..

In general, transmission systems are described in terms of their attributes lin-
earity, spatial invariance, shift-invariance, causality, and stability. These properties
are briefly introduced in the following sections.

Fig. .. Schematic block diagram illustrating the signal transmission. h(x) is called the
impulse response

4.4.1
Linearity

A system is linear if, for all ai ; C,

L&�
i

ai si(x)' = �
i

ai gi(x) , (.)

or, in the two-dimensional case,

L&�
i

ai fi(x , y)' = �
i

ai gi(x , y) . (.)

An example of a linear transmission system in image processing is an edge filter for
horizontal edges, which, in its simplest form, can be described by

L� fi(x , y)� � fi(x , y) − fi(x , y + ) = gi(x , y) . (.)

The edge filter detects gray-value changes in images, like those provided in Fig. ..
The two images on the left of Fig. . contain horizontal gray-value edges with a step
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Fig. .. Due to the linearity of the edge filter, two images that differ in their absolute gray-
scale values, but which have horizontal edges of the same step size, yield the same response.
The response, gi(•, y), is illustrated on the right as a vertical profile

size of  units of gray-scale intensity at each step.The gray-value level in themiddle
image is  units higher than in the image on the left. It is important that the edge
filter gives the same response to the gray-value change in the left image

f(x , y) =  � f(x , y + ) =  (.)

as it does to the gray-value change in the central image

f(x , y) = � f(x , y + ) =  . (.)

The response of the edge filter is displayed as a profile in Fig. . (right). The hori-
zontal edges yield to the same response for both images.

4.4.2
Position or Translation Invariance

A transmission system is said to be position invariant, or alternatively shift invariant
if, for arbitrary x, y L�s(x − x)� = g(x − x) (.)

or, in the two-dimensional caseL� f (x − x , y − y)� = g(x − x , y − y) . (.)

Although (.) and (.) look like self-evident properties, one cannot assume that
real systems are position or translation invariant. For example, image distortion
can violate these properties. A common acronym for linear translation invariant
systems is “LTI systems.”

4.4.3
Isotropy and Rotation Invariance

During the transmission of generalized images with two or more dimensions, their
shape does not change in the presence of isotropy or rotation invariance. The ex-
ample of an edge filter provided in Fig. . is only an isotropic system if the result
of the filter is independent of the orientation of the edge and always yields the same
response.
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4.4.4
Causality

In the case of causal transmission systems, the output signal is not known prior to
the input signal. This is always true for real online systems. In system theory, non-
causal systems are likely to be used for calculations, due to their straightforward
mathematical treatment (Lüke ). Strictly speaking, the term “causality” is only
applicable in the case of time signals. Generally, in image processing applications,
an image is present in its entirety and signal processing takes place with respect to
its spatial coordinates (Werner ).

4.4.5
Stability

A system is said to be “amplitude-stable” if it responds to an amplitude-bounded
input signal with an amplitude-bounded output signal.Those systems are also called
“BIBO” systems (bounded input–bounded output). In engineering, unstable systems
can be problematic due to, for instance, the overflow of a number format that can
cause feedback processes in a software module to be controlled by absurd results.

4.5
Signal Transmission

To analyze transmission systems, the fundamental signals (.) to (.) are used
because their modulation allows conclusions to be made quite easily about the sys-
tem. The concept of the utilization of fundamental signals will be explained in the
following paragraphs. One of these signals is the normalized rectangular function

s(x) = 
X

rect� x
X

� , (.)

with width X and height �X. This function is based on the fundamental rectan-
gular signal (.).

Figure . shows how a signal consisting of two consecutive normalized rect-
angular signals is deformed by a linear transmission system. The deformation is

Fig. .. Transformation via transmission of the input signal, s(x), consisting of two con-
secutive rectangular signals. The linear transmission system is described by h(x), which is
called the “impulse response” of the system
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given by the system’s specific property, which is described by what is called the “im-
pulse response,” h(x). The impulse response of a system will be described in detail
in � Sect. ..

To aid the understanding of sampling, and therefore digitization of an analog
signal, the step function based on the rectangular function is used as an approx-
imation of an arbitrary signal, s(x). Therefor, the so-called gate property of the
rectangular function is used. Figure . shows this behavior where a segment of
a waveform of finite length is selected. The analog signal, s(x), is approximated at
the position nXo by the rectangular function

re(x) = s(nX) rect�x − nX

X
� , (.)

where s(nX) denotes the height of the signal, s(x), at the position nX and, the
rect function is responsible for the gating.

Fig. ..Gate property of the rectangular function.The analog signal, s(x), is approximated
by the rectangular function having width X and height s(nX) at the position nX

Fig. .. Approximation of a signal by a step function.The smaller the width of consecutive
rectangles, the more accurately the step function approximates the original analog signal
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For the approximation of the entire signal, s(x), rectangular functions are com-
bined resulting in the “step function,” as follows

s(x) � sa(x) = ��
n =−�

s(nX) rect�x − nX

X
� . (.)

Figure . illustrates how an analog signal is approximated discretely by a sequence
of rectangles, which are normalized accordingly.

The smaller the width of each rectangle, the more accurately the step function
approximates the analog signal. Using the definition of the normalized rectangular
function (.) gives

sa(x) = ��
n =−�

s(nX)s(x − nX)X . (.)

If the transmission system is linear and position- or translation-invariant, the trans-
mitted signal satisfies

g(x) � ga(x) = ��
n =−�

s(nX)g(x − nX)X . (.)

Fig. ..Approximation of the output signal by superposition of individual system responses.
The bottom image shows the result of the summing, as well as the convergence of the sum of
the respective system responses of the particular fundamental rectangular signals – shown
in the top image – toward the overall system response (cf. Fig. .)
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In this way, the approximated output signal results from the superposition of the
system response to the differently weighted rectangular impulses. Figure . shows
the individual system responses to the rectangular impulses and the result of the
summation. At the top of Fig. ., the individual responses to all rectangles of the
step function from Fig. . are shown.

The description of an entire transmission by a summation of individual re-
sponses, as given by (.), is a typical characteristic of linear systems. This is also
to be seen in the theory of linear differential equations, where the sum of weighted,
individual results represents the general result. At the bottom of Fig. ., it can be
seen how the sum of the individually transmitted fundamental signals converges
with the overall result (cf. also Fig. .).

4.6
Dirac’s Delta Distribution

The signal s(x), as introduced in the previous paragraph, is more accurately ap-
proximated by using a normalized rectangular impulse of smaller width X in (.),
while the area of the impulse remains unity in its normalized representation. Hence,
the narrower the impulse, the larger the amplitude, �X.

The limit

δ(x) = lim
X� 


X

rect� x
X

� (.)

defines Dirac’s delta impulse, or more precisely the δ-distribution, which was intro-
duced above as an elementary “function” in (.) and (.). Figure . shows sche-
matically how (.) tends toward the limit. The limit gives a “spike” impulse of
infinite height and vanishing width.

Fig. ..Tendency toward the limit froma normalized rectangular impulse to a spike impulse
of infinite height.The resulting δ-distribution is of great importance in the theory of sampling
of analog signals
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It should be noted that alternative limit representations of the δ-distribution
exist, such as

δ(x) = lim
X� 


X

e	
−�x�
X

 (.)

or

δ(x) = lim
ε��

sin(πεx)
πx

. (.)

These will be used later on (cf. (.)). Further representations can be found in
Barrett and Swindell ().

The application of the limit in (.) means that the location of the gating must
be replaced by

nX � ξ (.)

and the width of the gating by

Xo � dξ . (.)

In this way one obtains the important property

s(x) = +�∫
−�

s(ξ)δ(x − ξ)dξ
= s(x) > δ(x) , (.)

or for the two-dimensional case of an image

f (x , y) = +�∫
−�

+�

∫
−�

f (ξ, η)δ(x − ξ, y − η)dξdη
= f (x , y) > δ(x , y) , (.)

which is a so-called convolution. (.) is symmetric with respect to the permuta-
tion of the integration variables, such that

s(ξ) = +�∫
−�

s(x)δ(x − ξ)dx (.)

is satisfied. By simple substitution, it holds that

s(−ξ) = +�∫
−�

s(y − ξ)δ(y)dy . (.)

(.) is called the “sifting property” of the δ-distribution.
Two further properties are mentioned explicitly here, as they will be needed

in the following chapters. First of all, the scaling property for δ(ax), with a 8 ,
should be analyzed. The familiar interpretation as a stretching of the function is not
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applicable in the case of an impulse of width zero. However, from the definition
in (.), it follows that the normalization of the integral is given as

+�

∫
−�

δ(x)dx =  , (.)

which raises the question once again, of what meaning δ(ax) has as an integrand.
To address this question, consider the simple substitution y = ax, resulting in

+�

∫
−�

δ(ax)dx = 
a

+�

∫
−�

δ(y)dy = 
a

+�

∫
−�

δ(x)dx . (.)

Since the δ-distribution is symmetric, δ(−x) = δ(x), and therefore in general,

δ(ax) = �a�δ(x) . (.)

Occasionally, the argument of the δ-distribution itself is a complicated function,
g(x), of the spatial variable x. This further property, which will be required in� Sect. . for the calculation of the properties of the simple backprojection, is
briefly described here.

If g(x)has a single root at x = x, it is evident that δ(g(x)) vanishes everywhere
except for the infinitesimal neighborhood of x = x. Taking the Taylor expansion
of g(x) in the region of the root x gives

δ(g(x)) = δ 
g(x) + (x − x) dg
dx

?
x
� . (.)

Higher order terms of the Taylor expansion are not required, as the neighborhood
around x is arbitrarily small. Since g(x) =  is satisfied, it immediately follows
that

δ(g(x)) = δ(x − x)? dg
dx @x ? . (.)

In this way, one can exploit the scaling property, (.), of the δ-distribution. If
the function g(x) has more than one root, (.) can be generalized by

δ(g(x)) = �
i

δ(x − xi)? dg
dx @xi

? . (.)

The fundamental properties of the δ-distribution are given in Table .. Additional
properties can be found, for example, in Messiah (), Klingen () or in
Bracewell ().

(.) to (.) imply that one is allowed to replace the left side with the expres-
sion on the right side, if it occurs as an integrand of an integral over x.
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Table .. Fundamental properties of the δ-distribution according toMessiah (), Klingel
(), and Bracewell ()

δ(x) = δ(−x) (.)

aδ(x) + bδ(x) = (a + b)δ(x) (.)

δ(g(x)) = �
i
�g′(xi)�− δ(x − xi) (.)

with xi being single roots of g(x). Especially for g(x) = ax it holds that

δ(ax) = 
a
δ(x) , if a �  (.)

xδ(x) =  (.)

f (x)δ(x − a) = f (a)δ(x − a) (.)

∫ δ(x − y)δ(y − a)dy = δ(x − a) (.)

δ(x − a) � δ(x − b) = δ(x − a − b) (.)

d
dx

step(x) = δ(x) (.)

δ(x − a)δ(x − b) =  if a � b (.)

δ(x) = 
π

+�

∫
−�

eikx dk (.)

4.7
Dirac Comb

The sift property (.) of the δ-distribution is used for sampling an analog signal.
This is to be done using the so-called Dirac comb

sa(x) = +��
n =−�

s(nX)δ(x − nX) = s(x) +��
n =−�

δ(x − nX) . (.)

Figure . shows how a function, s(x), is sampled by the Dirac comb. Unlike the
step function (.), which approximates the analog signal, the periodic, needle-
shaped δ-distribution now measures the analog signal precisely at discrete points.

 The expression δ(x)δ(x) is not defined.
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Fig. ..The process of sampling an analog signal using a Dirac comb. Contrary to the con-
cept of the step function in Fig. ., here the signal s(x) is sampled at equidistant discrete
points with intervals of Xo. The comb is represented by arrows for visualization purposes
only. Mathematically, the height of Dirac’s delta impulse does not vary; rather, the sampled
values are the weights of Dirac’s delta impulse train

Due to the appearance of the impulse train, Bracewell () denoted the Dirac
comb by the Cyrillic letter Ш (pronounced “shah”), which is therefore shown by

sa(x) = s(x)Ш(x) (.)

where

Ш(x) = +��
n =−�

δ(x − nX) . (.)

For CT the sift property has to be expressed two-dimensionally. In two dimensions,
it is possible to construct δ-lines from spike impulses, δ(x , y), which can be con-
sidered as a contiguous “lining-up” of δ-spike impulses. Figure . shows how an
anatomical object (in this case a section through the abdomen) is sampled along
parallel lines.

Integration of the attenuation values, which are given by the spatial distribu-
tion f (x , y), can be written as a one-dimensional integral in a Cartesian coord-
inate system, (ξ, η), which is rotated by angle γ with respect to the (x , y) patient
frame

pγ(ξ) = +�∫
−�

f (ξ cos(γ) − η sin(γ), ξ sin(γ) + η cos(γ))dη . (.)

The η-axis is aligned with the direction of a given projection, i.e., the lines along
which attenuation information is summed up by the integration. In the particular
case of CT, this is the direction of the X-rays.
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Fig. .. Two-dimensional spatial sampling of an object along parallel lines in computed
tomography. The response, pγ(ξ), measures the sum of all attenuation values along the X-
ray lines of the current projection angle, γ. The signal of interest is the spatial distribution of
the attenuation values, f (x, y)

(.) can also be described as a convolution with a δ-line, where the sift prop-
erty of the δ-distribution is employed, giving

pγ(ξ) = f (x , y) > δ(L) = ∫∫
(x , y) �R

f (x , y)δ((x , y) − L)dx dy (.)

or alternatively

f > δ(L) = ∫ f (r)δ(r − L)dr = ∫
r �L

f (r)dr. (.)

In this way, one obtains the projection of all values on the path of the X-ray along
the line L through the object onto the ξ-axis.
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4.8
Impulse Response

The way in which physical objects and systems are examined always comes down
to the same principle. One tries to excite the system and waits for the response. If
one has a detailed knowledge of the excitation, many properties of the system can
be determined well. An exceptionally simple excitation of a system can be achieved
by Dirac’s delta impulse.

The response of a transmission system to the delta distribution, or δ-impulse,
is given by

s(ξ) = +�∫
−�

s(x)δ(ξ − x)dx , (.)

which is essentially exploiting the sift property. In the case of a linear transmission
system

g(x) = L�s(x)� , (.)

it reads

g(x) = s(x) > h(x) = +�∫
−�

s(ξ)h(x − ξ)dξ , (.)

where h(x) denotes the already mentioned impulse response.
Figure . gives an example of the transmission of a signal s(x) via the impulse

response

h(x) = − x6
π
e−x


. (.)

Note that the arbitrarily chosen impulse response function (.) is the same as the
one used in � Sect. ..

The response given by (.) can be extended for two-dimensional systems by

g(x , y) = +�∫
−�

+�

∫
−�

f (ξ, η)h(x − ξ, y − η)dξdη. (.)

(.) describes the fundamental equation of system theory for imaging systems.
The response of the system is called the point-spread function. It follows that a linear
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Fig. .. Transmission of a signal. The transmitted signal is given by the convolution of the
signal s(x) with the system’s impulse response h(x)
transmission system with a point-spread function, h(x , y), responds to an input
image, f (x , y), with an output image

g(x , y) = f (x , y) > h(x , y) , (.)

where (.) is the standard notation used to abbreviate (.).

4.9
Transfer Function

The question of how to determine the impulse response of a system still remains.
For this purpose, specific functions are applied to the system of interest. Consider
the following eigenvalue problem Lσ = Hσ , (.)

where L is again a linear operator, σ is a so-called eigenfunction of the system and
H denotes a constant, i.e., the system’s eigenvalue. Let the linear operation L be
given by Lσ � σ > h(x) . (.)

The eigenfunctions can be described by

σ(x) = eiπux = cos(πux) + i sin(πux), (.)
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where u is the spatial frequency of the system.The application of the linear operator
to the eigenfunction gives

g(x) = σ(x) > h(x)
= +�∫
−�

h(ξ)eiπu(x−ξ)dξ

= eiπux
+�

∫
−�

h(ξ)e−iπuξdξ .

(.)

Hence, the eigenvalues are given by

H(u) = +�∫
−�

h(x)e−iπux dx . (.)

The eigenvalues H(u) provide the amplitudes and phases of the system that depend
on the spatial frequency.

In the case of an image, (.) can again be extended so that in the two-
dimensional domain,

H(u, v) = +�∫
−�

+�

∫
−�

h(x , y)e−iπ(ux+v y)dx dy (.)

is valid, where u denotes the spatial frequency in the x direction and v the spatial
frequency in the y direction. If one defines

u = 
λx

, v = 
λy

and kx = π
λx

, ky = π
λy

, (.)

the k-space representation of the Fourier transform

H(kx , ky) = +�∫
−�

+�

∫
−�

h(x , y)e−i(kx x+ky y)dx dy (.)

can be obtained. This equation describes the Fourier transform, whose formal no-
tation in one dimension is often given by

H = F�h� or h A———• H .
As one is interested in h, the Fourier transform must be inverted, resulting in

h = F−�H� (.)
or

h(x) = +�∫
−�

H(u)eiπux du , (.)

or alternatively for the point-spread function in the two-dimensional case

h(x , y) = +�∫
−�

+�

∫
−�

H(u, v)eiπ(ux+v y)dudv . (.)
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This means that the transfer function of a system is the Fourier transform of the
corresponding impulse response (Lüke ). Please note, if the k-space notation is
used for the inverse Fourier transform – analog to (.) – a normalization factor
of (π)− must be introduced for each dimension.

4.10
Fourier Transform

Due to the importance of the Fourier transform not only in the field of signal pro-
cessing for CT, it is briefly introduced here. In the upcoming chapters, in which the
reconstruction mathematics of CT will be considered, the following definition of
a function’s Fourier transform is used.

If f (x) is a real or complex-valued function of the variable x, then its Fourier
transform, if it exists, is the function

F(u) = � α
π
� 


+�

∫
−�

f (x)e−iαux dx � F� f (x)� , (.)

where α is a constant whose origin is different in the field of signal processing from
that in other applications. In quantum mechanics, for example, one often chooses
the reciprocal of Planck’s constant (normalized by �π), which is α = �ħ.Through-
out later chapters, the definition α = π is used.

f (x) results from F(u) by inversion of the Fourier transform

f (x) = � α
π
� 


+�

∫
−�

F(u)eiαux du � F−�F(u)� . (.)

Using this symmetric definition allows us to avoid confusion regarding which nor-
malization term must be written in front of the integral of the transform and its
inverse. In more general terms, with f (x , x , x , . . . , xn) being a function of the
n variables x , x , x , . . . , xn , the Fourier transform is defined by

F(u , . . . ,un) = � α
π
� 

 n
+�

∫
−�

. . .
+�

∫
−�

f (x , . . . , xn)e−iα(ux + . . .+ unxn)dx . . . dxn

(.)

and its inverse is given by

f (x , . . . , xn) = � α
π
� 

 n
+�

∫
−�

. . .
+�

∫
−�

F(u , . . . ,un)eiα(ux + . . . + unxn)du . . . dun .

(.)

Important properties of the Fourier transform are summarized in Table ..
 It very often happens that the forward transform and the inverse transform are of unequal
difficulty.
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Table .. Important properties of the Fourier transform according toMessiah (), Klingel
(), and Bracewell ()

f (x) =
� α
π
� 


+�

∫
−�

F(u)eiαux du

F(u) =
� α
π
� 


+�

∫
−�

f (x)e−iαux dx (.)

Linearity
a f (x) + bg(x) aF(u) + bG(u) (.)

Argument scaling

f � x
c
� 
c
 F(cu) (.)


c
 f (cx) F �u
c
� (.)

f (−x) F(−u) (.)

Transform of the complex conjugate
f �(x) F�(−u) (.)
F�(x) f �(u) (.)

Transform of the transform

F(x) f (−u) (.)

Derivative of the transform

x f (x) i
α
F ′(u) (.)

Derivative of the original function

f ′(x) iαuF(u) (.)

Argument shifting

f (x − x) e−iαuxF(u) (.)

eiαux f (x) F(u − u) (.)

Transform of special functions

δ(x) � α
π
� 

 (.)

δ(x − x) � α
π
� 


e−iαux (.)

step(x) �
πα

�πδ(u) − i
u
� (.)

� χ�
π
� 



e−

 χx � α

χ
�

π
� 



e
− 


αu

χ (.)
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Provided that a function, f , satisfies the mean value condition,

F� f (x)� = (F(u−) + F(u+)) � , (.)

at discontinuity points, i.e., the mean of the unequal limits of F(u)where u− and u+
denote the leftward and the dexter limit, the following equations hold

F−�F� f (x)�� = f (x) , (.)

or alternatively

F�F−�F(u)�� = F(u) , (.)

as equations of identical functions. This can be seen if one explicitly writes down
the transformation, giving

f (x) = F− �F� f (x)�� = F− -../..0
+�

∫
−�

f (x)e−iπux dx
B..C..D . (.)

The application of the inverse transform requires renaming of the spatial variables,
as otherwise the non-quadratic elements would not be considered in the following
double integral. Therefore, one writes

f (x) = +�∫
−�

-../..0
+�

∫
−�

f (ξ)e−iπuξdξ
B..C..D eiπux du . (.)

As the integration order inside the double integral can be permuted, it holds that

f (x) = +�∫
−�

+�

∫
−�

f (ξ)e−iπu(ξ−x)dξdu

= +�∫
−�

f (ξ)-../..0
+�

∫
−�

e−iπu(ξ−x)du
B..C..D dξ

(.)

is true and with the definition of the δ-distribution (.), it finally follows that

f (x) = +�∫
−�

f (ξ)δ(ξ − x)dξ (.)

is also true, which comes from the sift property introduced above.
In this section, the Fourier transform of two specific functions, which will be-

come more important in later chapters, will be calculated explicitly.
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First of all, the Fourier transform of the two-dimensional rectangular func-
tion

rectε(x , y) = -../..0
 �x� � ε� and �y� � ε�
 otherwise

(.)

is determined, where ε is thewidth of the rectangularwindow.This gives the Fourier
transform

F(u, v) = +�∫
−�

+�

∫
−�

rectε(x , y)e−iπ(ux+v y)dx dy � F� f (x , y)� . (.)

By inserting the relevant integration limits into (.), the integral is reduced to

F(u, v) = +ε�∫
−ε�

+ε�

∫
−ε�

e−iπ(ux+v y)dx dy

= +ε�∫
−ε�

e−iπux dx
+ε�

∫
−ε�

e−iπv y dy

= �− 
iπu

e−iπux�+ε�
−ε�

�− 
iπv

e−iπv y�+ε�
−ε�

.

(.)

In this way, the integral (.) can be solved, and by substituting the limits, one is
able to recognize the complex notation of the sine function,

F(u, v) = e+iπεu − e−iπεu

iπu
e+iπεv − e−iπεv

iπv= sin(πεu)
πu

sin(πεv)
πv

,
(.)

and the sinc function,

F(u, v) = ε sinc(εu) sinc(εv) (.)

respectively.
Figure . shows the two-dimensional sinc function, resulting from the Fourier

transform of a square rectangular window.
For specific functions, the direct application of the Fourier transform might be

more difficult than for the rectangular function. For the sign function, also referred
to as the signum function,

sign(x) = -.../...0
 for x � 
 for x = − for x < 

, (.)
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Fig. .. Two-dimensional [−ε�, ε�]-rectangular window (left) and the corresponding
Fourier transform (right): The two-dimensional sinc function (.). If the function in the
spatial domain is axially symmetric, the Fourier transform is real, i.e., the imaginary part
vanishes

which will be of importance in �Sect. ., the convergence of the Fourier integral
is not immediately obvious.

In this case, convergence of the integral is obtained by what is called a regular
sequence, gβ(x) (Fichtenholz , Bracewell ).Here, the following schemewill
be used.

A function f (x), for which the improper integral

I = �

∫


f (x)dx (.)

does not exist, is assigned the function gβ(x) f (x)with gβ(x) = e−βx , such that the
integral

�

∫


gβ(x) f (x)dx (.)

converges for β � . The integral (.) has a finite limit

I = lim
β� 

�

∫


e−βx f (x)dx , (.)

which represents the generalized value of the divergent integral (.).
In the case of the signum function, this formula leads to

sign(x) = lim
β� 

-.../...0
e−βx for x � 
 for x = −e+βx for x <  .

(.)

 Please note that the integral of (.) is the one-sided Laplace transform.
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Fig. ..The signum function approximated by a regular sequence of exponential functions.
This approximation is necessary to ascertain the convergence of the integrals for explicit
application of the Fourier transform

Figure . shows the convergent behavior of the signum function rewritten with
the convergence-generating regular sequence. For the decreasing parameter, β, the
surrogate function (.) tends rapidly toward the original function (.).

When calculating the Fourier transform, the transform is first applied to the
surrogate function, before applying the limit to the convergence-generating regular
sequence.

F(u) = � α
π
� 


+�

∫
−�

sign(x)e−iαux dx

= lim
β� 

� α
π
� 


-../..0−



∫
−�

eβx e−iαux dx + �

∫


e−βx e−iαux dx
B..C..D .

(.)

Both of the partial integrals in (.) can be solved easily.

F(u) = lim
β� 

� α
π
� 


-../..0−



∫
−�

eβx−iαux dx + �

∫


e−(βx+iαux)dx
B..C..D

= lim
β� 

� α
π
� 


-../..0−



∫
−�

e(β−iαu)x dx + �

∫


e−(β+iαu)x dx
B..C..D

= lim
β� 

� α
π
� 


-../..0�− e(β−iαu)x

β − iαu
�
−�

+ �− e−(β+iαu)x

β + iαu
��


B..C..D .

(.)

The substitution of the interval borders of the integrals and the evaluation of the
limit with respect to β finally results in

F(u) = lim
β� 

� α
π
� 

 &− 
β − iαu

+ 
β + iαu

'
= � α

π
� 

 
iαu

.

(.)
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Since α = π is used in the later chapters, the result of the transformation is given as

sign(x) A———• 
iπu

. (.)

Formore details on regular sequences, particularlywell-behaved functions and gen-
eralized functions, the reader is referred to Fichtenholz () or Bracewell ().

4.11
Convolution Theorem

An important property of the Fourier transform is given by the convolution theo-
rem.The convolution of the two functions s(x) and h(x),

g(x) = s(x) > h(x) = +�∫
−�

s(ξ)h(x − ξ)dξ , (.)

is considered in the spatial domain. To do so, the Fourier transform of (.) has
to be carried out

G(u) = F�s(x) > h(x)� . (.)
By applying the Fourier transform and permuting the integration order one obtains

G(u) = +�∫
−�

+�

∫
−�

s(ξ)h(x − ξ)dξe−iπux dx

= +�∫
−�

+�

∫
−�

s(ξ)h(x − ξ)e−iπux dξdx .

(.)

Substituting y = x − ξ and z = ξ into (.) gives

G(u) = +�∫
−�

+�

∫
−�

s(z)h(y)e−iπu(y+z)dzdy

= +�∫
−�

+�

∫
−�

s(z)h(y)e−iπuy e−iπuz dzdy .

(.)

Both integrals in (.) can therefore be separated into two factors, giving

G(u) = +�∫
−�

h(y)e−iπuy dy
+�

∫
−�

s(z)e−iπuz dz

= H(u)S(u) , (.)

that is
h(x) > s(x) A———• H(u)S(u) , (.)

and conversely
H(u) > S(u) •———A h(x)s(x) , (.)

The proof of (.) can be found, for example, in Klingen (). The interested
reader is referred to Bracewell () for an extensive discussion of the two-di-
mensional convolution theorem.
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4.12
Rayleigh’s Theorem

The theorem of Rayleigh proves that the integral over the squared modulus of
a function is equal to the integral of the squared modulus of its Fourier transform.
In the two-dimensional case this can be seen via

+�

∫
−�

+�

∫
−�

f (x , y) f �(x , y)dx dy = +�∫
−�

+�

∫
−�

f (x , y) f �(x , y)e−iπ(xu′+yv ′)dx dy ,

(.)

if u′ and v′ are assumed to be zero. The asterisks denote the complex conjugates of
the spatial signals and spectra respectively. Using the convolution theorem stated
in the section above, the right-hand side of (.) is the convolution of the Fourier
transforms, i.e., F(u′, v′) > F�(−u′ ,−v′). Therefore, one obtains

+�

∫
−�

+�

∫
−�

f (x , y) f �(x , y)dx dy = +�∫
−�

+�

∫
−�

F(u, v)F�(u − u′ , v − v′)dudv . (.)

Since u′ and v′ are zero, one finally finds that

+�

∫
−�

+�

∫
−�

f (x , y) f �(x , y)dx dy = +�∫
−�

+�

∫
−�

F(u, v)F�(u, v)dudv , (.)

or, more simply,

+�

∫
−�

+�

∫
−�

� f (x , y)� dx dy = +�∫
−�

+�

∫
−�

�F(u, v)� dudv . (.)

The integrals represent the amount of energy in the system.

4.13
Power Theorem

The power theorem represents a generalized version of Rayleigh’s theorem. By sub-
stituting f and f � with f and f � respectively, one obtains

+�

∫
−�

+�

∫
−�

f(x , y) f � (x , y)dx dy = +�∫
−�

+�

∫
−�

F(u, v)F� (u, v)dudv . (.)

 Rayleigh’s theorem corresponds to Parseval’s theorem for Fourier series (see Bracewell
).
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The derivation is the same as for Rayleigh’s theorem. This expression can be inter-
preted as the power or energy of the signal. The left-hand side of (.) is evaluated
as the product of a pair of canonically conjugate variables, such as an electric and
magnetic field integrated over space. On the right-hand side, the frequency com-
ponents are multiplied and integrated over the whole spectrum.

4.14
Filtering in the Frequency Domain

The convolution theorem provides an elegant method of applying filtering in the
frequency domain. This will be discussed exemplarily on the basis of a high-pass
and a low-pass filtering of an abdominal CT image. First of all, Fig. . provides
a description of a circular aperture used for filtering, and the corresponding func-
tion in the frequency domain. The result of the high-pass and the low-pass filtering
of the image is shown in Fig. ..

In this filtering process, good results still do not come for free. As it has been
shown in � Sect. ., (.), the Fourier transform of a rectangular function is
a sinc function. This is also reflected by the result of filtering here. Strictly speaking,
by applying a circular-rectangular filter, the sine in the result of the sinc function
must be replaced by the Bessel function, and so

F(q) 	 J(πεq)
q

, (.)

where J is the first-order Bessel function, which frequently appears in the solu-
tion of problems that have cylindrical symmetry, and q = (u + v)� is the radial
frequency variable.

Fig. .. Circular object (left) and the corresponding Fourier transform (right), which is
given by the two-dimensional first-order Bessel function of the first kind in (.)
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Fig. .. Low-pass (c) and high-pass filtering (d) of an abdominal image (a) using a rectan-
gular filtering function in the frequency domain (b).The figure only provides the magnitude
of the complex spectrum in each case. With a circular aperture, only the low (c) or high
frequencies (d) respectively remain in the spectrum.Therefore, each complementary spatial
frequency is forced to be zero. The inverse transformation back to the spatial domain em-
phasizes the object’s edges (for the high-pass, f) or results in a slightly blurred image (for
the low-pass, e). In addition, one can see in both cases the characteristic waves that seem to
emanate from the edges. These waves are, in fact, sidelobes, which are typically produced by
sharp-edged filters in the frequency domain
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TheBessel function of the first kind is defined in frequency space by the follow-
ing integral

Jn(q) = 
πin

π

∫


e−iq cos(θ) einθ dθ , (.)

where n is the order of the Bessel function.
In Fig. ., similar to Fig. ., the Fourier transform of a circular object can be

seen. In analogy to the definition of the sinc function – cf. (.) – F(q) can alterna-
tively be expressed in terms of the jinc function (Bracewell ), defined as

jinc(q) = J(πq)
q

. (.)

However, this will not be pursued in detail here. Inmany books about optics one can
find derivations and examples of Bessel functions relating to diffraction at a circular
aperture.

As a consequence of the filtering, one is able to recognize subsidiary waves
of the sinc function, called the sidelobes, in areas of homogeneous gray values.
For this reason, window functions are used to counteract these sidelobes. Spe-
cific window functions have been examined in detail in the literature (Harris ;
Parzen ).

There are numerous proposals for appropriate window functions (such asHam-
ming, Hanning, Blackman or Kaiser [Azizi ]) that demonstrate less ripple in
the result than the rectangular window does. In � Sect. ., which is concerned with
the technical realization of image reconstruction for CT, the optimal window for
filtered backprojection will be considered in detail.

4.15
Hankel Transform

The Hankel transform is a specific type of the two-dimensional Fourier transform
with a radially symmetric transform kernel, f (r), where r = (x + y)�. This type
of transform is therefore also referred to as a Fourier–Bessel transform. Starting
with the definition given in (.) and setting α = π leads to

F(u, v) = +�∫
−�

+�

∫
−�

f (r)e−π i(ux+v y)dx dy � F� f (r)� . (.)
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With the problem having radial symmetry, the mathematical description is essen-
tially simplified by introducing polar coordinates. Thus, by substituting

x + iy = r eiθ (.)

and

u + iv = qeiϕ , (.)

so that the equations

x = r cos(θ) (.)

y = r sin(θ) (.)

r = Gx + y (.)

and

u = q cos(ϕ) (.)

v = q sin(ϕ) (.)

q = 6u + v (.)

describe the relationship between Cartesian and polar coordinates, (.) can be
re-written as

F(q) = +�∫
−�

+�

∫
−�

f (r)e−π irq(cos(ϕ) cos(θ)+sin(ϕ) sin(θ))dx dy � F� f (r)� . (.)

To carry out the integration, the area element dx dy must now be replaced by
Jdrdθ, where J is called the Jacobian, i.e.,

J � det
∂(x , y)
∂(r, θ) � =

HHHHHHHHHHHHHHHHHH
∂x
∂r

∂y
∂r

∂x
∂θ

∂y
∂θ

HHHHHHHHHHHHHHHHHH
= 9 cos(θ) sin(θ)−r sin(θ) r cos(θ) 9

= r �cos(θ) + sin(θ)� = r .

(.)
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In Fig. . the calculation of the infinitesimal area element can be seen graphi-
cally.

This leads to

F(q) = +�∫


π

∫


f (r)e−π irq(cos(ϕ) cos(θ)+sin(ϕ) sin(θ))rdθdr � F� f (r)� . (.)

Using the addition law of the cosine

cos(α $ β) = cos(α) cos(β) % sin(α) sin(β) , (.)

it follows that

F(q) = +�∫


π

∫


f (r)e−π irq(cos(θ−ϕ))rdθdr . (.)

The constant phase shift about the angle ϕ in the argument of the cosine, can be
removed by shifting the integration limits, giving

F(q) = +�∫


π−ϕ

∫
−ϕ

f (r)e−π irq(cos(θ))rdθdr . (.)

Since the integrand of (.) is radially symmetric, the phase shift can be neglected
so that, after resorting the integrands, one obtains

F(q) = +�∫


f (r)�� 
π

∫


e−π irq(cos(θ))dθ
!"# rdr . (.)

Fig. ..The formation of an infinitesimal area element after transformation from a Carte-
sian to b polar coordinates

 It simply represents an initial angle in an integration over one full rotation.
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The term in the bracket in (.) is just the th order Bessel function of the first
kind – defined in general in (.) –, i.e., in the frequency space

J(q) = 
π

π

∫


e−iq cos(θ)dθ (.)

thus, one may write

F(q) = π
+�

∫


f (r)J(πqr)rdr . (.)

(.) is known as theHankel transform. It is a one-dimensional transform since f
and F are functions of one variable. However, as functions of one variable, they may
also represent two-dimensional functions.

To complete the description of the th order Hankel transform, the inverse
transform given as

f (r) = π
+�

∫


F(q)J(πqr)qdq (.)

is needed. The pair of Hankel transform equations are conventionally denoted by

F(q) = H� f (r)� (.)

and

f (r) = H�F(q)� . (.)

In fact, Fig. . from the section above is an example of the Hankel transform, i.e.,
the Hankel transform of a disk

f (r) = rect� r
ε
� (.)

is given by

F(q) = εJ(πεq)
q

. (.)

The rectangular function, rect(r), has the Hankel transform jinc(q), shown in in-
tegral formulation

jinc(q) = π
+�

∫


rect(r)J(πqr)rdr (.)

and

rect(r) = π
+�

∫


jinc(q)J(πqr)qdq (.)

respectively.
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4.16
Abel Transform

Computed tomography of rotationally symmetric objects results in a mathematic-
ally interesting transform, which is closely connected to both the Hankel transform
and the Fourier transform. In the case of the projections of a radially symmetric

object space

f x y( , )

object space

f x y( , )

object space

f r( )

object space

f r( )

projection

p x( )

projection

p x( )

Fourier space

F u v( , )

Fourier space

F ( ,u v)

Fourier space

P q( )

Fourier space

P q( )

�

�

a

b

x q

r

�0

–1
�2

�2

�1

–1
�1

�1

�0

Fig. .. a Relationship between the Fourier transform, the Hankel transform, and the Abel
transform. The Hankel transform can be replaced by the Abel transform and a subsequent
one-dimensional Fourier transform. b Example of the Fourier–Abel–Hankel cycle using
jinc(r)
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object, (.) can be simplified, since the projection onto the x-axis is given by

p(x) = +�∫
−�

f (r)dy , (.)

where the radius r is given by (.). Substituting

y = 6r − x , (.)

gives

p(x) = 
+�

∫
x

f (r)r6
r − x

dr . (.)

From (.) it is clear that the minimum radius is x. The factor  in (.) is due
to contributions from values above and below the x-axis.

(.) is referred to as theAbel transform of the object f (r).TheAbel transform
is conventionally denoted by

p(x) = A� f (r)� . (.)

For a radially symmetric object function, f (x , y) = f (r), the relationship in
Fig. . holds.

It follows that

f (r) = HFA� f (r)� (.)

also holds. (.) is called the Fourier–Abel–Hankel cycle. Since the Fourier–Abel–
Hankel operation is cyclic, it holds that

HFA = AHF = FAH = I (.)

where I is the identity operator.

4.17
Hilbert Transform

TheHilbert transform of a function, f (x), is defined by
H � f (x)� = 

π

+�

∫
−�

f (x′)
x − x′

dx′ . (.)

 Due to the divergence at x = x′ the integral (.) needs to be interpreted in the sense of

Cauchy’s fundamental theorem (Bronstein and Semendjajew ), i.e., lim
ε� 

���������
x′−ε

∫
−�

+ �

∫
x′+ε

���������.
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It should be noted that the definition in (.) describes a convolution of the func-
tion f (x) with the function (πx)−, i.e.,

H � f (x)� = 
πx

> f (x) . (.)

This convolution can be applied in the frequency domain. Therefore, one needs to
recall the derivation of the transform (.) and apply it to the signum function in
the frequency domain. This gives


πx

A———• −i sign(u) = -.../...0
−i for positive u
 for u = +i for negative u

(.)

In this way, the Hilbert transform has the properties of not altering the amplitude,
but of shifting the phase by +π� or −π� respectively (according to the sign of u).
Instead of carrying out the integral in (.), the Hilbert transform is obtained via
the convolution theorem. Let

F(u) = F� f (x)� , (.)
thenFM 

πx
> f (x)O=F�H� f (x)��=H �F� f (x)��=H �F(u)�=−iċsign(u)ċF(u) .

(.)
The Hilbert transform is thus obtained by

H� f (x)� = F− �−i ċ sign(u) ċ F(u)� . (.)
By applying the Hilbert transform twice in succession, the phases become inverted,
with the final result being the negative of the original function, thus

H�H� f (x)�� = − f (x) . (.)
This can be derived in the frequency domain as well.F �H�H� f (x)��� =H�H�F(u)��=H�−i ċ sign(u) ċ F(u)�= −i ċ sign(u) ċH�F(u)�= −i ċ sign(u) ċ −i ċ sign(u) ċ F(u)= −F(u) .

(.)

Therefore, the inverse transform is obtained by

f (x) = −� 
πx

� >H� f (x)� , (.)

or alternatively

f (x) = − 
π

+�

∫
−�

H � f (x′)�
x − x′

dx′ . (.)

As a consequence, four successive Hilbert transforms result in the identity oper-
ation, i.e.,

HHHH = I . (.)
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4.18
Sampling Theorem and Nyquist Criterion

Due to sampling, a continuous signal is transformed into a digital one.The result-
ing, spatially discrete signal only coincides with the continuous signal, for instance,
the continuously distributed attenuation coefficients at the sampled points.The sig-
nal values situated between the sample points are not captured. In this section, it
will be briefly considered how accurately the continuous spatial signal, s(ξ), needs
to be sampled, in order to measure a discrete signal, si , that sufficiently represents
the original one.

Figure . shows that it is always possible to construct different continuous
functions passing all sample points as long as the sampling interval is larger than
zero. For this reason, quite differently shaped functions might look identical after
sampling, i.e., the sampling is not unique (Stearns and Hush ).

The question of which changes in information content the continuous signal
experiences due to sampling can be answered by means of the Nyquist–Shannon
sampling theorem.

According to theNyquist–Shannon sampling theorem, the sampled signal bears
the same amount of information as the continuous signal if the sampling frequency
is larger than twice the highest frequency (or alternatively the bandwidth of band-
limited signals) contained in the spectrum of the continuous signal. In other words,
a signal, s(ξ), must be sampled at least twice during the cycle with its highest fre-
quency.

In this way, if the signal s(ξ) satisfies
S(u) =  for u : uN


, (.)

Fig. ..Different functions with identical sampling points. Both functions share the same
sampled values, although the shapes of the two functions are quite different

 However, a digital signal is not achieved alone from sampling, since it requires quantiza-
tion as well.
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then the sampling rate must be larger than uN, which is called the Nyquist fre-
quency. This criterion protects against errors due to band overlap, the “aliasing”,
where a high-frequency signal digitized at too low a sampling rate will be indis-
tinguishable from a low frequency signal. In two dimensions this phenomenon is
referred to as the Moiré effect. With a predetermined sampling period, the signal
needs to be filtered by a corresponding low-pass filter (Azizi ). For practical
applications, one has to keep in mind that the sampling theorem is a theoretical
statement that does not take into account the violation of certain assumptions, in-
cluding quantization errors or spatial irregularities of the arrangement of the sam-
pling points (jitter) (Kiencke ).

The sampling theorem can be justified in the frequency domain by considering
a signal that has been sampled using the comb function,

sa(ξ) = +��
n =−�

s(nΔξ)δ(ξ − nΔξ) = s(ξ) +��
n =−�

δ(ξ − nΔξ) = s(ξ)Ш(ξ) , (.)

in the spatial domain. In (.), the spatial coordinate, ξ, is continuous and the
discrete sequence values, s(nΔξ), are the strengths of the impulses located at each
sample point.

Here, one initially calculates the Fourier transform of the comb function (Lüke
; Klingen ), which gives another comb function. This result can be under-
stood by means of the relations introduced earlier. First, according to (.), the
Fourier transform of the comb function gives

F 
 +��
n =−�

δ(ξ − nΔξ)� = +��
n =−�

e−π iunΔξ . (.)

Writing the right hand side of (.) as a limit

+��
n =−�

e−π iunΔξ = lim
N��

N�
n =−N

e−π iunΔξ (.)

and substituting ψ = exp(−πiuΔξ) such that,

+��
n =−�

e−π iunΔξ = lim
N��

N�
n =−N

ψn , (.)

the right-hand side of (.) can be represented as the limit of a geometric series
(Papula ), namely

lim
N��

N�
n =−N

ψn = lim
N��ψ−N

 − ψN+

 − ψ

= lim
N�� eπ iuΔξN  − e−π iuΔξ(N+)

 − e−π iuΔξ

= lim
N�� eπ iuΔξN e−π iuΔξ(N+) �e+π iuΔξ(N+) − e−π iuΔξ(N+)�

e−π iuΔξ �e+π iuΔξ − e−π iuΔξ� .

(.)
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With K = N + , one obtains the expression

F 
 +��
n =−�

δ(ξ − nΔξ)� = lim
K��

�e+Kπ iuΔξ − e−Kπ iuΔξ��e+π iuΔξ − e−π iuΔξ� (.)

and further

F 
 +��
n =−�

δ(ξ − nΔξ)� = lim
K��
 sin(KπuΔξ)

sin(πuΔξ) � . (.)

Since K is an integer, the result on the right-hand side of (.) does not change if
the quantity (uΔξ) is replaced by (uΔξ − n), where n is also an integer, as sine is
a periodic function and the zeros of the numerator and the denominator still appear
at integer numbers, (uΔξ). Thus, it holds that

lim
K�� fK(u) = lim

K��
 sin(KπuΔξ)
sin(πuΔξ) � = lim

K��
 sin (Kπ (uΔξ − n))
sin (π (uΔξ − n)) � . (.)

(.) also implies that, due to translation invariance, there is a fundamental inter-
val, (−�Δξ,+�Δξ), which repeats itself periodically. This means that the func-
tion (.) is indeed identical within the intervals (�n − ���Δξ, �n + ���Δξ)
for all integer numbers, n ; Z. Figure . shows the shape of fK(u) in (.) for
an increasing parameter K = �, , , �.

Fig. .. The function fK(u) tends toward the comb function for increasing parameter K .
In this way, it is shown that the Fourier transformation of the comb function is once again
a comb function
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For each n ; Z, in the neighborhood of (uΔξ−n) = , one can approximate the
denominator in (.) with the linear term of its Taylor expansion, i.e.,

sin(π(uΔξ − n)) � π(uΔξ − n) , (.)

so that, by means of definitions (.) and (.) of the δ-distribution,

δ(u) = �

∫
−�

e−iπux dx = lim
ε��

ε�

∫
−ε�

e−iπux dx = lim
ε��

sin(πεu)
πu

(.)

it follows that

lim
K��
 sin (Kπ (uΔξ − n))

π (uΔξ − n) � = δ(uΔξ − n), (.)

for (�n − ���Δξ, �n + ���Δξ] and all n ; Z. Since (.), as already discussed
above, is periodic – repeating the fundamental interval (−�Δξ,+�Δξ] – and
effective for arbitrary integer, n, (cf. Fig. .), the expression on the right-hand
side must be interpreted as a sequence of δ-impulses, allowing us to write

F 
 +��
n =−�

δ(ξ − nΔξ)� = +��
n =−�

δ(uΔξ − n) . (.)

This, along with the scaling property (.), gives

F 
 +��
n =−�

δ(ξ − nΔξ)� = �Δξ� +��
n =−�

δ �u − n
Δξ

� . (.)

Taking advantage of the convolution theorem (.) and by means of (.) for
sampling (.)

sa(ξ) = s(ξ) +��
n =−�

δ(ξ − nΔξ) (.)

in the frequency domain, one obtains the expression

Sa(u) = S(u) > 
Δξ

+��
n =−�

δ �u − n
Δξ

� . (.)

The convolution can be written explicitly as

Sa(u) = �

∫
−�

S(v) 
Δξ

+��
n =−�

δ �u − n
Δξ

− v�dv , (.)

so that, by permuting the summation and the integration in (.),

Sa(u) = 
Δξ

+��
n =−�

�

∫
−�

S(v)δ �u − n
Δξ

− v� dv (.)

can be obtained.
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Once again, the final result is obtained by means of the sift property of the δ-
distribution, thus

Sa(u) = 
Δξ

+��
n =−�

S �u − n
Δξ

� . (.)

The Fourier transform of the sampled signal arises from the convolution of the sig-
nal spectrum with the comb function in the frequency domain. Thus, the spectrum
of the continuous signal is repeated periodically with a period of �Δξ. Figure .
illustrates this behavior schematically.

In the case of sub-sampling, i.e., when the original signal’s maximal frequency
is not below half the sampling frequency, then the sampled signal’s periodically re-
peated spectra overlap.This results in aliasing errors, which are physically based on
the beat effect.

(.) to (.) can be interpreted in a very general manner as

s(x) ċШ(x) A———• S(u) >Ш(u) (.)

and

s(x) >Ш(x) A———• S(u) ċШ(u) , (.)

where Ш(x) and Ш(u) denote the comb function in the spatial and in the fre-
quency domain respectively. The basic meaning of (.) and (.) is

. A sampled signal has a periodic spectrum,
. A periodic signal has a line spectrum.

Fig. .. Sampling results in a periodic recurrence of the continuous signal in the frequency
domain. In the presence of under-sampling, the spectra are so close to each other that they
overlap.This overlapping in the frequency domain appears as beating in the spatial domain.
This effect is called aliasing

 The lines represent the coefficients of the Fourier series.
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If the frequency or spatial functions, originating from the convolution with the
comb function, are free from any overlaps, the sampled function related by the
Fourier transform can be reconstructed faultlessly.

At this point, an important question remaining is how to regain an analog signal
froma sampled signal. For the reconstruction of the signal provided in Fig. ., low-
pass filtering is necessary. An ideal low-pass filter

Hlp(u) = Δξ rect
 u
�Δξ

� (.)

is a rectangular function of the height Δξ inside the interval [−�(Δξ),+�(Δξ)],
i.e., a multiplicative rectangular filter

S(u) = Sa(u)Δξ rect
 u
�Δξ

� (.)

in the frequency domain. Referring to the convolution theorem (.), this expres-
sion can be represented in the spatial domain by a convolution

s(ξ) = sa(ξ) > sinc
 ξ
Δξ

� . (.)

This means that the signal recovery is a convolution of the sampling points with
the sinc function. Figure . illustrates this principle, which is called the Shannon–
Whittaker interpolation.

Fig. .. The sampled values of a spatially varying function are reconstructed by low-pass
filtering the signal. The use of an ideal low-pass filter, which is represented by a rectangular
filter in the frequency domain, corresponds to the convolution of the sampling points with
the sinc function
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For a deeper understanding, as well as more on the fundamental importance
of the sampling theorem, the reader is referred to Lüke (). For further details
on the Fourier transform of comb functions and the generalized boundary value
for the solution of (.), the reader is referred to Klingen () or Barrett and
Swindell ().

4.19
Wiener–Khintchine Theorem

TheWiener–Khintchine theorem establishes a connection between the spatial vari-
ation of the signal, the amplitude spectrum, the autocorrelation function, and the
energy density spectrum. Here, theWiener–Khintchine theorem will be presented
mathematically in two dimensions. This represents a good exercise for understand-
ing its relation to the Fourier transform and the δ-distribution. Starting with the
definition of the autocorrelation function of a general image f (x , y)

C(x , y) = +�∫
−�

+�

∫
−�

f �(ξ, η) f (x + ξ, y + η)dξdη , (.)

it can be shown via the inverse Fourier transform of the complex conjugate image,
f �(x , y), and the displaced image, f (x + ξ, y + η) respectively that the autocor-
relation function is given by the inverse Fourier transform of the energy density
spectrum. In Fig. ., the intermediate steps necessary for the derivation of the
autocorrelation function via the Fourier transform are shown for the example of an
abdominal image. First, the definition of the Fourier transform is incorporated as
follows:

C(x , y) = +�∫
−�

+�

∫
−�

-../..0
+�

∫
−�

−�

∫
−�

F�(u, v)e−iπ(uξ+vη)dudv
B..C..D

� -../..0
+�

∫
−�

−�

∫
−�

F(u′ , v′)eiπ(u′(ξ+x)+v ′(η+y))du′dv′
B..C..D dξdη .

(.)

The permutation of the integration order results in

C(x , y) = +�∫
−�

+�

∫
−�

-../..0
+�

∫
−�

−�

∫
−�

+�

∫
−�

−�

∫
−�

F�(u, v)F(u′ , v′)
�e−iπ(uξ+vη) eiπ(u

′(ξ+x)+v ′(η+y))du′dv′dudv
B..C..D dξdη .

(.)

 To be precise, the following relation is the Wiener–Khintchine theorem only if f is
a homogeneous and ergodic field (Jan ).
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Re-sorting the exponents

C(x , y) = +�∫
−�

+�

∫
−�

-../..0
+�

∫
−�

−�

∫
−�

+�

∫
−�

−�

∫
−�

F�(u, v)F(u′ , v′)
�eiπ(u′x+v ′ y) eiπ(ξ(u′−u)+η(v ′−v))du′dv′dudvB..C..D dξdη ,

(.)

and once again re-sorting the integration order, yields

C(x , y) = +�∫
−�

−�

∫
−�

+�

∫
−�

−�

∫
−�

F�(u, v)F(u′ , v′)eiπ(u′x+v ′ y)
� -../..0

+�

∫
−�

+�

∫
−�

eiπ(ξ(u
′−u)+η(v ′−v))dξdη

B..C..D du′dv′dudv .

(.)

Due to property (.) the bracketed integral in the above equation is equivalent to
a δ-distribution, giving

C(x , y)= +�∫
−�

−�

∫
−�

+�

∫
−�

−�

∫
−�

F�(u, v)F(u′ , v′)eiπ(u′x+v ′ y)δ(u′−u, v′−v)du′dv′dudv.
(.)

Using the sifting property (.) of the δ-distribution it follows from (.), that

C(x , y) = +�∫
−�

−�

∫
−�

F�(u, v)F(u, v)eiπ(ux+v y)dudv (.)

and therefore

C(x , y) = +�∫
−�

−�

∫
−�

�F(u, v)� eiπ(ux+v y)dudv (.)

or

C(x , y) = F− ��F(u, v)�� = F− �S(u, v)� (.)

where S(u, v) is the energy density spectrum of the image f (x , y).
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Fig. ..TheWiener–Khintchine theorem for image information.The corresponding trans-
forms are given for an abdominal tomogram

The Wiener–Khintchine theorem is a special case of the general cross correla-
tion function of two different images f (x , y) and g(x , y), for which

Cfg(x , y) = F− �F�(u, v)G(u, v)� (.)

holds. Result (.) is similar to the convolution theorem (.).
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4.20
Fourier Transform of Discrete Signals

� Section . considered the Fourier transform of sampled signals. Considering
the result in the one dimensional case,

sa(ξ) = s(ξ) +��
n =−�

δ(ξ − nΔξ) A———• Sa(u) = �Δξ� +��
n =−�

S �u − n
Δξ

� (.)

has been obtained.
In this section the spectrum should be calculated directly by a Fourier transform

of the sampled signal. The application of the Fourier transform to the left-hand side
of (.) gives

Sa(u) = +�∫
−�

s(ξ) +��
n = −�

δ(ξ − nΔξ) e−iπuξ dξ . (.)

In (.) the function to be sampled can be moved inside the summation. Also,
the order of the integration and the summation can be permuted, giving

Sa(u) = +�∫
−�

+��
n = −�

s(ξ)δ(ξ − nΔξ) e−iπuξdξ

= +��
n =−�

+�

∫
−�

s(ξ)δ(ξ − nΔξ)e−iπuξ dξ .

(.)

Using the sift property of the δ-distribution leads to

Sa(u) = +��
n =−�

s(nΔξ)e−iπunΔξ . (.)

As a result, the periodic spectrum only depends on the sampling values, s(nΔξ).
This transform is referred to as the discrete Fourier transform (DFT). In the lit-
erature, the sampling interval is sometimes set to Δξ =  (the unit of the sampling
interval is therefore “one detector” or “one pixel”). In this case, the spectrum of the
discrete signal s(n) is given by

Sa(u) = +��
n =−�

s(n)e−iπnu . (.)

(.) is the complex notation of the Fourier series, so one may write

Sa(u) = +��
n =−�

sn e−iπunΔξ , (.)

where sn denotes the nth Fourier coefficient, which can be calculated by

sn = Δξ


Δξ

∫


Sa(u)eiπunΔξ du . (.)
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4.21
Finite Discrete Fourier Transform
In numerical calculations of the Fourier transform of discrete signals, only a finite
number of frequencies must be calculated. Using the discrete Fourier transform,
a discrete frequency spectrum is assigned to a discrete signal.

Fig. ..Relationship among the continuous signal, the sampled signal, and spatially limited
and spatially discrete signals, as well as their respective spectra (adapted from Lüke [])
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If, as in the concrete case of a detector array in CT, the number of values of the
discrete signal, �s(), s(), . . . , s(D − )�, is limited to D, then, according to the
sampling theorem, a sampling interval equal to the reciprocal length, �D, of the
detector array length is adequate (as mentioned above, the width of one detector
element is set to Δξ = ). The discrete sampled signal of the detector array, sa(n),
which is periodic with period D, is assigned to the sampled spectrum, Sa(k). As
shown above, the spectrum is also periodic. It follows that a calculation ofD spectral
values of one period is sufficient. This is called the finite discrete Fourier transform
(finite DFT). The discrete frequency points are

uk = k
D

for k = �, . . . ,D − � (.)

and the discrete frequency periodic Fourier transform of a spatially discrete, peri-
odic signal within one period is

Sa(k) = D−�
n = 

sa(n)e−iπn k
D , (.)

Table ..Classification of the Fourier transform. For each particular type, the table indicates
how the domain is being changed by the transform (the sampling length Δξ is set to one)

Continuous space Discrete space

Fourier transform Discrete Fourier transform

Type: R � R Type: Z � [, ]
Continuous
frequency S(u) = +�

∫
−�

s(x)e−iπux dx Sa(u) = +��
n =−�

s(n)e−iπnu

Type: R � R Type: [, ] � Z

s(x) = +�

∫
−�

S(u)eiπux du s(n) = 

∫


Sa(u)eiπnu du

Fourier series Discrete Fourier transform

Type: [,D] � Z Type: ZD � ZD

Discrete
frequency S(k) = 

D

D

∫


s(x)e−ik π
D x dx Sa(k) = D−�

n = 
sa(n)e−iπn k

D

Type: Z � [,D] Type: ZD � ZD

s(x) = +��
k =−�

S(k)eik π
D x sa(n) = 

D

D−�
k = 

Sa(k)eiπn k
D
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and the inverse transform is

sa(n) = 
D

D−�
k = 

Sa(k)eiπn k
D . (.)

Figure . shows this relationship schematically. In summary, the transforms can
be classified as shown in Table ..

4.22
z-Transform

The “z-transform” represents the generalization of the Fourier transform for spa-
tially discrete signals. For a brief description of the z-transform and, subsequently,
the “chirp z-transform”, the notation described here will follow that in Lüke ()
and Stearns and Hush ().

The z-transform is used in cases where the discrete Fourier transform (.)
does not converge for all series. This is the case if the sequence of the signal values,
s(n), cannot be summed absolutely; therefore, the summation

S = +��
n =−�

�s(n)� (.)

is not finite. In such cases, convergence can be achieved using a similar trick to the
one that was used in (.). Convergence is assured by an exponential weighting,
so that

+��
n =−�

�s(n)e−σn � < � . (.)

Then, the discrete Fourier transform according to (.) exists, so

s(n)e−σn A———• +��
n =−�

s(n)e−σn e−iπnu = +��
n =−�

s(n)e−(σ+iπu)n . (.)

Thus, by substituting z = e(σ+iπu), the right-hand side of (.) becomes

S(z) = +��
n =−�

s(n)z−n . (.)

(.) is referred to as the z-transform. Decomposing the complex frequency vari-
able into its absolute value and phase,

z = �z� eiφ = eσ eiπu (.)

 Typically, delta impulses appear in the spectrum Sa(u).
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allows the interpretation in the complex z-plane. In this plane, at each circle of ra-
dius

�z� = eσ , (.)

one period of the Fourier spectrum Sa(u) of the corresponding spatially discrete
signal, s(n)e−σn , is located. This generalization of the Fourier transform includes
a larger class of signals. The circular domain, in which the Fourier spectra converge,
i.e., (.) is fulfilled, represents the region of convergence for the z-transform. For
spatially limited signals the region of convergence covers the entire z-plane – with
exception of the origin. If the region of convergence contains �z� = , then the Fourier
and the z-transform are related to each other by the substitution z = eiπu (where
σ = ).Thismeans that the z-transform calculated over the unit circle is identical to
the discrete Fourier transform (DFT). If the region of convergence does not contain
the unit circle, the DFT is not defined for this series (Stearns and Hush ).

4.23
Chirp z-Transform

Thechirp z-transform is an algorithm for the calculation of the z-transform of a ser-
ies of finite length with sampling values in the frequency domain that are set at
equal intervals along a generalized path in the z-plane (Stearns and Hush ). To
preserve the reference to the Fourier transform, only paths representing arc sec-
tions of the unit circle are taken into account (cf. Fig. .). The chirp z-transform
will be important when considering the “linogram sampling” of the Radon space
in � Sect. ..

Fig. .. The chirp z-transform can be used to calculate M sampling values of the
z-transform on the unit circle
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Let �s(n)�n=,. . . ,N− be a series of N sampled values in the spatial domain,
whose spectrum is of interest. According to (.), the z-transform is then given by

S(z) = N−�
n = 

s(n)z−n . (.)

Since in this case the z-transform is calculated over the unit circle by the substitution
z = eiπu , it is identical to the discrete Fourier transform.

Consider the Fourier transform ofM sampling values on the unit circle, starting
from the angle φ and sampling at intervals of δ.The sampling along an arc can be
described by

zk = AB−k with k = , . . . ,M −  , (.)

where

A = eiφ and B = e−iδ . (.)

Substituting into (.) gives

S(z) = N−�
n = 

s(n) �AB−k�−n = N−�
n = 

s(n)A−nBnk where k = , . . . ,M −  . (.)

The fact that (k−n) = k−kn+n , results in theBluestein identity (Bluestein )

kn = 

Pk + n − (k − n)Q , (.)

which, inserted into (.), gives the expression

S(zk) = N − �
n = 

s(n)A−nB n
 B

k
 B−

(k−n)
 = B

k


N − �
n = 

�s(n)A−nB n
 �B−

(k−n)
 . (.)

Furthermore, by replacing

gn = s(n)A−nB n
 and hn = B−

n
 , (.)

the sum of products from (.) becomes a linear convolution

S(zk) = B
k


N − �
n = 

gnhk−n . (.)

With (.) the efforts pay back, because the convolution can be performed very
efficiently in the Fourier domain by means of the fast Fourier transform (FFT).

The name “chirp” relates to the form of

hn = eiδ
n
 = ein�δ

n
 � , (.)



 4 Fundamentals of Signal Processing

Fig. .. Example of a chirp signal: The sinusoidal behavior of the signal’s imaginary part
(.) with linearly increasing frequency

whose imaginary part is illustrated in Fig. .. hn is a complex oscillation with
a linearly increasing frequency.
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5.1
Introduction

On  April  the Austrian mathematician Johann Radon presented his work
On the Determination of Functions from their Integrals along Certain Manifolds at
the annual meeting of the Royal Saxonian Society of Physical and Mathematical Sci-
ences . The most important theorems of this work have been extracted and trans-
lated here using Radon’s own terminology to introduce the variables used through-
out the subsequent chapters.

If one integrates a function of two variables (x , y) – a function f (x , y) in
the plane – that satisfies suitable regularity conditions, along an arbitrary
straight line L, then the values p(L) of these integrals define a line function.

 Original German title:Über die Bestimmung von Funktionen durch ihre Integralwerte längs
gewisser Mannigfaltigkeiten.

 Physikalisch-Mathematische Königlich Sächsische Gesellschaft der Wissenschaften.
 Translation by R. Lohner, School of Mathematics, Georgia Institute of Technology, At-
lanta, GA, USA, first printed in Deans ().
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The problem that is solved in this paper is the inversion of this linear func-
tional transformation, i.e., answers to the following questions are given: Is
every line function that satisfies suitable regularity conditions obtainable by
this process? If this is the case, is the point function f then uniquely deter-
mined by p, and how can it be found?

Let f (x , y) be a real function defined for all real points r = [x , y] that satisfies
the following regularity conditions:

a) f (x , y) is continuous.
b) The following double integral, which is to be taken over the whole plane, is
convergent:

∫∫ � f (x , y)�G
x + y

dx dy . (.)

c) For an arbitrary point r = [x , y] and any R : , let

f r(R) = 
π

π

∫


f (x + R cos(γ), y + R sin(γ)) dγ . (.)

Then for every point r,

lim
R�� f r(R) =  . (.)

Thus the following theorems hold.

Theorem I: The integral of f along the straight line L with the equation
x cos(γ) + y sin(γ) = ξ , (.)

given by

p(ξ, γ) = p(−ξ, γ + π) = +�∫
−�

f (ξ cos(γ) − η sin(γ), ξ sin(γ) + η cos(γ)) dη
(.)

is “in general” well defined. This means that on any circle those points that
have tangent lines (see Fig. . – not given in Radon’s original paper) for
which p does not exist form a set of linear measure zero.

Theorem II: If the mean value of p(ξ, γ) is formed for the tangent lines of
the circle with center r = (x , y) and radius R:

pr(R) = 
π

π

∫


p (x cos(γ) + y sin(γ) + R, γ) dγ , (.)

then this integral is absolutely convergent for all r = (x , y) and R.

Theorem III: The value of f (x , y) is completely determined by p and can be
computed as follows:

f (r) = − 
π

�

∫


dpr(R)
R

. (.)
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Fig. .. aDue to the circular orbit of the X-ray source, the projection paths – visualized by the
straight lines L on which the X-ray photons are running through the tissue – are organized
as tangents of circles with an iso-center at point r = (, ) inside the measurement field.
bThis circular sampling structure can be found in fan-beam geometry as well. In 
 Sect. .
the coordinate transformation between pencil- and fan-beam geometry will be discussed in
detail

The following sections of this chapter will explain how Radon’s results can be
understood in terms of modern computed tomography (CT). In particular, they
demonstrate how the integral inversion is technically realized and in �Chap.  the
practical aspects of the implementation are discussed in detail.

5.2
Radon Transformation

Today, CT systems use fan-beam geometry. However, it is more instructive to in-
troduce CT reconstruction by describing those methods that use pencil geometry,
in which, for every direction of projection, the X-ray beam is collimated to a pencil
shape and moved linearly in the direction parallel to a linear X-ray detector array.
This concept has already beenmentioned in� Sect. . with regard to the first gener-
ation of CT systems. Sequentially, the X-ray sampling unit is rotated by an angle γ,
and, subsequently, moved linearly. This process is repeated until any point of the
object to be reconstructed is illuminated by at least �. Figure . shows this sam-
pling process schematically.

 The three-dimensional extension of the fan-beam concept to cone-beam geometry will
be discussed in 
Chap. .
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Fig. .. Schematic drawing of pencil- or needle-beam geometry in first-generation CT sys-
tems.TheX-raybeam, confined to a pencil or needle shape by collimation, produces a parallel
projection via a parallel shift of the X-ray tube in the direction parallel to the linear detector
array for any projection angle.The sectional plane defined by this projection geometry is the
tomographic slice that is to be reconstructed

For a fixed projection angle γ and a particular linear shift position of the X-ray
source, one is interested in the projection integral

p(s) = s

∫


μ(η)dη . (.)

If the attenuation coefficient changes in discrete steps only, as Fig. . suggests, one
obtains the projection sum

p(s) = s�
k = 

μkΔη (.)

instead of the projection integral of (.).
Note that, since the X-ray source is moved parallel to the X-ray detector array,

the integration length s used in (.) and (.) is constant.

Fig. ..Attenuation of the radiation intensity when passing through inhomogeneous tissue.
Due to the inhomogeneity of the attenuation coefficients along the integration length, the
values cannot be reconstructed by a simple inversion. However, the effort required by the
reconstruction is paid back, since exactly this spatial distribution of attenuation coefficients
forms the image of clinical interest
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On the other hand, there are a number of parallel paths through the object,
which define a sectional plane or CT slice. Therefore, it is sensible to write the pro-
jection integral as a function of the linear position of the source – or the location of
the corresponding detector element, ξ – and the projection angle γ, and no longer as
a function of the constant path s between X-ray tube and detector element. For this
purpose, a coordinate system (ξ, η) is defined, which rotates on the gantry together
with the X-ray source and the detector. This coordinate system will be referred to
as the rotating sampling system – in contrast to the fixed patient coordinate sys-
tem (x , y). Figure . visualizes the correspondence between the two coordinate
systems.

By a repetition of the alternating rotation and shifting sequence of the rigidly
connected source-detector system– often referred to as rotating disk on the gantry –
a set of parallel projections �pγ(ξ), pγ(ξ), pγ(ξ), . . .� is measured, from which
the spatial distribution of the object points or, more precisely, the spatial distri-
bution of the attenuation coefficients within a selected slice of the patient, has to
be reconstructed. In Fig. . an axial cranial tomography is used as an example to
demonstrate the correspondence of the coordinate systems that will be used exten-
sively throughout this chapter.

Fig. .. The sampling disk rotating on the gantry of the tomograph carries the X-ray tube
and the detector.When both elements are shifted synchronously and parallel to each other for
any angle γ, the X-rays parallel to each other in the rotating sampling system (ξ, η) define
the slice that is to be reconstructed. Here, as an example, this slice is axial cranial tomog-
raphy
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In this special case of constant integration length, s, the projection integral
under projection angle γ defined in the rotating (ξ, η) system, is written as

pγ(ξ) = s

∫


μ(ξ, η)dη . (.)

Figure . visualizes the projection integral for the passage of X-ray photons through
the tissue. In practice, the spatial distribution of the attenuation coefficients that
are to be reconstructed is a discrete set of values only. This is obviously due to the
limited resolution of the real sampling, displaying, and storing system. However,
in this chapter signals are assumed to be continuous. This again allows a more in-
structive introduction to the theory of image reconstruction. The reconstruction
procedures being implemented in the field are actually based on discrete signals
and will be discussed in detail in �Chap. .

(.) represents an integration along the path of the traveling photons given by
the position ξ of theX-ray source and theX-ray detector respectively under a certain
projection angle γ. In practice, one is not interested in expressing the attenuation
values, μ, as a function of the rotating sampling system (ξ, η). In fact, the image of
the spatial distribution of attenuation values must be given as a function of the fixed

Fig. .. The object is seen to rotate if viewed from a point traveling with the X-ray tube
in the (ξ, η) frame. The spatial distribution of the reconstructed attenuation coefficients is
a discrete set of values in the actual measuring situation
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patient coordinate system (x , y). To describe the relation between the coordinate
systems (ξ, η) and (x , y), in a first step the unit vectors

nξ = 
 cos(γ)sin(γ) � (.)

and

nη = 
− sin(γ)cos(γ) � (.)

are defined. These vectors span the rotating (ξ, η) frame. Figure . visualizes the
rotating unit vectors that are attached to the rotating sampling disk on the gantry
and the patient at rest in the fixed (x , y) system.

To describe the projection path – and along with that the projection integral
(.) – in the fixed patient coordinate system the geometric relations

ξ = �rT ċ nξ� = x cos(γ) + y sin(γ) (.)

and

η = �rT ċ nη� = −x sin(γ) + y cos(γ) (.)

are given between the two coordinate systems for a particular point within the ob-
ject to be imaged, r = (x , y)T. With the help of (.) and (.), the variables of the
attenuation coefficient in (.) can be substituted such that

f (x , y) = μ (ξ(x , y), η(x , y))= μ ��rT ċ nξ� , �rT ċ nη�� (.)

Fig. .. a Definition of the rotating sampling system (ξ, η) by unit vectors. The fixed(x, y) coordinate system represents the patient coordinate system at rest. b A projection
line through the object can be given in terms of the Hessian normal form
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expresses the attenuation values f in the fixed (x , y) system. From a physical point
of view, f and μ are identical attenuation coefficients for the tissue at the point
r = (x , y)T in the fixed (x , y) system and at the point ρ = (ξ, η)T in the rotating(ξ, η) system. In Fig. . this relation is schematically shown.

The relation of the attenuation coefficients in the rotating sampling and the fixed
patient system is summarized in the functional chart in Fig. ..

Fig. ..The attenuation coefficients f at the point r in the fixed (x, y) patient system and μ
at the point ρ in the rotating (ξ, η) sampling system

Fig. .. Functional correspondence of the attenuationcoefficients defined in the fixed (x, y)
and the rotating (ξ, η) coordinate system
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From the view point of signal processing, the stepwise shift of the X-ray source
represents a sampling process of a continuous projection signal. Let L be a δ-line in
the sectional plane, the sampling can then be described as follows

f > δ(L) = ∫
R

f (r)δ(r− L)dr (.)

or, equivalent by

f > δ(L) = ∫
r�L

f (r)dr . (.)

Figure . shows the sampling process in a plane, again schematically. The line L
is the set of all points in the tissue that is to be examined. Since L is the path of
X-ray photons for a certain position (ξ, γ) of the X-ray tube, the meaning of (.)
or (.) is that all attenuation values in the tissue along the line L are integrated. In
fact, this reflects the physical process of X-ray attenuation by matter.

Fig. .. Line sampling of the object. All points of the tissue lying on the line L are passed
through by X-ray photons. The resulting exponential decay of the X-ray intensity is due to
the attenuation values lying on the line L
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Due to the sifting property of the δ-distribution (.) results in the sum of all
points r of the sectional plane that lie on line L. Since the physical interpretation
of the line L is the X-ray photon path, L may be substituted by (rTnξ) = ξ, be-
cause ξ is the detector position for counting the remaining photons. The projection
integral (.) can thus be written as follows

f > δ(L) = ∫ f (r)δ((rT ċ nξ) − ξ)dr
= �

∫
−�

�

∫
−�

f (x , y)δ(x cos(γ) + y sin(γ) − ξ)dx dy
= p(ξ) .

(.)

Asmentioned above the projections vary with the projection angle γ.Therefore, the
parameter γ must be included in a complete description of the projection process:

p = p(ξ, γ) = pγ(ξ) . (.)

Fig. .. aArrangement of themeasured projection values pγ(ξ). Projection data are usually
displayed in a Cartesian (ξ, γ) grid. Such a Radon space diagram is often called a sinogram.
Note that the sinogram is related to the data space of aHough transformation (see Lehmann
et al. []). Occasionally, one also uses a polar coordinate grid (d) to visualize Radon space
data (b).The circles in the polar arrangement of the projection values stem from the theorem
of Thales (c)
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pγ(ξ) is called the two-dimensional Radon transform of the object. One may
write

f (x , y) A—R——• f > δ(L) = pγ(ξ) (.)

or

pγ(ξ) = R� f (x , y)� (.)

respectively. A detailed discussion of the properties of the Radon transform can be
found in Helgason ().

Figure . schematically shows a diagram of Radon-transformed data. Typi-
cally, the projection values pγ(ξ) of the Radon space are arranged in a Cartesian(ξ, γ) diagram. In such a diagram, the projection values of objects that lie out-
side the rotation center of the tomograph produce a sinusoidal trace.Therefore, this
graphical representation of projection values is often called a sinogram. Figure .
shows the formation of the sinusoidal curve for a single object point.

Fig. .. a Synthetic  	  pixel image. The homogeneous attenuation values of two
objects are simulated by gray values set to . b Cartesian Radon space of the synthetic image
provided in a. c Radon space of the synthetic image in polar coordinates
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Projection data are acquired from  to � only, since, according to the phys-
ical symmetry, the X-ray path back through the object that is to be examined pro-
vides no additional information to the forward path. Figure .a shows a synthetic
tomogram with an homogeneous square shifted away from the rotation center and
an homogeneous rectangle at the rotation center. Figures .b and c display the
Radon space corresponding to Fig. .a. In the diagram the projection values pγ(ξ)
are displayed in gray values. High integral attenuation is represented by white and
low attenuation by black. Figure .a shows the projection values in the Cartesian(ξ, γ) plane. The sinusoidal trace of the projection values in the Radon space for
the square in the object space can be easily recognized. The further an object is
apart from the rotation center the larger is the modulation amplitude of the corres-
ponding sine trace in the Radon space. The rectangle therefore does not show this
global sinusoidal path. Nevertheless, the rectangular shape can be identified due
to the characteristic path of the values in the Radon space as well. Under a view of
γ = � the rectangle and the square lie on the same line according to the projection
geometry. This situation, indicated by the dashed line in Fig. .b, is reflected by an
exceedingly high value at p�().

Fig. .. a Computed tomographic slice image of the abdomen. b Cartesian Radon space of
the abdomen provided in a. cRadon space of the abdomen provided in a in polar coordinates
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Figure .c shows the Radon space in polar coordinates. Both object represen-
tations are well separated from each other. The further an object is apart from the
rotation center the larger the corresponding circle in the polar Radon space. For
the rectangle in the center of Fig. .a the mirror symmetrical nature in the object
space leads to a mirror symmetric signature in the Radon space. The pattern of the
polar Radon space representation is a result of the theorem ofThales (Papula ).

As an example, Fig. .a shows a tomographic slice of an abdomen. Figure .b
and c again represent the corresponding Radon space. The interpretation of these
diagrams is more complicated, as in the case of the synthetic tomogram, since each
point of the object produces its own sinusoidal trace of different amplitude, phase,
and gray value. However, this data set represents the basis for the following recon-
struction methods.

5.3
Inverse Radon Transformation and Fourier Slice Theorem

(.) presents a first important result. However, in practice one faces the inverse
problem already formulated by Johann Radon in . One is interested in the spa-
tial distribution of attenuation values f (x , y) = μ(ξ, η), having measured only the
projection data pγ(ξ). The Fourier slice theorem that is summarized in Scheme .
does indeed solve this problem. It is divided into three main steps.

While steps  and  can be directly carried out by the simple application of the
Fourier and the inverse Fourier transforms respectively, step  requires knowledge
of a certain identity of the Fourier transforms of f (x , y) and pγ(ξ). To understand
this identity, in a first step the Radon space data p(ξ, γ) = pγ(ξ) are seen as one-
dimensional functions of the detector coordinate ξ parameterized by the projection
angle γ. This means that for every projection angle γ a one-dimensional spectrum

P(q, γ) = Pγ(q) = �

∫
−�

pγ(ξ)e−π iqξ dξ (.)

Scheme . Fourier slice theorem

. Calculation of the Fourier transform of pγ(ξ)
pγ(ξ) �−−−−−−−−−• Pγ(q)

. Construction of the Fourier transform of f from P

Pγ(q) •−−−−−−−−−• F(u, v)
. Calculation of the inverse Fourier transform of F provides the desired function f

F(u, v) •−−−−−−−−−� f (x, y)
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is obtained. This transformation completes step  of Scheme .. To carry out step 
one has to keep in mind that F is a function of the Cartesian spectral coordinates u
and v, because the spatial distribution of attenuation coefficients f (x , y) is defined
in Cartesian coordinates as well. The transformation into a spectral representation
does not change the nature of the coordinate system, which means

F(u, v) •———A f (x , y) . (.)

Using an inverse two-dimensional Fourier transform, this step can also be carried
out easily.

If, however, the Fourier transform does not change the nature of the coordinate
system, it is obvious that a change in coordinates has to be carried out in step ,
because the Radon transform pγ(ξ), along with its Fourier transform Pγ(q), are
given in polar coordinates (ξ, γ) and (q, γ) respectively. Figure . shows this re-
lation schematically. The transformations in the vertical direction of Fig. . are
given by the Fourier transform in each case. However, from left to right a change in
coordinates from polar to Cartesian coordinates has to be carried out.

As shown in Fig. ., the spatial vector ξ = ξ(ξ, γ) points in the same direction
as the spectral vectorq = q(q, γ).This is due to the rotational variance of the Fourier
transform.

Fig. .. Schematic representation of the Fourier slice theorem. Since the Fourier transform
does not change the nature of coordinate systems, a change from polar to Cartesian coordin-
ates has to be carried out to find the correspondence between F(u, v) and Pγ(q). The polar
nature of the Radon space is inherently produced by the circular sampling of the Cartesian
object space
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To change the coordinate systems it is briefly repeated here that a point with the
polar coordinates (q, γ) has the Cartesian coordinates

u = q cos(γ)
v = q sin(γ) . (.)

When replacing the Cartesian coordinates with polar coordinates of the function
F(u, v) on the left-hand side of transformation (.), one obtains

F (u(q, γ), v(q, γ)) = F (q cos(γ), q sin(γ))= Fpolar(q, γ) . (.)

The Fourier slice theorem ensures that Fpolar(q, γ) is identical to Pγ(q), thus
F (q cos(γ), q sin(γ)) = P(q, γ) = Pγ(q) . (.)

This means that a linear radial intersection of the two-dimensional Fourier spec-
trum F(u, v) of the spatial distribution of attenuation values f (x , y) at angle γ
equals the one-dimensional Fourier transform Pγ(q) of the measured Radon values
pγ(ξ) that result from the projection of f under the angle γ. Figure . shows this
important relation schematically in a functional diagram.

The functional relation shown in Fig. . can be derived directly from the co-
ordinate transformation rules. Starting with

Pγ(q) = �

∫
−�

pγ(ξ)e−π iqξ dξ , (.)

it must be recalled that the projection values pγ(ξ) in (.) result from the projec-
tion integral (.), such that

Pγ(q) = �

∫
−�

-../..0
s

∫


μ(ξ, η)dηB..C..D e−π iqξ dξ . (.)

Fig. .. Schematic functional presentation of the Fourier slice theorem identity. In the spec-
tral representation F(u, v) and Pγ(q) can be identified with each other if a change in coord-
inates from Cartesian to polar coordinates is carried out
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The integration in the direction of the X-ray path through the object, i.e., the inner
term of (.), can be extended to infinity, if one assumes that outside the object to
be examined no attenuation occurs. Hence,

Pγ(q) = �

∫
−�

�

∫
−�

μ(ξ, η)e−π iqξ dξdη . (.)

As a next step, the coordinate system has to be changed from the rotating sampling
system (ξ, η) to the patient system (x , y) at rest. Both systems are of Cartesian
nature. Thus, the integration element, dξdη, can be directly replaced with dx dy,
such that

Pγ(q) = �

∫
−�

�

∫
−�

μ(ξ(x , y), η(x , y))e−π iq(rT ċnξ)dx dy . (.)

The inner product (rTnξ) = ξ, introduced in (.), in the exponent of (.) also
includes the transition to the fixed (x , y) system. With the correspondence repre-
sented by (.) it follows that

Pγ(q) = �

∫
−�

�

∫
−�

f (x , y)e−π iq(rT ċnξ)dx dy . (.)

To prove that (.) is identical to the two-dimensional Fourier transform of the
object, one starts with the Cartesian formulation of the Fourier transform of the
tomographic section f (x , y) in the fixed patient coordinate system

F(u, v) = �

∫
−�

�

∫
−�

f (x , y)e−π i(xu+yv)dx dy . (.)

Inserting the polar relations from (.) in the exponent of (.) one obtains

F(u, v) = �

∫
−�

�

∫
−�

f (x , y)e−π i(xq cos(γ)+yq sin(γ))dx dy . (.)

After factoring out the radial frequency variable q in the exponent, (.) simplifies
to

F(u, v) = �

∫
−�

�

∫
−�

f (x , y)e−π iq�rT ċnξ�dx dy (.)

through substitution of (.).The integrand in (.) is identical to the one in (.),
whereby it is shown that

F(u, v)� u=q cos(γ)
v=q sin(γ)

= Pγ(q) . (.)
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Fig. .. Schematic summary of the relations among the spatial object domain (shown as an
axial abdomen tomogram), the Radon space (given over an interval of � from the object),
and the Fourier space (only absolute values are shown). The Fourier domain results directly
from the spatial domain by a two-dimensional Fourier transform of the object, but can also
be obtained by the Fourier slice theorem using a set of one-dimensional Fourier transforms
of the projection profiles in the Radon space

This is a core result of the Fourier slice theorem and the most important result for
all Fourier-based reconstruction methods. (.) can also be used in the reverse
direction to give a Radon transform when the image f (x , y) is known. Figure .
summarizes the relation among the spatial domain of the object, the Radon space,
and the Fourier space of both. The Fourier slice theorem can be expressed in one
sentence. It states that the one-dimensional Fourier transform of the projection pro-
file can be identified with a radial line in the Cartesian Fourier space of the object
drawn at the angle of the corresponding measurement.

5.4
Implementation of the Direct Inverse Radon Transform

Using the main result of the Fourier slice theorem stated by (.), a simple direct
algorithmic scheme for tomographic object reconstruction f (x , y) from the meas-
ured projection data pγ(ξ) can be given. In such a scheme the polar spectral data



 5 Two-Dimensional Fourier-Based Reconstruction Methods

Pγ(q) of the projections have to be sorted into a spectral Cartesian coordinate sys-
tem (u, v). In this way, the function F(u, v) is assembled. An inverse Fourier trans-
form of F(u, v) back into the spatial domain directly leads to the desired tomogram
f (x , y). Figure . shows the direct reconstruction scheme as a flow chart.

Unfortunately, there is a practical difficulty one is faced with the simple direct
inverse Radon transform. Due to data handling problems and dose considerations,
a CT scanner is obviously limited with regard to the number of projections �pγ(ξ),
pγ(ξ), . . . , pγN (ξ)� that can be measured within one revolution of the sampling
disk. Therefore, the values of the Fourier transform F(u, v) of the attenuation co-
efficients f (x , y) are only known for a limited number of measured radial lines in
the (u, v) space.

The sampling discretization of the projection angle γ itself, however, is not the
problem.The problem lies in the position, or more precisely, the distribution of the
polar spectral data in the Cartesian coordinate system. The spectral representation
of the tomographic spatial domain is only known on radial, “star-like” lines.

Figure .a shows the radial configuration of the Fourier transform Pγ(q) of
the projection data measured at angle γ in the Cartesian (u, v) space. Obviously,
the spectral projection data lie on circles in the (u, v) space. Since the fast Fourier
transform (FFT) needs data lying on a regular rectangular grid, the data Pγ(q),
which are arranged in circles, must be defined on a Cartesian grid before inverse
transformation. This process is called regridding.

Fig. .. Flow chart of the direct reconstruction scheme based on the Fourier slice theorem
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Fig. .. aRadially arranged values Pγ(q) obtained from the one-dimensional Fourier trans-
form of projection measurements. b Regridding of the spectral projection data, initially be-
ing arranged in a polar coordinate frame, onto a Cartesian grid. The radial and the Cartesian
sample points of the spectral data of Pγ(q) and F(u, v) only lie directly above each other on
the u and v axes that span the Fourier space of the object

In order to perform the direct inverse Radon transformation using an FFT algo-
rithm, the Cartesian grid has to be created from the polar configuration of spectral
data via an appropriate interpolation (e.g., nearest-neighbor, bilinear, etc.). As a dir-
ect consequence of the radial data arrangement – as illustrated in Fig. .b – the
density of measured spectral data in the (u, v) space decreases for higher frequen-
cies. Therefore, the interpolation error increases at high spatial frequencies. Un-
fortunately, this effect leads to a degradation of image quality because high spatial
frequencies represent image areas that are rich in detail.

As a counter-measure, the geometrical sampling may be changed in order to
obtain those projection values in the Radon space that lie exactly on a Cartesian
grid in the Fourier space of the object. Due to the fact that the Radon space and
Fourier space are connected via the Fourier transform, the complementary vari-
ables ξ and q behave reciprocally to each other, i.e., when the sampling points in
the Radon space are arranged on concentric circles (see Fig. .a), the sampling
points in the corresponding Fourier space (see Fig. .b) lie on circles as well, and
vice versa. Obviously, this is due to the fact that the sampling points in the Radon
space are equidistant in all radial directions.

If, on the other hand, the points in the Fourier space are expected to lie on
a Cartesian grid, this has consequences for the required locations of the sampling
points in theRadon space. Looking at Fig. .d it can be seen that the Fourier points
are located on the boundary of concentric squares. Since in the spectral domain the
sampling points on the diagonals of these squares have greater separation than the
sampling points on the u and v axes, the quadratic shape is not preserved by the
inverse Fourier transform back into Radon space. Due to the reciprocal relation
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Fig. .. a Radially arranged values of pγ(ξ) obtained from projection measurements are
lying on concentric circles. bAfter the radial Fourier transform, the values of Pγ(q) are lying
on concentric circles as well. c Arrangement of sampling points in the Radon space on in-
verse concentric squares consisting of four semi-circles. d Regular arrangement of points on
concentric quadrants in the Fourier space

between Fourier and Radon space variables, the sampling points on the diagonals
in the Radon space must lie closer to each other than the corresponding points
on the x- and y-axes. One obtains what is called “inverse squares” as visualized in
Fig. .c.The formation of inverse squares during the measurement process by the
linogram method will be discussed in the following section.

5.5
LinogramMethod

One way to overcome the problem of two-dimensional interpolation when using
the direct inverse Radon transform is called the “linogrammethod” (Jacobson ;
Magnusson ). As motivated by the discussion in the previous section, spec-
tral sampling points on concentric squares in the Fourier space are created instead
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of concentric circles by a sophisticated non-equidistant sampling procedure. The
inverse chirp z-transform (Stearns and Hush ; cf. � Sect. .) is optimally
adapted to this very situation such that no interpolation is necessary.

The linogram method can be seen as a direct Fourier method. However, instead
of the sinogram sampling arrangement of the projection data introduced above,
here a slightly different data structure, namely a linogram, has to be created ormeas-
ured. For this linogram sampling arrangement, the overall sampling length b varies
with the projection angle γ such that

b(γ) = & b(�) cos(γ) for − � � γ < �

b(�) sin(γ) for � � γ < � . (.)

b(�) represents the overall sampling length for the projection angle γ = �. Fig-
ure . shows the corresponding sampling points, for an exemplary projection
angle for each of the two intervals given by (.).The detector arrays that are fixed
for this kind of sampling arrangement (drawn in bold in Fig. . for each case
of (.)) coincide with the x- and y-axes respectively of the fixed patient coordin-
ate system. For comparison, the rotating detector array of the sinogram sampling
arrangement is also shown.

Fig. .. Linogram sampling a in the angle interval −� � γ < � and b in the angle
interval � � γ < �. The sampling points are indicated on virtual fixed detector lines in
each case (see the bold x-axis in a and the bold y-axis in b). Obviously, the sampled overall
length b(γ) has its minimum at �

 b(�) = DΔξ similar to the sinogram sampling arrangement, where D is the number of
sampling points.
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Fig. .. For linogram sampling, two circles are the underlying shapes that confine the
length of the radial sampling line.The circles can be constructed with the theorem ofThales
for each of the angle intervals a −� � γ < � and b � � γ < �. c Overall, a Radon
space sampling point confinement is established by four semi-circles

For a fixed distance between the sampling points on the linear detector array,
it is obvious that the overall length b(γ) that is actually sampled, has its minima at
the projection angles γ = � and γ = �, and its maxima at γ = � and γ = �

respectively. When the projection angle γ is varied, the length b(γ) draws a circle
according to the theorem ofThales. In this way, two circles are the underlying shape
of data arrangement in the Radon space domain for each of the two angle intervals,
as presented in Fig. ..

Overall, the allowed sampling area in the Radon space is defined by four semi-
circles that are constructed with the theorem of Thales for each of the two angle
intervals given by (.). The reciprocal relation between the Radon space and
the Fourier space has already been mentioned above. If an overall length b has
been sampled in the Radon space, a sampling point distance of b− is the con-
sequence in the Fourier space. Since the number of sampling points D is not
altered by the Fourier transform, the corresponding overall length of the radial
Fourier transform B must change when the projection angle is varied. Obviously,
the overall length in the Fourier space B(γ) has its maxima at the projection
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angles γ = � and γ = �, and its minima at γ = � and γ = � respect-
ively.

The Fourier space length is given by

B(γ) =
-....../......0

D
b(�) cos(γ) for − � � γ < �

D
b(�) sin(γ) for � � γ < �

(.)

as a direct consequence of (.).
(.) leads to concentric sampling areas with a quadratic form in the Fourier

space. In this way, the spectral sampling points in the (u, v) space are arranged
on horizontal and vertical lines, as required. However, the distribution of sampling
points on the boundaries of the Fourier space squares does not completely solve
the interpolation problem. Along the horizontal and vertical lines of the sampling
directions given by the Fourier space squares, equidistant sampling points can be
achieved when choosing a non-constant projection angle increment, Δγ. In fact,
equidistant sampling points in the spectral domain are obtained by choosing con-
stant increments for

Δ tan(γ) for − � � γ < � (.)

and

Δ cot(γ) for � � γ < � (.)

respectively. This results directly from the geometry of the squares in the Fourier
space. Figure .a and b summarize the linogrammethod schematically. According
to the segmentation into the angle intervals −� � γ < � and � � γ < �

during the linogram-based data acquisition in the Radon space, these areas can be
treated separately and fitted together in a later step. After separation of the angle
intervals, a radial Fourier transform is applied that leads to the desired equidistant
vertical arrangement of points for the interval −� � γ < � and the equidistant
horizontal arrangement for the interval � � γ < �.

The sampling point density in the Fourier space is inhomogeneous, i.e., the den-
sity of spectral sampling points increases for decreasing spatial frequencies. This
over-representation of slowly varying object information is compensated for by
a linear weighting of the frequency space. Since the inverse chirp-z transform treats
all points with the same weight, an uncompensated transformation would have the
effect of a low-pass filtering.

Hereafter, the inverse chirp-z transform is applied in the vertical direction for
the angle interval −� � γ < � and in the horizontal direction for the comple-
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Fig. .a,b. Schematic presentation of the linogram-based reconstruction method

ment angle interval � � γ < �. This results in frequency representation along
the relevant directions such that a heterogeneous space ofmixed spatial and spectral
coordinates is produced for each case.
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Along the spectral direction of this space, another one-dimensional inverse
Fourier transform is applied, i.e.,

f(x , y) =
D

b(�)

∫
− D

b(�)

F(u, y)eπ iux du for − � � γ < � (.)

and

f(x , y) =
D

b(�)

∫
− D

b(�)

F(x , v)eπ iv y dv for − � � γ < � . (.)

Each of the separately treated angle intervals leads to a separate image in the sig-
nal space of the object, which consists of only half of all projections. Finally, the
complete reconstruction is obtained by adding the partial reconstructions f and f

f (x , y) = f(x , y) + f(x , y) . (.)

Note that only mutually overlapping areas lead to the desired image. For a more
detailed discussion of the linogram method, the reader is referred to C. Jacobson
and M. Magnusson-Seger (Jacobson ; Magnusson ).

5.6
Simple Backprojection

As discussed above, the Fourier slice theorem induces a general direct reconstruc-
tion procedure. Having measured projections at an adequately high number of
angles such that the spectral (u, v) space can be filled densely with data points,
a simple inverse two-dimensional Fourier transform has to be applied to recon-
struct the attenuation values, f (x , y), of the object. However, due to the above-
mentioned problems of Cartesian regridding, a different reconstruction strategy for
sinogram data sampling is used in practice. In fact, today, all modern CT systems
implement “filtered backprojection”.

To understand what the term filtered means in this context, let us step back for
amoment. At first glance, onemight think that the image that is to be reconstructed
could potentially be obtained by a simple backprojection of themeasured projection
profiles pγ(ξ), just as suggested in Fig. .. Such a strategy would smear back the
profile values in the direction from which the radiation came.

Mathematically, this process can be modeled by the following equation

g(x , y) = π

∫


pγ(ξ)dγ
= π

∫


pγ (x cos(γ) + y sin(γ))dγ .

(.)
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Although this kind of simple backprojection intuitively seems to reverse the process
of projection, the procedure does not result in the desired distribution of attenu-
ation values. In fact, the backprojection defined by (.) is not an adequate recon-
struction method for the original morphology of the objects in the image f (x , y),
because each point in the image grid receives non-negative contributions from all
other points of the original image. This problem becomes immediately clear when
discussing the reconstruction of all points outside the support of the image, i.e., all
points f (x , y) = .Due to the fact that the projection profile pγ (ξ) is a non-negative
function, the simple backprojection smears back non-negative values over the en-
tire image. In this way, positive values are assigned to image pixels even outside the
object. The backprojections from other directions cannot compensate for this in-
correct pixel entry, because the entire set of projection profiles in the sinogram is
a set of non-negative functions.

Looking at the backprojection process in detail by substituting (.) or (.)
into (.), it follows that

g(x , y) = π

∫


∫∫
all r � L

f (r)drdγ
= π

∫


∫∫
r �R

f (r)δ(r − L)drdγ
= π

∫


∫∫
r �R

f (r)δ �(rT ċ nξ) − ξ� drdγ .

(.)

The line L, on which the backprojection takes place, can again be substituted by the
Hessian normal form (r′T ċ nξ) = ξ and by taking advantage of the δ-distribution
symmetry

g(x , y) = π

∫


∫∫
r′ �R

f (r′)δ ��rT ċ nξ� − �r′T ċ nξ�� dr′dγ (.)

is obtained. Changing the order of integration in (.) results in

g(x , y) = ∫∫
r′ �R

f (r′)� 
π

∫


δ �(r − r′)T ċ nξ� dγ!# dr′ . (.)

As indicated in Fig. ., let φ be the angle between the difference vector (r − r′)
and the x-axis.

In this way the inner product of (r − r′) and nξ in (.) can be replaced by

g(x , y) = ∫∫
r′ �R

f (r′)� 
π

∫


δ (�r − r′� cos(φ − γ)) dγ!# dr′ . (.)
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Fig. .. Reconstruction geometry for simple backprojection

When applying the rule (.) for calculations using the δ-distribution of functions,
one obtains

g(x , y) = ∫∫
r′ �R

f (r′)� 
π

∫


δ (γ − γ)Sr − r′SSsin �$ π
 �S dγ!# dr′ (.)

for the inner integral, since the argument of the δ-distribution is the function�r − r′� cos(φ − γ) of which the only zero value, γ, lies in the interval  � γ < π at
γ = (φ−γ) = π� (or −π�, as the sign depends on φ). The denominator of the in-
ner integral in (.) is constant in terms of integration along the projection angle, γ.
The integration of the δ-distribution in the numerator results in the value , so that

g(x , y) = ∫∫
r′ �R

f (r′) �r − r′� dr′
= +�∫
−�

+�

∫
−�

f (x′, y′) �(x − x′ , y − y′)� dx′dy′
(.)

is obtained.
Obviously, (.) represents a convolution of the original image f (x , y) with

the function

h(x , y) = �(x , y)� (.)

and thus,
g(x , y) = f (x , y) > h(x , y). (.)
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In fact, h(x , y) is the point-spread function (PSF) of the imaging system. Looking at
Fig. .a it becomes clear why the PSF is just �r�− . If the image f (x , y) consists of
one single point only, i.e., f (x , y) = δ(x , y), this point appears as a δ-distribution in
the projection profiles as well.The PSF answers the question of how the image of an
ideal object point is blurred or spread by the imaging system due to the backsmear-
ing process. It can be seen in Fig. .b that for the simple backprojection process,
the density of the lines in g(x , y) around the point in f (x , y) geometrically de-
creases with �r�− .

This result is explicitly obtained by substituting the function f (x , y) with the
δ-distribution in (.)

g(x , y) = +�∫
−�

+�

∫
−�

f (x′, y′) �(x − x′ , y − y′)� dx′dy′

= +�∫
−�

+�

∫
−�

δ(x′, y′) �(x − x′, y − y′)� dx′dy′ .
(.)

With the sifting property of the δ-distribution, (.) immediately reduces to

g(x , y) = �(x , y)� . (.)

In this case the reconstructed image g(x , y) itself is the representation of the PSF.
Due to the fact that (.) and (.) yield the same result, the function h(x , y) is
also called the impulse response.

Fig. .. Simple backprojection reconstruction of a single point. aThe line density around
the object that is to be reconstructed decreases with the distance from the point. bThe point-
spread function of a single point
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As an aside, this result can also be found in electrodynamics, where the electric
field around a very thin and infinitely long straight conductor decreases by �r. In
three-dimensional space the density of electric field lines around a point charge
decreases by �r. This decrease along with the distance is known from Coulomb’s
law.

One might think that (.) represents a sensible reconstruction method, be-
cause in Fig. . the original point of the object can be detected as the maximum
value in the image g(x , y). However, one has to keep in mind that any point of the
object to be reconstructed is blurred by h(x , y). It will be shown later that the con-
volution of the image with the PSF results in an overall unacceptable blurring of the
image. In fact, adequate reconstruction strategies can be found that include a suit-
able deconvolution of the image, thus compensating for the blurring effects seen in
naive backprojection.

5.7
Filtered Backprojection

What went wrong with the simple backprojection introduced in the previous sec-
tion? To answer this question one has to focus on the Fourier slice theorem again.
The identities of the Fourier transform of the desired image F(u, v) and the Fourier
transform of the measured projections Pγ(q) have been shown in � Sect. .. Since
Pγ(q) is found as a radial line along the q-axis under the polar angle γ in the Carte-
sian (u, v) space, it is reasonable to have a closer look at the change from Cartesian
to polar coordinates.

In fact, an image reconstruction procedure – the filtered backprojection – can
be derived as a clever result of the coordinate transformation. As a first step to ob-
taining the image f (x , y) from projections, the inverse Fourier transform

f (x , y) = �

∫
−�

�

∫
−�

F(u, v)eπ i(xu+yv)dudv (.)

applied to F(u, v)must be expressed in polar coordinates. To do this one substitutes

u = q cos(γ)
v = q sin(γ) . (.)

The infinitesimal area integration element du dv in (.) is transformed to Jdqdγ,
where J is the Jacobian, i.e.,

J � det
∂(u, v)
∂(q, γ)� =

HHHHHHHHHHHHHHHHHHHH
∂u
∂q

∂v
∂q

∂u
∂γ

∂v
∂γ

HHHHHHHHHHHHHHHHHHHH
= 9 cos(γ) sin(γ)−q sin(γ) q cos(γ) 9

= q �cos(γ) + sin(γ)� = q .

(.)



 5 Two-Dimensional Fourier-Based Reconstruction Methods

In Fig. . the use of the Jacobian is demonstrated. The area elements dudv, which
must cover the entire two-dimensional plane in (.), have the same square shape,
independent of their actual location in the plane (compare Fig. .a). However, it
can be seen in Fig. .b that in polar coordinates the “tiles” qdqdγ change their
shape as a function of distance from the origin.

When using the new infinitesimal mosaic of integration elements qdqdγ for
the entire two-dimensional plane being described in polar coordinates, the inverse
Fourier transform is given as

f (x , y) = π

∫


+�

∫


F (q cos(γ), q sin(γ)) eπ iq(x cos(γ)+y sin(γ))qdqdγ . (.)

The outer integral in (.) can be split into two parts when treating the projections
for the angles γ = [, π] and γ = [π, π] separately. In this way one obtains

f (x , y) = π

∫


+�

∫


F(q, γ)eπ iq(x cos(γ)+y sin(γ))qdqdγ

+ π

∫
π

+�

∫


F(q, γ)eπ iq(x cos(γ)+y sin(γ))qdqdγ .

(.)

The π-shift of the angle interval in the second integral term with respect to the first
term can be expressed by a phase shift of the functional terms, such that

f (x , y) = π

∫


+�

∫


F(q, γ)eπ iq(x cos(γ)+y sin(γ))qdqdγ

+ π

∫


+�

∫


F(q, γ + π)eπ iq(x cos(γ+π)+y sin(γ+π))qdqdγ .

(.)

Fig. .. Shape of the infinitesimal area integration elements in a Cartesian and b polar
Fourier coordinates
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According to the symmetry properties of the Fourier transform (see e.g., Bracewell
[]; Klingen []), i.e.,

Re�F(q, γ)� � Re�F(−q, γ + π)� = Re�F(−q, γ)� � Re�F(q, γ + π)� (.)

and

Im�F(q, γ)� � Im�F(−q, γ + π)� = −Im�F(−q, γ)� � −Im�F(q, γ + π)� ,
(.)

for real projection data, (.) can be written as

f (x , y) = π

∫


+�

∫


(Re (F(q, γ)) + iIm (F(q, γ))) eπ iq(x cos(γ)+y sin(γ))qdqdγ

+ π

∫


+�

∫


(Re (F(q, γ)) − iIm (F(q, γ))) e−π iq(x cos(γ)+y sin(γ))qdqdγ

= π

∫


+�

∫


(Re (F(q, γ)) + iIm (F(q, γ))) eπ iq(x cos(γ)+y sin(γ))qdqdγ

− π

∫




∫
−�

(Re (F(−q, γ)) − iIm (F(−q, γ))) eπ iq(x cos(γ)+y sin(γ))qdqdγ .

(.)

Using the symmetry of F again one obtains

f (x , y) = π

∫


+�

∫


F(q, γ)eπ iq(x cos(γ)+y sin(γ))qdqdγ

+ π

∫




∫
−�

F(q, γ)eπ iq(x cos(γ)+y sin(γ))(−q)dqdγ ,

(.)

which can finally be written as one term

f (x , y) = π

∫


+�

∫
−�

F(q, γ)eπ iq(x cos(γ)+y sin(γ)) �q� dqdγ . (.)

In keeping with the Fourier slice theorem as stated by (.), it is furthermore true
that

F(q cos(γ), q sin(γ)) = Pγ(q) . (.)

According to this, the relation

f (x , y) = π

∫


+�

∫
−�

Pγ(q)eπ iqξ �q� dqdγ (.)
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can be derived by substituting Hessian’s normal form (.) of a straight line into
the exponent of (.). For the angular integration in (.), one writes

f (x , y) = π

∫


-../..0
+�

∫
−�

Pγ(q) �q� eπ iqξ dq
B..C..D dγ

= π

∫


hγ(ξ)dγ .

(.)

For an object point r = (x , y)T and a certain projection angle γ, ξ is the projection
coordinate of the point r. In fact, ξ is the detector position of the sampling system.
The second row of (.) is the backprojection of a new term

hγ(ξ) = +�∫
−�

Pγ(q) �q� eπ iqξ dq . (.)

Let us call hγ(ξ) the filtered projection, because hγ(ξ) is actually the high-pass fil-
tered projection signal pγ(ξ). The high-pass nature of (.) can be understood
by the convolution theorem. Here, the corresponding multiplication of the sig-
nal and the filter characteristic is given in frequency space. Without the term �q�,
(.) would directly result in pγ(ξ), i.e., the inverse Fourier transform of Pγ(q).
Multiplying Pγ(q) by �q�, however, results in high-pass filtering, as the linearly in-
creasing frequency variable results in a linear weighting of the spatial spectrum of
pγ(ξ). With (.), the filtered backprojection principle is defined. It can be struc-
tured into the three main steps as summarized in Scheme ..

According to the convolution theorem, the necessary filtering in (.) can also
be formulated in the spatial domain ξ, where the product �q�Pγ(q) in the spectral
domain becomes a convolution in the spatial domain, thus

hγ(ξ) = +�∫
−�

pγ(z)g(ξ − z)dz . (.)

Function g(ξ − z) in the spatial domain is the inverse Fourier transform of the
weighting function �q� in the spectral domain.

Scheme . Filtered backprojection

. Calculation of the Fourier transform of pγ(ξ)
pγ(ξ) A−−−−−−−−−• Pγ(q)

. Back transform of the high-pass filtered Pγ(q)�q�Pγ(q) •−−−−−−−−−A hγ(ξ)
. Backprojection on the line ξ = x cos(γ) + y sin(γ)

f (x , y) = π

∫


hγ(ξ)dγ (.)
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Fig. .. Approximation of the impulse response of the ideal backprojection filter in the
spatial domain

In terms of signal processing, the convolution kernel g(ξ) is the impulse re-
sponse of the high-pass filter. Unfortunately, �q� is not a square integrable func-
tion. Therefore, the mathematical recipe using a convergence-generating regular
sequence of functions must be applied to obtain g(ξ) by inverse Fourier transform.
This trick has been introduced in � Sect. .. To do so, the function

Gβ(q) = �q� e−β�q� (.)

is defined, carrying the convergence-generating function exp(−β�q�). In this way
the necessary convergence is produced, leading to the inverse Fourier transform

gβ(ξ) = β − (πξ)(β + (πξ)) . (.)

Finally, the limit β �  of (.) has to be taken

g(ξ) = lim
β� 

gβ(ξ) = − (πξ) , (.)

which leads to the impulse response of the high pass in the spatial domain. In
Fig. . the approximation of the impulse response is given for decreasing param-
eters β.

5.8
Comparison Between Backprojection and Filtered Backprojection

In this section the results of filtered backprojection and simple backprojection are
directly compared. A very simple software phantom is used that consists of a single
square with homogeneous attenuation coefficients located at the iso-center of the
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sampling system. Figure . shows the phantom in a �  pixel image. In the
same figure, the corresponding data in the Radon space are presented in the typical
Cartesian sinogram arrangement. The Radon space values are quite easy to under-
stand.The profile of the projection values pγ(ξ) at � and � (as for � and �)
consists of a rectangle function with the width of the square defined by the soft-
ware phantom. At angles � and � (as for � and �) the projection profile
of pγ(ξ) is a triangle function. To aid visualization, the characteristic pγ(ξ) pro-
files are schematically drawn on the Radon space figure. Overall, the Radon space
data do not follow a global sinusoidal trace, since the square is placed at the iso-
center.

The concepts for reconstruction of the tomographic image f (x , y) from the
projection values pγ(ξ) that were derived in � Sects. . and . are demonstrated
by a successive backprojection. In Fig. . the intermediate results, while increasing
the number Np of backprojections Np = �, , , �, are presented row-wise.

The left and right columns show the simple backprojection and the filtered back-
projection respectively. Already from the first backprojection the reconstruction
recipe of including a high-pass filter becomes clear. Those areas in the image to be
reconstructed that are blurred by the simple backprojection of pγ(ξ), are consid-
ered right from the beginning, i.e., the PSF (.) is compensated for a priori by
the negative values of hγ(ξ). After the third backprojection (Np = ) it can be seen
that the simple unfiltered backprojection reconstructs positive attenuation values
in image areas that are located outside the square. These incorrect values cannot be
compensated for by further backprojections.

In the center of the image, an object is reconstructed that becomes smooth
in later backprojections. This blurring of the sharp original square defined in the

Fig. .a,b. A simple software phantom consisting of a single square of homogeneous at-
tenuation values f (x, y) � μ at the iso-center. On the left, the corresponding Radon space
is given. The projection values pγ(ξ) are not globally sinusoidally modulated. However, the
projection profiles oscillate between a rectangle and a triangle profile
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Fig. .. Successive reconstruction of the tomographic software phantom image from pro-
jection data. In each reconstruction phase the results of the simple backprojection (left col-
umn) and the filtered backprojection (right column) are presented in direct correspondence.
The number of projections Np per row is increased such that, from top to bottom, intermedi-
ate results are presented for Np = �, , , �
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software phantom is unacceptable, because it would make diagnostics impossible
in clinical situations. For the filtered backprojection, the intermediate results are
harder to interpret. This is due to the sensitive mutual compensation process of all
filtered backprojections. However, even after  filtered backprojections, the ori-
ginal object is clearly recognizable with sharp edges. The last row in Fig. . shows
the reconstructed intensity image afterNp =  backprojections.The quality differ-
ence between unfiltered and filtered backprojection is visually obvious. The stripes
established tangential to the object for Np =  are due to the Gibbs phenomenon
(Epstein ).

Figure . shows the unfiltered and the filtered backprojection for a real ab-
domen tomogram. The location of the slice that is to be reconstructed is drawn
into the planning overview (see Fig. .a). Figure .b shows the correspond-

Fig. .a–d. Successive reconstruction of a tomographic abdomen image from projection
data. Image a shows the position of the axial abdomen section in a planning overview. In
image b the corresponding sinogram, i.e., the complete Radon space data of the sectional
plane, can be seen. Column-wise the simple backprojections (row c) and the corresponding
filtered backprojections (row d) are presented for the following projection numbers: Np =�, , , , , �

 Called scanogram, topogram, scout view or pilot view depending on the manufacturer.
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Fig. .. Projection pattern for the filtered backprojection in the image space

ing Radon space, i.e., the projection values pγ(ξ) in a Cartesian (ξ, γ) diagram
over an angle interval of �. Rows c and d of the same figure show the succes-
sive superpositions of the backprojections and the filtered backprojections respect-
ively. By convolving the original image with the PSF derived in (.), which is in-
cluded in the simple backprojection imaging process, the expected blurred image
is obtained.

Compared with the direct reconstruction method introduced in � Sect. . the
sampling pattern of the filtered backprojection is more appropriate to the problem
of the circular projection acquisition scheme. It has been shown that direct recon-
struction leads to sparsely distributed points in the high-frequency domain of the
Fourier space of the image to be reconstructed. The filtered backprojection avoids
the problematic sampling pattern in the two-dimensional Fourier space; it rather
distributes reconstruction points directly into the desired image space. Figure .
shows the sampling pattern of the filtered backprojection for  projection angles.

5.9
Filtered Layergram: Deconvolution of the Simple Backprojection

Since the blurring of image g(x , y) produced by a simple backprojection is due
to an inherent convolution with the PSF (.), the image g(x , y) can be further
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processed to obtain the correct distribution f (x , y) of attenuation values. In this
section the respective deconvolution is derived.

The simple backprojection image g(x , y) is the result of the convolution
g(x , y) = f (x , y) > h(x , y) (.)

where f (x , y) is the desired image and h(x , y) is the PSF
h(x , y) = �(x , y)� . (.)

Thus,

g(x , y) = f (x , y) > G
x + y

. (.)

When using the two-dimensional extension of the convolution theorem

f (x , y) > h(x , y) A———• F(u, v)H(u, v) , (.)

(.) can be described as a multiplication in the spectral domain, which means

F  �g(x , y)� =F  � f (x , y)�F 

-../..0 G
x + y

B..C..D ; (.)

hence,

G(u, v) = F(u, v)F 

-../..0 G
x + y

B..C..D . (.)

F  represents the two-dimensional Fourier transform. In the case of the PSF
h(x , y) = �r�− the Fourier transform has to be calculated as follows:

H(u, v) = F 

-../..0 G
x + y

B..C..D �
�

∫
−�

�

∫
−�

G
x + y

e−iπ(xu+yv)dx dy . (.)

Due to the radial symmetry of the PSF, polar coordinates are introduced so that –
analogous to (.) and (.) –

H(u, v) = F  M rO �
π

∫


�

∫



r
e−iπ(ur cos(γ)+vr sin(γ))rdrdγ (.)

is obtained. When introducing polar coordinates for the spectral domain at the
same time, it is further true that

H(q, γ) = π

∫


�

∫


e−iπ(q cos(ϕ)r cos(γ)+q sin(ϕ)r sin(γ))drdγ . (.)
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This is the same expression as in � Sect. ., (.) and leads to the Hankel trans-
form, so that

H(q) = H M rO =
+�

∫


π

∫


e−iπqr cos(γ)dγdr = π
+�

∫


J(πqr)dr . (.)

With the substitution z = πqr it follows that

H(q) = H M rO = 
q

+�

∫


J(z)dz . (.)

After Abramowitz and Stegun (), the integral of the Bessel function of th order
in (.) is

+�

∫


J(z)dz =  (.)

such that

H(q) = H M rO = �q� = 6
u + v

. (.)

Substituting this result into (.), it follows that

G(u, v) = F(u, v) �q� . (.)

In this way, the deconvolution of the blurred image g(x , y) can be described as

f (x , y) = F− ��q�G(u, v)� = F− ��q�F  �g(x , y)�� . (.)

Scheme . Filtered layergram

. Calculation of the backprojection and integration over �

g(x, y) = π

∫


pγ(ξ)dγ
. Two-dimensional Fourier transform of the simple backprojection

g(x, y) �−−−−−−−−−•G(u, v)
. Multiplication of the Fourier transform with the distance to the origin and two-

dimensional inverse Fourier transform into the spatial domain�
u + vG(u, v) •−−−−−−−−−� f (x, y) (.)
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Fig. .. Exemplary illustration of the filtered layergram process. When starting from the
Radon space and creating a simple backprojection g(x, y), the original image f (x, y) is ob-
tained by: Weighting the Fourier transform G(u, v) of the simple backprojection with the
distance function 
q
 in the frequency space; transforming it back to the spatial domain; and
correcting the mean value of the image. The last step is necessary as the mean value of the
image disappears by the distance weighting with 
q
 so that negative image values occur for
the background

Obviously, the deconvolution filter �q� in (.) is a cone-shaped weighting func-
tion in the two-dimensional spectral domain. Since g(x , y) has been obtained by
“smearing” back the unfiltered projections – see (.) – that are accumulated layer-
wise over �, the reconstruction follows Scheme ., which is named a filtered
layergram. Figure . illustrates the entire filtered layergram process exemplarily
by means of an abdomen tomogram.

Please note that filtered backprojection and a filtered layergram are mathemat-
ically equivalent. However, in practice only filtered backprojection is implemented.
This is due to the fact that the filtered backprojection reconstruction process can be
started directly after measurement of the first projection profile. In this way, the re-
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construction with filtered backprojection is faster, as data acquisition and image re-
construction can be performed almost simultaneously. The filtered layergram pro-
cess needs all projections before the Fourier space filtering can be started.

5.10
Filtered Backprojection and Radon’s Solution

In this section, it is shown that the filtered backprojection using the high-pass fil-
tered projection signals hγ(ξ) is equivalent to Radon’s original solution. To do so
one writes the filtering with �q� as �q� = q sign(q) (.)

where

sign(q) = -.../...0
 for q � 
 for q = − for q <  .

(.)

Substituting (.) into (.) and multiplying the integrand of (.) by(iπ�iπ) = , one obtains

hγ(ξ) = 
π

+�

∫
−�

iπqPγ(q) �π
i
sign(q)� eπ iqξ dq . (.)

Using the convolution theorem again, this can also be expressed by

hγ(ξ) = 
π MF− TiπqPγ(q)U >F− Mπ

i
sign(q)OO . (.)

In detail, the inverse Fourier transform of the first term is given by

πiqPγ(q) •———A dpγ(ξ)
dξ

(.)

and the second term can be derived as an analog to the Fourier transform of the
sign(x) function given in � Sect. ., (.), i.e.,

π
i
sign(q) •———A 

ξ
. (.)

Thus, one can write

hγ(ξ) = 
π &�ξ > dpγ(ξ)

dξ
' . (.)

Formulating (.) explicitly as a convolution, one obtains

hγ(ξ) = 
π

+�

∫
−�


ξ − ξ′

dpγ(ξ′)
dξ′

dξ′ . (.)
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Asmentioned above one receives the image, i.e., the attenuation values, f (x , y), by
integrating the filtered projections along all angles:

f (x , y) = π

∫


hγ(ξ)dγ . (.)

Substituting (.) into (.) one obtains

f (x , y) = 
π

π

∫


+�

∫
−�


ξ − ξ′

dpγ(ξ′)
dξ′

dξ′dγ . (.)

Here, the differential expressions dξ′ are “cancelled” and one further substitutes

ξ′ = ξ + R . (.)

This leads to

f (x , y) = − 
π

π

∫


+�

∫
−�


R
dpγ(ξ + R)dγ . (.)

Changing the order of integration then gives

f (x , y) = − 
π

+�

∫
−�


R
d
� 

π

∫


pγ(ξ + R)dγ!# . (.)

Since the variables define a polar coordinate system, on which the entire plane is
integrated, the integration limits can be changed as follows

f (x , y) = − 
π

+�

∫



R
d
�� 

π

∫


pγ(ξ + R)dγ!"# . (.)

Inserting the bracket term of (.) back into the Hessian normal form of a straight
line

x cos(γ) + y sin(γ) = ξ , (.)

one obtains

f (x , y) = − 
π

+�

∫



R
d
�� 

π

∫


pγ(x cos(γ) + y sin(γ) + R)dγ!"# . (.)

The integration of the bracket term now results in the mean value defined by Radon

pr(R) = 
π

π

∫


p(x cos(γ) + y sin(γ) + R, γ)dγ , (.)

 For every angle the filtered backprojection is “smeared” back.
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defined as the mean over the projection values p(ξ, γ), of the tangents of the circle
with the center r = (x , y)T and radius R, so that finally

f (x , y) = − 
π

+�

∫



R
dpr(R) (.)

is obtained, which is exactly the expression for the inversion of the projection prob-
lem given by Johann Radon in . Figure . schematically shows which values
have been averaged in Radon’s original publication.

To determine the projection, integrating along all points

(ξ cos(γ) − η sin(γ), ξ sin(γ) + η cos(γ)) , (.)

Fig. .. In order to reconstruct the image value f at the point (x, y)T, Johann Radon in
 first defined an average projection, which is obtained from the tangents of the circles
with the radius R around (x, y)T
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which is along a straight line, can be written compactly as

f > δ(L) = ∫ f (r)δ((rT ċ nξ) − ξ)dr (.)

using the sift property of the δ-distribution.
In fact, the projection values at the points(x cos(γ) + y sin(γ) + R, γ) (.)

in the Radon space are averaged. In order to reconstruct the image value f at the
point (x , y)T the averaged values are weighted with the reciprocal value of the dis-
tance from that point and finally integrated. As this section started with (.), i.e.,
the filtered projection hγ(ξ), this point of view is obviously equivalent to the filtered
backprojection.

The filtered backprojection can be written very compactly when using the def-
inition of the Hilbert transform introduced in � Sect. ..

With

H& dpγ(ξ)
dξ

' = 
π

+�

∫
−�


ξ − ξ′

dpγ(ξ′)
dξ′

dξ′ , (.)

(.) can be written as

hγ(ξ) = 
π
H& dpγ(ξ)

dξ
' . (.)

This, along with (.) for the filtered backprojection, gives the expression

f (x , y) = 
π

π

∫


H& dpγ(ξ)
dξ

' dγ . (.)

5.11
Cormack Transform

So far, only the vertical lines in the Cartesian Radon space have been considered,
which, in terms of the measurement process, correspond to a complete projection
signal acquired over an angle of �. However, the previous section showing the re-
lation between filtered backprojection and Radon’s original work, excerpts of which
were translated at the beginning of �Chap. , also suggests a different view on data
in the Radon space.

In this section, data arranged on horizontal lines in the Radon space are con-
sidered. This perspective leads to a decomposition into what is called the circular
 Strictly speaking, the derivation of pwith respect to ξ is a partial derivative, so that (.)

correctly reads f (x, y) = 
π

π

∫


H � ∂pγ(ξ)
∂ξ

 !
ξ = x cos(γ)+ y sin(γ)

dγ.
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harmonics. As this method was proposed by Cormack, it is frequently referred to it
as the Cormack transform.

In Fig. .a once again an abdominal tomogram can be seen. The correspond-
ing Cartesian Radon space reflecting the projection data from γ = � to γ = � is
presented in Fig. .b.The horizontal lines in this diagram belong to certain circles
in the spatial domain whose tangents are the corresponding projection lines.This is
schematically illustrated in Fig. .c. In Fig. .d, the Radon space data are given
in polar coordinates. Obviously, the horizontal lines in the Cartesian Radon space
belong to certain circles in the polar diagram. The upper half ( − π) of the circle
drawn on Fig. .a, c, and d corresponds to line  drawn on Fig. .b, and the
lower half of the circle (π − π) corresponds to line ′.

Due to the circular symmetry of the data acquisition system, every data ring
pγ(ξ) = p(ξ, γ) is periodic in the projection angle γ , having period π.Thus, every
ring can be written as a Fourier series

p(ξ, γ) = ��
n =−�

pn(ξ)einγ , (.)

Fig. .a–d. A decomposition into circular harmonics represents another view of Radon
space data. Instead of the vertical lines  and , one changes the perspective to the horizontal
lines  or ′ and  in the sinogram
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where

pn(ξ) = 
π

π

∫


p(ξ, γ)e−inγ dγ . (.)

The Fourier coefficients pn(ξ) of (.) are called circular harmonics.
The anatomical image in Fig. .a can be viewed in this way, as every data

ring f (r, δ) of the attenuation coefficients is π-periodic in the angle variable δ.
To recall the relationship between (r, δ) and (ξ, γ), see Fig. .. Hence, even in the
tomogram, every ring can be represented as a Fourier series

f (r, δ) = ��
n =−�

fn(r)einδ , (.)

where

fn(r) = 
π

π

∫


f (r, δ)e−inδ dδ (.)

again represents the Fourier coefficients analogous to (.). In order to show the
correspondence between the circular harmonics pn(ξ) and fn(r) in Fig. ., the
geometric situation is schematically drawn.

Once more the projection integral (.) is considered, whereas the integration
path is extended to infinity and both paths – above and below the projection axis –

Fig. ..Geometry of the integrationpath: For every point above the projection axis ξ, there
is a mirror point with respect to the projection axis at angle γ − δ
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are determined separately, i.e.,

p(ξ, γ) = �

∫


f (r, δ)dη + 

∫
−�

f (r, δ)dη . (.)

Using the symmetry of Fig. ., the two integrals in (.) can be combined to give

p(ξ, γ) = �

∫


� f (r, δ) + f (r, γ − δ)� dη . (.)

Expressing the left- and right-hand sides of (.) by their Fourier expansions
(.) and (.) respectively, one obtains

��
n =−�

pn(ξ)einγ = �

∫


& ��
n =−�

fn(r)einδ + ��
n =−�

fn(r)ein(γ−δ)' dη

= �

∫


& ��
n =−�

fn(r) �einδ + ein(γ−δ)�' dη

= �

∫


& ��
n =−�

fn(r)einγ �ein(δ−γ) + e−in(δ−γ)�' dη .

(.)

Writing the cosine as its complex exponential functions

cos(α) = eiα + e−iα


, (.)

(.) can be simplified to

��
n =−�

pn(ξ)einγ = 
�

∫


& ��
n =−�

fn(r)einγ cos(n(δ − γ))' dη . (.)

Changing the coordinates (ξ, η) for the benefit of the polar presentation to (r, δ−γ),
where

r = Gξ + η (.)

and

ξ = r cos(δ − γ) , (.)

one can write the following after swapping the order of summation and integration

��
n =−�

pn(ξ)einγ = 
��

n =−�
einγ

�

∫
�ξ�

fn(r) cos �n cos− (ξ�r)�G
r − ξ

rdr

= ��
n =−�

-.../...0
�

∫
�ξ�

fn(r) cos �n cos− (ξ�r)�G
r − ξ

rdr
B...C...Deinγ .

(.)
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Note, as a consequence of (.), the integration along the variable r now has to
start with �ξ�. Comparing the coefficients on both sides of (.), one can see that

pn(ξ) = 
�

∫
�ξ�

fn(r) cos �n cos− (ξ�r)�G
r − ξ

rdr . (.)

Using the definition of the Chebyshev polynomials of the first kind

Tn(x) = cos �n cos− (x)� , (.)

(.) further simplifies to

pn(ξ) = 
�

∫
�ξ�

fn(r)Tn (ξ�r)G
r − ξ

rdr . (.)

(.) is called the Cormack transform (following the notation given by Barrett
and Swindell []). Furthermore, with the help of the Abel transform introduced
in � Sect. ..

pn(ξ) = A�fn(r)Tn (ξ�r)� (.)

is obtained. However, for practical reasons, the inversion of (.) is important as
fn(r) is of interest. From the Fourier expansion with the circular harmonics fn(r)
of (.), the distribution of the attenuation coefficients f (r, δ) is then obtained.
Cormack () gave the following expression for this

fn(r) = − 
π

�

∫
r

p′n(ξ)Tn (ξ�r)G
ξ − r

dξ . (.)

(.) is called the inverse Cormack transform (Barrett and Swindell ). Substi-
tuting (.) into (.), the image is finally obtained with

f (r, δ) = − 
π

��
n =−�

�

∫
r

p′n(ξ)Tn(ξ�r)G
ξ − r

einδ dξ . (.)

It is also possible to decompose the Fourier transform of the object F(u, v) into its
circular harmonics. Following the Fourier slice theorem, the Fourier transforms of
the projections can be found in a polar representation under the projection angle γ.
 That these are actually polynomials in (ξ�r) results from the equation (Heuser ):
cos(nφ)=(cos(φ))n−"n

# (cos(φ))n− (sin(φ))+"n
# (cos(φ))n− (sin(φ)) − + . . . .

 Formulating with Chebyshev polynomials of the first kind is problematical in practice
because Tn increases exponentially for n outside [−,+]. However, a stable version of
(.) can be found with Chebyshev polynomials of the second kind (Cormack ;
Natterer ).
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Hence, it is possible to write

P(q, γ) = ��
n =−�

Pn(q)einγ (.)

where

Pn(q) = 
π

π

∫


P(q, γ)e−inγ dγ . (.)

(.) and (.) are radial expressions. Therefore, the Hankel transform intro-
duced in � Sect. . can be used to establish the connection of both expressions. It
holds that

Pn(q) = inπ
�

∫


fn(r)Jn(πqr)rdr (.)

and

fn(r) = inπ
�

∫


Pn(q)Jn(πqr)qdq . (.)

Fig. .. Schematic overview of the relations among the spatial domain, the Radon space,
and the Fourier space according to the Cormack transform (adapted from Barrett and
Swindell [])
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These are written in a more compact way as

Pn(q) = inHn�fn(r)� (.)

and

fn(r) = inHn�Pn(q)� (.)

respectively. These are – as a generalization of the definition given in � Sect. . –
the Hankel transforms of the nth order. Figure . schematically represents the
quantities discussed in this section. For rotationally symmetric objects, the Cor-
mack transform can be identified with the Abel transformation of � Sect. ..
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6.1
Introduction

Currently, the filtered backprojection (FBP) method, which has been discussed in� Sect. ., is the reconstruction algorithm of choice because it is very fast, espe-
cially on dedicated hardware. However, one disadvantage of FBP is that it essentially
weights all X-rays equally. Since X-ray tubes produce a polychromatic spectrum,
beam-hardening image artifacts arise in the reconstruction. Artifacts of this type
are particularly dominant if metal objects are inside the patient, because FBP inter-
prets the corresponding projection data as inconsistent. Here, algebraic and statis-
tical reconstruction methods will serve as alternatives because artificial or inherent
beam weighting reduces the influence of rays running through metal objects.

Algebraic and statistical methods for computed tomography (CT) image recon-
struction are widely disregarded in clinical routine due to the substantial amount of
inherent computational effort. On the other hand, the continuously growing com-
putational power of today’s standard computers has led to a rediscovery of these
methods.

At the advent of CT, the first image reconstructions were carried out using al-
gebraic reconstruction techniques (ART). As mentioned above, in today’s clinical
routine FBP is the working horse of CT image reconstruction due to the computa-
tional expense of ART. However, ART is more instructive since it represents the
reconstruction problem as a linear system of equations.

 Today, special iterative statistical techniques arewidely used in nuclear diagnostic imaging
in order to overcome the problems in the signal-to-noise ratio caused by poor photon
statistics.
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Generally, these methods aremuch easier to understand than the Fourier-based
strategies discussed so far. Thereby, one takes the discrete nature of the practical
realization of CT into account from the very beginning. Discretization of the pro-
jection, pγ(ξ), is technically dictated by the design of the detector array based on
a set of discrete detector elements.The discretization of the tomographic image, i.e.,
the size and number, N , of pixels inside the field of view, has to be determined be-
fore image reconstruction can take place. Figure . shows the situation of spatially
discrete attenuation values schematically. The tomographic image that has to be re-
constructed, however, consists of a discrete array of unknown variables, f j, with
j = �, . . . ,N�, i.e., the unknown attenuation coefficients. The set of projections
through the object can easily be modeled by a linear system of equations. Figure .
motivates this set-up of a linear system of equations. Passing through tissue, the
intensity of the X-ray beam is weakened according to the attenuation coefficients,
f j = μj . If the image is small, the solution of the corresponding low dimensional
linear system of equations can be obtained, for example, by Gaussian elimination
(cf. Press et al. []).

For each ray through the object, one obtains the already known projection sum
defined in � Sect. . and, furthermore, the following system of equations for the
situation of the  � -pixel image in Fig. .a.

f + f = p , (.)
f + f = p , (.)
f + f = p , (.)
f + f = p , (.)

Fig. ..Theprinciple of algebraic reconstruction is very simple.The set of projections results
in a linear system of equations. In the left image all four unknown attenuation values can be
determined exactly using four projections from three projection angles. If the grid that is to
be reconstructed is finer, more projections have to be measured
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Four equations are obtained with four unknown quantities that can be solved
exactly, as long as the physical measuring procedure is not afflicted with noise and
no linear dependencies occur – that is as long as the rank is  in the example above.
Now the image shall be refined spatially as demonstrated with the �-pixel image
in Fig. .b. It is immediately clear that the number of required independent X-ray
projections grows quadratically with the linear refinement of the image. In the given
example, one obtains a solvable problem consisting of nine equations and nine un-
known attenuation values. Looking at the diagonal projections, a difference is ap-
parent compared with the horizontal or the vertical projection direction: The path
length through each element of the object is obviously different. This circumstance
must be taken into account in the set-up of the system of equations.

In contrast to the methods introduced in the previous chapter, in which the ob-
ject is sampled with a δ-line, when using algebraic methods, one proceeds with the
physically correct assumption that the X-ray beam has a certain width. When pass-
ing through tissue, one now has to take into account howmuch of the pixel that is to
be reconstructed is passed through by the beam. For this purpose, one introduces
weights that reflect the relation between the area that is illuminated by the beam
and the entire area of the pixel. Figure . shows this ratio schematically. A beam of

Fig. .. The X-ray beam of width Δξ does not traverse all pixels of size b equally when
passing through the tissue.The area of the pixel section that has actually been passed through
and that is to be reconstructed must be included in the system of equations as a weighting

 This is true if a diagonal projection through the object is involved. Two horizontal and two
vertical projections alone would lead to an under-determined system of equations having
a rank of .
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width, Δξ, passes through the tissue – again illustrated by cranial tomography. The
pixel size is given by b. The weight ai j is thus determined by the relation

ai j = illuminated area of pixel j by ray i
total area of pixel j

(.)

and lies in the interval  � ai j � .
From the generalizations of (.) to (.), one obtains the following system of

equations:

N�
j = 

ai j f j = pi , (.)

in which the weights, ai j, are taken into account. N is the number of the pixels, n,
that are to be reconstructed, and i = �, . . . ,M� is the index of the projection, with
M = NpD being the total number of projections of all detector elements, D, of the
detector array in all projection directions, Np. In an expanded form, one may write
(.) as

a f + a f + ċ ċ ċ + aN fN = p
a f + a f + ċ ċ ċ + aN fN = pV

aM f + aM f + ċ ċ ċ + aMN fN = pM .

(.)

Within nuclear diagnostic imaging, as in PET and SPECT, in which the repre-
sentation of the photon paths as a set of linear equations is used in a statistical ap-
proach, the weightings are to be interpreted as probabilities that gamma quanta
from the area element j are detected in projection i. This shows the strength of
the algebraic and statistical techniques. Linear physical processes can be built into
the imaging model via appropriate weightings of the projection equations. In this
way, the imaging quality can be improved because the mathematical model that the
reconstruction is based on can be tailored to match the real physical situation.

Writing all projections as column vector

p = (p , . . . , pM)T , (.)

and writing the attenuation values that are to be reconstructed as a column vector
as well (they were presented as an image matrix in the previous sections)

f = ( f , . . . , fN)T , (.)

 To be precise, this definition is only exact in the case of emission CT.
 PET = Positron Emission Tomography.
 SPECT = Single Photon Emission Computed Tomography.
 Physically, the gamma quanta emerge from a volume element.
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the weightings are thus presented as an M � N matrix

A = ���� 
a a . . . aN
a ċ aNV ċ V
aM aMN

!"""# , (.)

such that the system of equations becomes

p = Af , (.)

where A can be understood as design matrix (Press et al. ). In CT, this matrix
is also referred to as the system matrix (Toft ). Through a direct comparison
with (.) the following duality between the presentation as matrix and the Radon
transform can be identified:

p = A fW W W
pγ(ξ) = R� f (x , y)� (.)

Therefore, vector p contains all values of the Radon space, which means it con-
tains all values of the sinogram, and f is the vector that contains all gray values
of the image grid, i.e., the attenuation coefficients. The mathematical difficulties
in this view on the reconstruction problem can be summarized by the following
points:

• The system of equations (.) can only be solved exactly under idealized
physical conditions. In the present case, however, one has to deal with real
data, i.e., data afflicted with noise. Therefore, even in the case N = M, only
an approximate solution can be found for f. Furthermore, for high-quality
CT scanners it is true that M � N , which means that the number of pro-
jections is higher than the number of pixels that are to be reconstructed.
Mathematically, this situation leads to an over-determined system of equa-
tions.• Typically, the systemmatrix,A, is almost singular, whichmeans that it con-
tains very small singular values such that the reconstruction problem is an
ill-conditioned problem.• A does not have a simple structure and so no fast inversion has been found
so far. On the other hand,A is a sparsematrix as only N � pixels contribute
to an entry in the Radon space (cf. Fig. .).• A is usually very large, so direct inversions are extremely time- and
memory-intensive (cf. Fig. .).
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However, there are interesting advantages of the algebraic approach as well:

• Irregular geometries of scanners or missing data in the sinogram lead to
severe difficulties in the direct reconstruction methods. In the matrix for-
malism, however, these geometric conditions can be considered and taken
into account adequately.• Finite detector widths and different detector sensitivities can be taken into
account.Therewith, better modeling of the real physical measurement pro-
cess can be obtained.• Beams running through objects that potentially produce inconsistencies in
the Radon space can be weighted appropriately.

The solution of (.) can generally be found by minimization of the following
function

χ = �Af − p� . (.)

There is always a solution for this optimization problem. The solution is called the
least squares minimum norm or pseudo solution. One thereby searches for a matrix
called the pseudo inverse A+ of A, also called the Moore–Penrose inverse (Natterer
), with the following properties:

AA+A = A
A+AA+ = A+(AA+)T = AA+(A+A)T = A+A

(.)

In a certain sense,A+ represents the inverse matrix to the square matrixA such thatXf = A+p . (.)

As the pseudo solution (.) is a compromise in the least squares sense, it is de-
noted byXf .

With respect to the duality between the matrix presentation and the Radon
transform equation,

g = ATp (.)

presents the adjoint Radon transform of sinogram values to the image space. (.)
represents the unfiltered backprojection that is analogous to (.).

(.) can be brought into standard form by multiplying with AT from the left,
thus

ATp = ATAf . (.)

This leads to the solution

f = (ATA)−ATp . (.)
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Interestingly, (.) can be discussed in the language of the Fourier-based recon-
struction methods. In the sense of the adjoint Radon transform (.) mentioned
above, here matrix AT represents the backprojection operator and, consequently,
the operator (ATA)− represents the necessary filtering. As discussed in � Sect. .,
it is indeed sensible to perform a simple backprojection prior to the filtering. Ob-
viously, this leads to the layergram method so that (.) can be seen in duality
to (.). However, it is also possible to represent the filtered backprojection dis-
cussed in � Sect. . as a matrix equation.

Starting with (.), some rearrangements lead to the following result:

f = (ATA)−ATp

= (ATA)−AT(AAT)(AAT)−p
= (ATA)−(ATA)AT(AAT)−p
= AT(AAT)−p .

(.)

Here, the term (AAT)− plays the role of the high-pass filter �q� from (.). So the
pseudo inverse A+ is given by

A+ = AT(AAT)− = (ATA)−AT (.)

and is determined practically by singular value decomposition.

6.2
Solution with Singular Value Decomposition

Using singular value decomposition (SVD) to solve (.) needs the CT systemma-
trix to represent the design matrix, A, in the following system of equations:

��� A
!""#
 f � =

��� p
!""# . (.)

Within SVD any M � N matrix A with M : N , can be decomposed into

A = UΣVT = U �diag �σj��VT , (.)

where U is an M � N orthogonal matrix and V is an N � N orthogonal matrix in
the sense of their columns being orthonormal. Σ is a diagonal N �N matrix whose
entries are the singular values σj . One obtains the pseudo inverse of A through

A+ = V
diag
 
σj
��UT . (.)
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In that way, the solution of (.) can be found by

�� Xf
!"# =

�� V
!"#
�� 
�σ ċ ċ ċ ċ
 ċ �σN

!"#
�� UT

!"#
���� p
!"""# . (.)

To illustrate the principle, an X-ray illumination from four directions of an object
is given schematically in Fig. .. The image will be reconstructed as a  �  pixel
image.

The system of equations belonging to Fig. . is the concretization of (.), thus

��������� 

   
   
   
   
   
   

!""""""""#
���� 

f
f
f
f

!"""# =
��������� 








!""""""""#
. (.)

Here, the nearest neighbors method was used to calculate the weights, ai j , repre-
sented in the system matrix. Different methods for the determination of weights
that are more appropriate to the physical situation will be explained in the next sec-
tion. The system of equations (.) is over-determined, which means that there
are more equations (projections, pi) than unknown quantities (pixel values, f j).
Obviously, some of the rows in this system are linearly dependent. The number of
linearly independent equations can be expressed by the number of non-zero singu-
lar values. This number gives the rank of the matrix, A.

With the singular value decomposition described above, one obtains the pseudo
inverse that solves the system of equations. Matrix A hereafter contains four finite

Fig. .. Example of an object that is irradiated from four directions. Six projection values
are acquired. The image will be reconstructed as a  	  pixel image. A linear black to white
lookup table simulates weak to strong attenuation
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singular values and is thus of the rank . The singular values are σ = . and
σ = σ = σ = .. With the decomposition presented in (.), one obtains the
pseudo inverse

A+ = ���� 
− . . − . . − . .
. − . . − . − . .
. . − . − . . − .− . − . . . . − .

!"""# (.)

so that (.)

Xf = ���� 





!"""# = A+

��������� 








!""""""""#
(.)

is the solution in the least squares sense. A comparison with Fig. . indicates that
(.) does indeed provide the correct solution.

Unfortunately, in practice, the solution of the system of equations (.) cannot
easily be obtained, because typically, the problem is ill-conditioned, i.e., very small
singular values, σj , might occur. In consequence, even small measurement errors in
the projections, p, may induce large fluctuations in the reconstructed image,Xf. In
these cases, the solution has to be stabilized with a technique called regularization.
Press et al. () suggested weighting the spectrum of the singular values appropri-
ately. In the easiest case, �σj is replaced by a zero if σj exceeds a certain threshold.

Finally, the example of (.) will be considered again from the perspective of
the adjoint reconstruction problem (.). To do so, one has to transpose the system
matrix, A, and write

���� 
g
g
g
g

!"""# =
���� 
     
     
     
     

!"""#
��������� 








!""""""""#
= ���� 






!"""# . (.)

As argued above, (.) presents the unfiltered backprojection. Figure . illustrates
the method schematically, using the sample data from Fig. ..

So far it has been shown that, in principle, the direct algebraic method leads to
an exact image reconstruction using SVD. If the number of projections, M, and the
number of pixels, N , to be reconstructed are small, the system of equations (.)
can actually be solved directly. In the example (.) it has been chosen that M = 
and N = . However, it must be clear that in modern CT scanners the real physical
situation is given by a very large system of equations. Even computers of the latest
generation are not prepared to solve the problemwith such amethod of brute force.
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Fig. .a,b. Schematic presentation of the adjoint problem g = ATp to equation p = Af . The
adjoint reconstruction problem presents the unfiltered backprojection

A modern CT system typically has about . detectors in a single detector
slice and acquires just as many projections in a �-rotation such that M is in the
order of . For an image matrix of  �  pixels that is to be reconstructed, N
is to the order of . In Fig. ., it is illustrated that the system of equations (.)
to be solved consists of  unknown quantities and  equations. That is why all
practicable algorithms for the solution of the linear system of equations work with
iterative concepts that do not need a direct inversion of matrix A.

It should be noted that if the linear system of equations (.) could be rep-
resented in diagonal form, the solution could be directly determined. Indeed, the
Fourier-based methods can be interpreted in such a way that the Fourier transform
reduces the reconstruction problem to a diagonalized system of equations. That is
why the Fourier methods are very efficient (Epstein ).

Fig. .. The system matrix, A, is a huge but sparse matrix. The structure of entries of A is
given in gray dots. Since modern CT scanners produce an image matrix of at least  	 
pixels, N is in the order of . Usually, a single-slice detector array consists of  detector
elements and data are acquired from  projection angles. This leads to a matrix size of
 	  elements
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6.3
Iterative Reconstruction with ART

ART stands for algebraic reconstruction technique. In fact, Hounsfield used this
method for the first CT image reconstructions. While doing so, as mentioned be-
fore, he was not acquainted with Radon’s publication in . However, later it be-
came clear that iterative ART is a reinvention of Kaczmarz’s method published in
 (Kaczmarz ).

Themethods, which use iterative strategies to solve (.), usually start with the
notion that the realization of an image, f = ( f , . . . , fN)T, presents a point in an
N-dimensional solution space. Starting with an initial image, f(), a sequence of
images, �f() , f() , . . . �, is calculated iteratively that converges to the desired tomo-
graphic reconstruction.

In the first step, a forward projection,

p(n) = Af(n) , (.)

of the nth image approximation f(n) is determined. The projection, p(n), deter-
mined in the nth forward projection can then be compared with the actual meas-
ured projection, p.The comparison between the determined and themeasured pro-
jection yields correction terms that are applied to the nth image approximation,
f(n), resulting in the (n + )th image approximation. This process is iteratively re-
peated such that with another forward projection, the projection p(n+) is deter-
mined.

Usually, iterative methods are structured into three categories (Schramm ):

• Methods with correction of all object pixels at the same time: In this case all of
the corrections are determined in one step using all information contained
in the projection data set. By doing so all object pixels are corrected at the
same time. Iterative Least Squares techniques (ILST) belong to this cate-
gory, as well as the maximum likelihood methods, which will be discussed
below.• Methods with pixel-wise correction: In this category all pixels of the nth
iteration are corrected one after the other. For the determination of the
correction term only the projection elements to which the relevant pixel
made a contribution in the forward projection are consulted.• Methods with beam-wise correction: Methods like ART operate by using the
information of only one beam sum.Then the object pixels that made a con-
tribution to the appropriate projection pixel are corrected. Afterward the
determination of the next beam sum follows. ART is therefore sometimes
called the ray-by-ray reconstruction method.

An example first published by Kak and Slaney () and Rosenfeld and Kak
() is repeated here to illustrate the idea of the correction using the strategy of
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beam-wise methods. The N-dimensional solution space in which the realization
of an image, f = ( f , . . . , fN)T, is optimized, is divided into M hyperplanes given
by the system of equations (.). If there is a unique solution of (.) or (.), the
intersection of all hyperplanes will result in a single point, namely f = ( f , . . . , fN)T,
that represents the solution.

For illustration, the dimension of the problem is reduced to N = M = , which
means the desired image consists of two pixels and two measured projections are
available. The corresponding system of equations is

a f + a f = p
a f + a f = p (.)

In Fig. . the iterative solution scheme can be understood graphically.
As a starting point, one needs an initial image, f(), as a base for which the

iteration shall be started. This image could result from a rudimentary backprojec-
tion, for example. However, an image that is equivalent to the zero vector, f() =(, , . . . , )T, serves the purpose equally. This vector is projected perpendicularly
onto the first straight line that represents the first X-ray beam with the projection
result, p , in order to obtain a new and improved image, f(). This image is then
projected perpendicularly onto the second straight line. Therewith, one obtains an
image that is improvedwith respect to f() because f() lies closer to the intersection
point of the straight lines than its twopredecessors.Note, if both straight lines (.)

Fig. .. Iterative solution of the system of equations (.) (adapted from Kak and Slaney
[] and Rosenfeld and Kak []). In the two-dimensional solution space each equation
of the system (.) is represented by a straight line. The intersection point of the two lines
gives the solution vector f = ( f , f)T, i.e., the desired pixels of the image
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are perpendicular to each other, one will reach the intersection point within two it-
erations. In practice, thismethod almost always converges.Theonly exception is the
case of parallel straight lines intersecting in infinity. However, physically this would
mean that one has measured the same direction twice and therefore either no new
spatial information can be gained (mathematically this means that the system of
equations is singular because it is linearly dependent) or a different projection re-
sult is obtained. This result is caused by measurement noise, which is inconsistent.

The duality (.) between the matrix formalism and the backprojection can
help to obtain an iteration equation. The basic operation, therefore, is the inner
product between a certain row, i, of the system matrix A, thus

ai = (ai  , ai , . . . , aiN), (.)

and the solution vector, thus the image

f = ( f , . . . , fN)T , (.)

that is

pi = N�
j = 

ai j f j , (.)

as this is just the Radon transform, i.e., a projection value in the Radon space. The
iteration equation then, is given by

f(n) = f(n−) − �ai f(n−) − pi�
ai (ai)T (ai)T (.)

(Kak and Slaney ).
This result can be obtained by simple linear algebra. Within the iteration step

f(n−) � f(n), one has to search the intersection point, f(n), of the straight projec-
tion line

ai  f + ai f = pi (.)

and the perpendicular straight dashed line drawn in Fig. .. Since the projection
line (.) is given in Hessian’s normal form, one initially brings it to the slope-
intercept form, i.e.,

f = − ai 

ai
f + pi

ai
. (.)

(.) yields (ai�ai ) as the slope of the perpendicular line. Together with the old
image point, f(n−), one obtains

f − f (n−)

f − f (n−)

= ai

ai 
(.)
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as the desired dashed perpendicular projection line in the point-slope form. Con-
verting both equations to the same form leads to the following system of equa-
tions:

ai  f + ai f = pi

−ai f + ai  f = −ai f
(n−)
 + ai  f

(n−)
 . (.)

For both new pixels ( f , f)T, which are the components of vector f(n), it is conse-
quently true that

f(ai  + ai) = ai pi − ai ai f
(n−)
 + ai f

(n−)


f(ai  + ai) = aipi − ai ai f
(n−)
 + ai  f

(n−)
 (.)

or further in vector form

� f

f

!# = 
ai  + ai

� ai pi − ai ai f
(n−)
 + ai f

(n−)


aipi − ai ai f
(n−)
 + ai  f

(n−)


!# . (.)

Adding a zero to both components, i.e.,

� f

f

!# = 
ai  + ai

� ai pi − ai ai f
(n−)
 + ai f

(n−)
 + ai  f

(n−)
 − ai  f

(n−)


aipi − ai ai f
(n−)
 + ai  f

(n−)
 + ai f

(n−)
 − ai f

(n−)


!# ,

(.)

one can see that

� f

f

!# = f(n−) + 
ai  + ai

� ai pi − ai ai f
(n−)
 − ai  f

(n−)


aipi − ai ai f
(n−)
 − ai f

(n−)


!# . (.)

Using the notation for inner products here, one obtains


 f
f
� = f(n−) + 

ai(ai)T (pi − ai f(n−))
 ai 

ai
� (.)

and finally


 f
f
� = f(n−) − aif(n−) − pi

ai(ai)T 
 ai 

ai
� . (.)
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This is the iteration given in (.) since f(n) = ( f , f)T. The key idea of ART can
also be expressed in the following way: For projection i, the equation is fulfilled in
the nth iteration (Toft ). That means

aif(n) = aif(n−) − aif(n−) − pi

ai(ai)T ai(ai)T = pi . (.)

Compared with filtered backprojection, the calculation expense of the iteration is
amajor disadvantage.Therefore, one’s interest is to accelerate the convergence of the
iteration equation. To do so, a heuristic relaxation parameter, λ, may be introduced
into the iteration (.) to speed up the convergence so that the iteration equation
reads

f(n) = f(n−) − λn
�f(n−)ai − pi�

ai (ai)T (ai)T . (.)

The optimal value, λ, thereby depends on the iteration step n, the sinogram values,
and the sampling parameters. However, it has been proven experimentally that
a small shift away from the value λn =  can, indeed, increase the convergence speed
(Herman ).

Looking at Fig. ., the question arises as towhy f() is projected onto beam i = 
rather than onto i = . The chosen projection beam is, in fact, selected randomly
and it is a popular strategy to implement the index as an equally distributed random
variable.

As in �Chap. , the ART mode of operation shall be clarified by a specific ex-
ample. Therefore, the example from Fig. . shall be consulted again. In summary,
the following reconstruction procedure, which can be divided into four steps, is
available as presented in Scheme ..

Scheme . Algebraic reconstruction technique (ART)

. Determination of an initial image:

f = (, , , ) .
. Calculation of forward projections based on the nth estimation

p(n) = Af(n) .

. Correction of the estimation (projection index i being distributed randomly)

f(n) = f(n−) − "aif(n−) − pi#
ai (ai)T (ai)T .

. Iteration from step  when themethod yields a change in consecutive image values
larger than a fixed threshold. Otherwise: End of iteration.
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For the first iteration, the result shall be written down explicitly here. In detail,
and for the example from Fig. ., this means that one first has to appoint the start
image, f = (, , , )T, before calculating the forward projections (being i = 

Fig. ..Thefirst three algebraic reconstruction technique (ART) iterations of the exemplary
 	  pixel image of Fig. . using f() = (, , , )T as an initial image. The correct image
values are f = (, , , )T
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here). Comparison with the measured projection yields the correction term and
the first approximation

f() = ���� 
.

.


!"""# =
���� 





!"""# +


�     ����� 





!"""#

����  − �     ����� 





!"""#
!"""#
���� 





!"""# . (.)

For instance in MatlabTM, the core content of the iteration can actually be pro-
grammed in only one line:

f = f − ((a(i, Y)> f − p(i))�(a(i, Y)>a(i, Y)′)>a(i, Y)′) . (.)

Figure . illustrates the interaction scheme for the first three iterations using the
exemplary  �  pixel image of Fig. .. In the middle row, the second correction
step (n = ), i.e., the result of (.), is shown. The second forward projection,
p() = (., , , ., ., .), has to be compared with the actual measured pro-
jections, p = (, , , , , ), in order to determine the next correction terms that
will further refine the image. That way the differences between the forward pro-
jections and the measured projections decrease in each iteration. In the last row of
Fig. ., it can be seen that the correction terms have decreased significantly after
only three iterations.

Fig. ..Algebraic reconstruction technique convergence for the example from Fig. ..The
pixel values are plotted versus the iteration steps from n =  to n = 
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Fig. .. Search for the pseudo solution,$f = A+p, which represents a solution of the over-
determined system of equations in the least squares sense

Figure . shows the convergence behavior in the pixel values of the image.The
image values, f(n) = ( f (n) , f (n) , f (n) , f (n) ), are plotted versus the iteration step, n.
One can see that all image values converge very well. However, it should be men-
tioned that ART is noise-sensitive. The more the data are covered with noise, the
worse the convergence behavior becomes (Dove ).

It is, incidentally, easy to understand that the system of equations (.) has
exactly one solution: The intersection point of both straight projection lines. How-
ever, if only one more projection from another direction is added, usually it means
that a clear intersection point cannot be found for real data as they are typically af-
flicted with noise and artifacts. Figure . illustrates such a situation. In this case,
and according to (.) to (.), a pseudo solution,Xf , in this over-determined sys-
tem of equations must be found.

6.4
Pixel Basis Functions and Calculation of the SystemMatrix

Now that the principle of the ART has become clear, the next question has to be an-
swered: Where can the system matrix, A, be obtained? In nuclear diagnostic imag-
ing, theA entries are weights that are defined by (.) and that reflect the actual con-
tribution of every pixel to the activity. However, before the contribution of a pixel
can be determined, the definition of a pixel that has been given in the introduction
of this chapter should be briefly discussed again here.
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6.4.1
Discretization of the Image: Pixels and Blobs

The discretization of an image can be described by a (linear) series expansion ap-
proach in which a continuous image is approximated with a linear combination of
a finite number of basis functions. If f (x , y) = f (r) is the actual continuous spa-
tial distribution of the attenuation coefficients, then the idea is to approximate the
image f (r) with coefficients

f = ( f , . . . , fN)T , (.)

in the sense that

f(r) �Zf(r) = N�
j = 

f jϕ j �r − r j� , (.)

where N is the number of basis functions, ϕj(r), and attenuation coefficients, f j,
with j = �, . . . ,N� respectively. The vector r − r j is pointing from the center, r j ,
of basis function, j, to the current position, r. If the same basis function is used
for every coefficient, the index, j, can be omitted. In imaging systems, the basis
functions are usually aligned on a rectangular grid; however, hexagonal or other
patterns are possible as well.

There are at least two factors that affect the quality of the image approxima-
tion. The first one is the number of basis functions that are used to represent an
image. A high number of coefficients results in a better approximation than a low
number of basis functions. In practice, however, the number of coefficients is of-
ten limited and chosen according to the resolution of the data. Additionally, the
number of image coefficients also depends on the type of the chosen basis func-
tion. For example, for SPECT and PET applications it has been shown in (Yendiki
and Fessler ) that blob-based reconstructions need fewer image coefficients for
equal image quality than voxel-based reconstructions.

The second aspect, which affects the image approximation, is the type of the
basis function, ϕj(r). In general, basis functions can be categorized by the size of
their spatial support, i.e., the size of the region of non-zero function values. While
voxels, blobs, B-splines, and overlapping spheres have only small or local support,
Fourier series are non-local or global basis functions.

In order to obtain reproducible results, it is necessary for the reconstructed
image to be essentially independent of the orientation of the underlying grid.There-
fore, basis functions that lead to shift and rotational invariance of the reconstruction
should be preferred. Further, for X-ray CT, and some other imaging modalities, it is
reasonable to constrain the image to non-negative values. Generally, it is sufficient
that if all image coefficients are positive, then the resulting function will be positive
as well.

The most common basis functions in digital imaging are pixels and voxels for
two- and three-dimensional cases respectively. Both are based on rectangular func-
tions. An exemplary alternative representation, called the blob, is given by a local
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basis function derived from a Kaiser–Bessel window introduced into the field of
tomography by Lewitt (, ). A blob is defined as

ϕjm ,a ,α �\r − r j\� = ϕjm ,a ,α(r) =
-..../....0
G
 − (r�a)m Jm *G − (r�a),

Jm(α) for  � r � a

 otherwise
,

(.)

Fig. .. Basis functions of the image: a pixels, b blobs, and c profile of the two different
basis functions. The parameters for the blob shown here are a = , α = ., and m = 
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where Jm is the modified Bessel function (Watson ) of order m; a is the radius
of the basis function and α determines the shape of the blob. In contrast to pixels
or voxels, blobs are rotationally (D) or spherically (D) symmetric basis functions.
A two-dimensional comparison of pixels and blobs is shown in Fig. ., together
with the function profiles through their centers.

Aligned on a simple quadratic grid, adjacent blobs must overlap in order to
cover the entire image. However, due to their overlap, a reconstruction based on
blobs is inherently smoother than a reconstruction using pixels or voxels. Hence,
the change over frompixels to blobs adds a global smoothness to the reconstruction,
without changing the underlying reconstruction algorithm.

6.4.2
Approximation of the SystemMatrix in the Case of Pixels

In Fig. . the nearest neighbors method for the determination of the weights, ai j ,
is presented for pixels schematically. The center of each pixel,

f j = fkN+l , (.)

in the (N = n) image shall have a quadratic neighborhood of the size b.The index
of the single projections runs from i = �, . . . ,M�, whereas M = NpD stands for the

Fig. .. Determination of the weights, ai , j, with the nearest neighbors method. Here, the
projection line is once again assumed to be a δ-line. However, this principle can be trans-
ferred easily to a line of the finite thickness, Δξ. In contrast to Fig. . a finer grid is deter-
mined here
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total number of projections of the array detectors, d = �, . . . ,D�, and all projection
directions r = �, . . . ,Np�, which means that

pi = prD+d (.)

holds true. The distance between the beam, ξ′, and the pixel center can be deter-
mined by

ξ′ = ξd − (xk cos(γr) + yl sin(γr)) . (.)

Now, the following rule results for the element ai j : If

�ξ′ cos(γr)� < b

and �ξ′ sin(γr)� < b


(.)

then

ai j = arD+d ,kN+l = b . (.)

Of course, higher order strategies are possible too. For instance, one may take the
beam length through pixel (xk , yl ) (Toft ).

6.4.3
Approximation of the SystemMatrix in the Case of Blobs

The basis of tomographic imaging is the projection integral

pi = ∫
Li

f (r)dη (.)

where Li is a line segment between the source and detector pixel, i. The integral
represents the accumulated attenuation along a single beam if the width of the beam
is infinitely small. Substituting the definition of f (r) from (.) into (.) leads
to

pi = ∫
Li

N�
j = 

f jϕ j(r − r j)dη . (.)

Reordering integration and summation leads to

pi = N�
j = 

-.../...0 ∫
Li

ϕ j(r − r j)dηB...C...D f j

= N�
j = 

ai j f j

(.)

where

ai j = ∫
Li

ϕ j(r − r j)dη (.)
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describes the contribution of the jth basis function to the ith beam. If pixels are
used, then ai j is equal to the length of the intersection between beam i and pixel j as
indicated in the subsection above. The coefficients ai j are not necessarily restricted
to simple line integrals. It is also possible to formulate more realistic system mod-
els, which include, for instance, scatter and complex sampling trajectories. Further-
more, it has been discussed in (Müller ) that a finite beam width of the X-ray
can easily be incorporated into the model as well.

6.5
Maximum LikelihoodMethod

In the previous iterative reconstruction methods, one always started with projec-
tions that could be modeled as line integrals. The maximum likelihood method
gives an alternative description. It is a statistical estimation method in which the
image obtained is one that matches the measured projection values best, taking into
account the measurement statistics of the real values. For a brief overview of the
measurement statistics in X-ray systems, � Sect. . should be consulted.

Formulated more precisely, the measuring proceduremust be modeled as a sto-
chastic process whose parameters, f�, have to be estimated through a given ran-
dom sample, p (these are the projection values). In the following subsections it
shall be distinguished whether the image reconstruction takes place for nuclear
diagnostics (where f� is the expectation value for the activity of the radioactive
tracer) or for CT (where f� is the expectation value for the attenuation of the X-ray
quanta).

This is a completely different approach to image reconstruction than the direct
methods described above. It is typically used in situations where the number of
quanta on the detectors is quite small and the sinogram therefore contains a lot
of noise. In these cases, noise can dominate the reconstructed image if the direct
methods for image reconstruction are used. Furthermore, the statistical method
may be used even in situations where projections are either missing or inconsistent.
These are cases in which the filtered backprojection typically fails (Dempster ;
Bouman and Sauer ).

As mentioned above, today, statistical methods are used in nuclear diagnostic
imaging since PET and SPECT suffer from much worse statistics than does CT. As
the filtered backprojection is faster than the iterative statistical methods and as the
number of quanta is usually high in CT, there is no commercial push to transfer
the iterative methods to the CT scanners of the current generation. However, this
method must be presented here because, as with the continuously improving per-
formance of computers, the iterative methods will, in the near future, also need
a computing time that will be attractive for practical use. Additionally, statistical
methods might possibly result in practical approaches that decrease the dose for
CT. Low-dose imaging suffers from poor quantum statistics, such that statistical
image reconstruction methods are appropriate.
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6.5.1
Maximum Likelihood Method for Emission Tomography

The method presented by Shepp und Vardi () is based on the assumption that
the gamma quanta reaching the individual detector elements obey Poisson statis-
tics. This is a direct consequence of the statistical properties of the radioactive de-
cay and it can be motivated according to the processes explained in � Sect. ..
The number of decays per time unit in the object pixel, f j, represents a Poisson-
distributed random variable with the expectation value f �j .

Thus, the probability of measuring a certain number, N j = f j, of decays from
a pixel with an expected activity of f �j can be modeled through

P(N j = f j) = * f �j , f j

f j!
e− f �j . (.)

Every linear combination

N�
j = 

ai j f j = pi (.)

of the N pixels with the expectation value

N�
j = 

ai j f �j = p�i , (.)

is again Poisson-distributed and statistically independent, whereas the pixels are the
statistically independent activities, f j , so that for the M projection valuesMi = pi
of (.), the Poisson distribution

P(Mi = pi) = (p�i )pi

pi !
e−p�i (.)

holds true. One obtains the joint probability of all statistically independent projec-
tion values, that is, the probability of observing projection p at the given expectation
value p�, through multiplication of the single probabilities, so that

P(p�p�) = M1
i = 

(p�i )pi

pi !
e−p�i (.)

holds true. By applying (.), one obtains

P(p�p�) = M1
i = 


 N7
j = 

ai j f �j �pi

pi !
e
− N
�
j= 

ai j f �j = P(p�f�) . (.)
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It does not make sense to understand (.) as a function of the fixed projection
measurement, p. Rather, (.) is given as a function of the variable parameter f�,
i.e., the expectation value of the spatial activity distribution

L(f�) = M1
i = 


 N7
j = 

ai j f �j �pi

pi !
e
− N
�
j= 

ai j f �j
. (.)

(.) is the likelihood function. The key idea of the maximum likelihood method
is to vary the expectation values of all activities, f �j , with j = �, . . . ,N� in order to
find themaximumof the likelihood functional, L.The distribution f� , for which L is
maximal, is called themaximum likelihood solution of the statistical reconstruction
problem and reflects the most probable solution.

Through the logarithm of L, (.) simplifies to

l(f�) = ln (L(f�)) = M�
i = 

� pi ln
� N�

j = 
ai j f �j

!# − ln(pi !) − N�
j = 

ai j f �j
!# . (.)

l(f�) is called the log likelihood function. Taking the logarithm is possible since
the logarithm is a strictly monotonous function and, therefore, the location of the
maximum will not change. Thus, the optimization can formally be expressed by

f�max = max
f��Ω

�l(f�)� , (.)

where Ω is set of possible solutions. A necessary condition for the maximum of
l(f�) is the vanishing of the first derivation

∂l(f�)
∂ f �r

= M�
i = 

����� pi

∂
ln
 N7
j = 

ai j f �j ��
∂ f �r

− air

!""""#
= M�

i = 

����� 
pi air

N7
j = 

ai j f �j

− air

!""""# =
M�
i = 

pi air
N7
j = 

ai j f �j

− M�
i = 

air .

(.)

That means that, overall, the expression

∂l(f�)
∂ f �r

= M�
i = 

pi air
N7

j = 
ai j f �j

− M�
i = 

air =  (.)

has to result in zero.
However, a sufficient condition for a global maximum is the concavity of the

function that is to be maximized. This condition is usually verified with the second
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derivative, which means application of the Hessian matrix with respect to the f �j
with j = �, . . . ,N�,

∂ l(f�)
∂ f �r ∂ f �s

= M�
i = 

������� 
pi air

∂
� 
 N7

j = 
ai j f �j �−!#
∂ f �s

!""""""#
= M�

i = 

������ 
−pi air


 N7
j = 

ai j f �j � ais

!"""""#
= − M�

i = 

pi air ais


 N7
j = 

ai j f �j � .

(.)

The symmetric Hessian matrix is negative semi-definite, i.e., l(f�) is concave and
the optimal value obtained is a global maximum. As a consequence, the commonly
referred to Kuhn–Tucker conditions for each j are fulfilled too (Shepp and Yardi
), i.e., it holds true that

f �j
∂l(f�)
∂ f �j

HHHHHHHHHHHf�max

=  for all j with f �j �  (.)

and
∂l(f�)
∂ f �j

HHHHHHHHHHHf�max

�  for all j with f �j =  . (.)

The first Kuhn–Tucker condition assures that the activity values f �j with j =�, . . . ,N� cannot become negative and, at the same time, it leads to an iteration
scheme that will be derived in the following.

If (.) is applied to (.), one obtains

f �r
∂l(f�)
∂ f �r

= f �r

����� 
M�
i = 

pi air
N7
j = 

ai j f �j

− M�
i = 

air

!""""# =  , (.)

thus

f �r
M�
i = 

pi air
N7
j = 

ai j f �j

− f �r
M�
i = 

air =  , (.)

and, therefore,

f �r = f �r
M7
i = 

air

M�
i = 

pi air
N7
j = 

ai j f �j

. (.)
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Obviously, the intersection point between a straight line of slope one and the func-
tional on the right side of (.) must be found. The intersection point is obtained
by the fixpoint iteration,

f �(n+)r = f �(n)r
M7
i = 

air

M�
i = 

pi air
N7

j = 
ai j f

�(n)
j

(.)

which, at the same time, represents the iteration rule for the image reconstruction.
(.) is called the Expectation Maximation (EM) algorithm. The idea is to assume
f �(n+)r as the refined value for the activity at pixel r for every step n � n + . In
a forward projection

p�(n)i = N�
j = 

ai j f
�(n)
j , (.)

the expected projection values on the detector elements resulting from this are then
calculated in the denominator of (.). These estimates are compared with the
actual measured projection values, pi . The resultant multiplicative correction fac-
tor


M7
i = 

air

M�
i = 

pi air
N7
j = 

ai j f
�(n)
j

(.)

for activity values f �(n)r in all pixels, leads to a new and improved image, f �(n+)r ,
with r = �, . . . ,N�. The log likelihood function (.) increases with each step
n � n +  and a maximum is found within a given uncertainty, if the iterative re-
finement step � f �(n+)r − f �(n)r � falls below a given threshold.

For initialization of the iteration, the average projection sum

f �()j = 
M

M�
i = 

pi , for all j = �, . . . ,N� (.)

turns out to be convenient. Figure . demonstrates the convergence for the ex-
ample from Fig. .. (.) represents a simple gradient method (Lange et al. ).
This can be seen when adding a zero to the right side of (.), thus

f �(n+)r = f �(n)r + f �(n)r
M7
i = 

air

-....../......0
M�
i = 

pi air
N7

j = 
ai j f

�(n)
j

− M�
i = 

air

B......C......D
, (.)
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Fig. .. Convergence of the maximum likelihood method for the example from Fig. ..
The single pixel values are shown in the iteration steps n =  to n = 

in which the term in brackets is just equal to (.), meaning that

f �(n+)r = f �(n)r + f �(n)r
M7
i = 

air

& ∂l(f�)
∂ f �r

' , (.)

or in vector notation

f�(n+) = f�(n) +D �f�(n)� grad (l(f�)) . (.)

Therefore,

D(f�(n)) = diag

����� 
f �(n)r
M7
i = 

air

!""""# (.)

is a diagonal matrix.
Contrary to iteration (.), no negative pixel values occur during iterationhere.

Scheme . once again summarizes the individual steps that are to be implemented
for realization. This overview clarifies that the cost is definitely higher than that of
filtered backprojection.

The most important properties of the maximum likelihood method resulting
from the iteration formula (.) are:

 The grad operator is defined as a column vector here.



6.5 Maximum Likelihood Method 

Scheme . Maximum likelihood method in nuclear diagnostics

. Determination of a start image that is an initial estimation:

f �()j = 
M

M�
i = 

pi , for all j = �, . . . ,N� .

. Determination of a normalization:

sr = M�
i = 

air .

. Calculation of forward projections based on the (n − )th estimation:

p′ = Af(n−) .

. Calculation of the relative difference between the measured projection, pi , and the
forward projection based on the (n − )th estimation:

preli = pi

p′i
.

. Backprojection of the relative difference of the projections into the image space:

fback = ATprel .

. For every pixel, the current estimation (n−) ismultiplied with the backprojection
of the relative difference and weighted with the normalization from step :

f (n)r = f (n−)r f backr

sr
.

. Go on with step  as long as the method comes up with differences larger than
a chosen threshold in further iterations. Otherwise: End of iteration.

• Positivity, i.e., it holds true that

f �(n)j :  (.)

for all pixels j and all iteration steps n, if f �()j : .• The algorithm is scaling, i.e.,
M�

i = 
ai j f

�(n)
j = N�

j = 

 f �(n)j

M�
i = 

ai j� = M�
i = 

p�(n)i (.)

holds true for all iteration steps n � .• Monotonous maximization of L(f�), i.e.,

L(f�(n+)) : L(f�(n)) (.)

whereas the identity is only true for L(f�(n)) = max
f� �Ω

�L(f�)�.
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6.5.2
Maximum Likelihood Method for Transmission CT

In transmission CT, the projection sum (.) cannot be measured directly because
one does not deal with gamma quanta originating inside the body. The raw data,
rather, are the X-ray quanta that are generated in the X-ray tube outside the body,
attenuated exponentially when passing through the body. As shown in � Sect. ..,
the number of quanta generated in the X-ray tube is a Poisson-distributed random
variable. Discussing the absorption or the scattering processes of X-ray quanta in
a pixel, j, as random events, the number of quanta reaching the detector after pass-
ing through the pixel per time unit obeys Poisson statistics as well.

The probability of an absorption and scattering process is proportional to the
attenuation coefficient, f j, whichmeans that the attenuation of the intensity caused
by pixel j – provided there is a constant X-ray path length – is given by

ΔI
I
	 − f j . (.)

As in the previous section, it is again the absolute number of quanta measured by
the detector that shows a Poisson distribution.

Based on the Beer–Lambert law of attenuation and the fact that the number of
X-ray quanta is proportional to the radiation intensity, one can write

Ii 	 n�i = n e
− N
�
j= 

ai j f �j
. (.)

The number of quanta, n, generated by the X-ray tube is constant and can be as-
sumed to be known through calibration. f �j are the expectation values of the at-
tenuation coefficients. In contrast to the section above, one has to formulate the
maximum likelihood problem that is to be solved for transmission CT or, more
specifically, for the number of X-ray quanta in detector i, i.e., n�i , and not directly
for the image value, f �j . The probability of measuring a certain number, ni , at an
expected value for the quanta number, n�i , can be modeled as

P(ni) = (n�i )ni

ni !
e−n

�
i (.)

where all ni are again considered to be statistically independent.
One obtains the joint probability of all measured, statistically independent

numbers for X-ray quanta, i.e., the probability of observing the set of numbers, n, at

 In 
 Sect. .. it has been shown that cascaded Poisson processes again obey a Poisson
distribution.
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the given expectation value, n�, through multiplication of the single probabilities,
so that

P(n�n�) = M1
i = 

(n�i )ni

ni !
e−n

�
i (.)

holds true. By applying (.), one obtains

P(n�n�) = M1
i = 

�� n e
− N
�
j= 

ai j f �j !"#
ni

ni !
e−n e

− N�
j= 

ai j f
�
j = P(n�f�) . (.)

Since the number of measured X-ray quanta, n, is not a variable, (.) should in-
stead be understood as a function of the variable distribution of the expectation
values of attenuation coefficients, f�, i.e.,

L(f�) = M1
i = 

�� n e
− N
�
j= 

ai j f �j !"#
ni

ni !
e−n e

− N�
j = 

ai j f
�
j

. (.)

(.) is the likelihood function for transmission CT (Andia ). Here, analo-
gous to the previous section, the key idea of the maximum likelihood method is the
variation of the expectation values of attenuation coefficients to find the optimal
likelihood functional, L. Again, the distribution f�, for which L is a maximum, is
called the maximum likelihood solution of the statistical reconstruction problem
and reflects the most probable solution.

The logarithm of L simplifies (.) to

l(f�) = ln (L(f�))
= M�

i = 

�� ln
�� n e

− N
�
j= 

ai j f �j !"#
ni − ln(ni !) − n e

− N
�
j = 

ai j f �j !"#
= M�

i = 

�� ni ln(n) − ni

N�
j = 

ai j f �j − ln(ni !) − n e
− N
�
j = 

ai j f �j !"# .

(.)
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l(f�) is the log likelihood function of transmission CT. Formally, onemay write the
optimization as

f�max = max
f� �Ω

�l(f�)� , (.)

where Ω denotes the set of possible solutions. A necessary condition for the max-
imum of l(f�) is the vanishing of the first derivation

∂l(f�)
∂ f �r

= M�
i = 

��������� 
∂
�� ni ln(n) − ni

N7
j = 

ai j f �j − ln(ni !) − n e
− N
�
j = 

ai j f �j !"#
∂ f �r

!""""""""#

= M�
i = 

��������� 
−∂
ni

N7
j = 

ai j f �j �
∂ f �r

− ∂
�� n e

− N
�
j = 

ai j f �j !"#
∂ f �r

!""""""""#
= M�

i = 

�� −ni air + nair e
− N
�
j = 

ai j f �j !"# = n

M�
i = 

air e
− N
�
j= 

ai j f �j − M�
i = 

ni air .

(.)

This means that the expression

∂l(f�)
∂ f �r

= n

M�
i = 

air e
− N
�
j = 

ai j f �j − M�
i = 

ni air (.)

has to become zero again.
However, the sufficient condition for a globalmaximumof l(f�) is the concavity

of the function that is to be maximized. This condition is usually verified with the
second derivative. That means in the case of f �j with j = �, . . . ,N�, the application
of the Hessian matrix is

∂ l(f�)
∂ f �r ∂ f �s

= M�
i = 

��������� 
∂
�� nair e

− N
�
j = 

ai j f �j − ni air

!"#
∂ f �s

!""""""""#
= M�

i = 

�� nair e
− N
�
j= 

ai j f �j (−ais)!"# = −n

M�
i = 

�� ais air e
− N
�
j= 

ai j f �j !"# .

(.)
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Here, too, the symmetric Hessian matrix is negative semi-definite, i.e., l(f�) is con-
cave and the optimal value obtained is a global maximum. As a consequence, the
Kuhn–Tucker conditions for each j are fulfilled, too, which again leads to an itera-
tion scheme. When applying (.) to (.), one obtains

f �r
∂l(f�)
∂ f �r

= f �r
�� n

M�
i = 

air e
− N
�
j= 

ai j f �j − M�
i = 

ni air

!"# =  (.)

thus

f �r n

M�
i = 

air e
− N
�
j= 

ai j f �j − f �r
M�

i = 
ni air =  (.)

and finally

f �r = f �r n
M7
i = 

ni air

M�
i = 

air e
− N
�
j= 

ai j f �j
. (.)

Obviously, the intersection point between a straight line of a slope of one and the
functional on the right side of (.) must be found. The intersection point is ob-
tained by the fixpoint iteration

f �(n+)r = f �(n)r n
M7
i = 

ni air

M�
i = 

air e
− N
�
j = 

ai j f
�(n)
j

, (.)

which also represents the iteration rule for image reconstruction. Recalling that the
number, ni , of X-ray quanta measured in the detector, i, is proportional to the in-
tensity of the X-ray radiation,

ni = n e
− N
�
j = 

ai j f j
(.)

one may write (.) as

f �(n+)r = f �(n)r

M7
i = 

air e
− N
�
j = 

ai j f
�(n)
j

M7
i = 

air e−pi

. (.)

However, according to Beer–Lambert’s law, the measured projection values,

pi = N�
j = 

ai j f j , (.)
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appear as an argument of the exponential function in the denominator of (.).
In (.), f �(n+)r is the refined value for the X-ray attenuation at pixel r for every
step n � n + . From this, the number of expected X-ray quanta,

n(n)i 	 e
− N
�
j= 

ai j f
�(n)
j

, (.)

measured by the detectors can be determined. These are compared with the actual
measured X-ray quanta,

ni 	 e−pi . (.)

The ratio

M�
i=

air e
− N
�
j= 

ai j f
�(n)
j _ M�

i = 
air e−pi (.)

of (.) improves the image in every iteration. The log likelihood function (.)
increases with each step n � n +  and a maximum is found within a given uncer-
tainty if the iterative refinement step, � f �(n+)r − f �(n)r �, falls below a given thresh-
old.

In order to write (.) in the form

f�(n+) = f�(n) +D(f�(n))grad (l(f�)) (.)

just as in the previous section, the diagonal matrix (.) of the emission tomog-
raphy has to be replaced by the appropriate expression for transmission CT:

D(f�(n)) = diag

����� 
f �(n)r

M7
i = 

air e−pi

!""""# . (.)

As shown by (Lange and Fessler ), (.) can be written as

f �(n+)r = f �(n)r + f �(n)r
M7
i = 

air e−pi

& ∂l(f�)
∂ f �r

'
= f �(n)r + f �(n)r

M7
i = 

air e−pi

-.../...0
M�
i = 

air e
− N
�
j= 

ai j f
�(n)
j − M�

i = 
air e−pi

B...C...D .

(.)

Unfortunately, the simple fixpoint iteration (.) is often numerically unstable.
Therefore,methods for regularization of the inverse problem have to be used.These
methods shall be presented briefly in the next section.
 The grad operator is defined as a column vector here.
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6.5.3
Regularization of the Inverse Problem

The maximum likelihood approach (.) in imaging is a very high dimensional
inverse problem and is often revealed to be unstable, i.e., it may produce oscilla-
tions that complicate the search for optimal parameters, f�. The typical counter-
measure to this problem is the introduction of a regularization term to the log like-
lihood function. This penalty term controls the compromise between spatial res-
olution and noise in the image. It should be noted here that this compromise has
to be found for the method of the filtered backprojection as well: In filtered back-
projection one has to find an appropriate deviation from the linear weighting of
the spectrum of the projection integral in order to attenuate high frequencies. This
regularization definitely reduces noise in the image; however, at the same time this
is also true for the spatial resolution. This is a typical trade-off in ill-posed prob-
lems.

In terms of linear algebra, regularization improves the conditioning of the in-
verse problem, which potentially leads to faster convergence of the algorithm. Fur-
thermore, it is possible to integrate a priori known, desired properties of the image
into the regularization strategy.

The estimation of the image for the regularized problem is formally given as an
additive extension of (.), i.e.,

f�max = max
f� �Ω

�ln(L(f�)) + ln(R(f�))� , (.)

where R represents the regularization functional and Ω denotes the set of possible
solutions, which is, compared with (.), limited by the penalty term, R. Severe
complications of this method are that one has to find an appropriate regularization
functional, R, and a parameter that controls the strength of the penalty.

Bayes’ view, which understands the regularization as an a priori model, shall
briefly be described here. A typical Bayesian estimation method is the maximum
a posteriori (MAP) method. For this method, two statistical models are required.
One model describes the physical process of emission of gamma quanta (for emis-
sion CT), which means

pi obeys Poisson
� N�

j = 
ai j f �j

!# , (.)

or the transmission of X-ray quanta (in transmission CT), which means

ni obeys Poisson
�� n e

− N
�
j= 

ai j f �j !"# . (.)

This first model is the original maximum likelihood term.
Theothermodel, namely the a priorimodel, is the probability distribution of the

original image.The reconstruction quality of the MAPmethod depends sensitively
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on the choice of an appropriate second model. The choice of the a priori model
seems to be a big challenge, since detailed knowledge about the image that is to
be reconstructed is required and has to be formulated mathematically as the func-
tional R(f�), called the prior, in (.). Fortunately, it can be shown (Green )
that knowledge is neither necessary on a large scale nor does one need complex
knowledge about the image involved to obtain sufficient regularization. In order to
suppress noise in the reconstructed image, it is reasonable to require that gray values
of spatially neighboring pixels do not differ substantially in their mean.The a priori
knowledge is hence limited to the direct neighborhood and can be formulated in
a simple mathematical form.

In practice the image is very often modeled as a Markoff random field (MRF).
For such stochastic processes, the conditional distribution, P( fn � f , . . . , fn−), only
depends on the gray values of direct neighboring pixels. Therefore, an important
expression is the Gibbs distribution

R(f�) = 
Z
e
−λq �

c � C
Vc(f�)

, (.)

because a random field is a Markoff random field if, and only if, the probability dis-
tribution obeys function (.). Z is a normalizing constant , Vc(f�) is a potential
function of a local group of pixels, c is commonly called a clique, and C denotes the
set of all cliques (Lehmann et al. ). Examples of the possible cliques of a - and
-neighborhood in a two-dimensional image are given in Fig. ..

The parameter λq represents the regularization parameter (the control fac-
tor for the influence of regularization) where  � q � . In Andia () several
potential functions are given. A very simple function for q =  is the potential

Fig. ..The cliques of a - and -neighborhood for the definition of Gibbs potential

 In so far as the Markoff process is the stochastic equivalent to the differential equation
(Lehmann et al. ).

 In physics Z is called the partition function.
 In physics λ−q represents the temperature.
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that penalizes the squares of the difference of neighboring pixels d = ( fi − f j),
thus

Vck(d) = d . (.)

This potential, the commonly referred to Gaussian MRF, suppresses the noise, but
also penalizes edges in the image. In order to be able to control the strength of the
regularization, one defines

R(f�) = 
Z
e
−λq �

� j ,k	 � C
w j ,k � f j− fk �q

(.)

as the Gibbs distribution of the generalized Gaussian MRF (GGMRF; Bouman and
Sauer ). Here, wj,k is a weighting that assesses the respective neighborhood
of the clique (e.g., wj,k =  for orthogonal neighbors and wj,k = −� for diag-
onal neighbors [Green ]). Additionally, smaller values of the exponent, q, of
the potential function of (.) allow sharper edges within the image reconstruc-
tion.

Of course one can also find edge preserving regularizations by an appropriate
choice of the potential function. The regularized log likelihood function for trans-
mission CT that results from (.) reads

Xl(f�) = M�
i = 

�� −ni

N�
j = 

ai j f �j − n e
− N
�
j= 

ai j f �j !"# + lnR(f�) , (.)

whereas the partition function, Z, which depends on the regularization parameter,
λq , does not have to be considered for optimization (Hebert and Leahy ). An
iterative fixpoint solution can be found for (.) as well. Using the recipe of the
section above, starting with (.), one obtains

∂Xl(f�)
∂ f �r

= M�
i = 

��������� 
−∂
 N7

j = 
ai j f �j �

∂ f �r
− ∂

�� n e
− N
�
j= 

ai j f �j !"#
∂ f �r

!""""""""#
+ ∂ lnR(f�)

∂ f �r

= n

M�
i = 

air e
− N
�
j= 

ai j f �j − M�
i = 

air − ∂
λq 7
� j,k� �C

wj,k S f j − fk Sq�
∂ f �r

,

(.)

and finally

f �(n+)r = f �(n)r

M7
i = 

air e
− N
�
j = 

ai j f
�(n)
j

M7
i = 

air e−pi + λqq 7
c i �C

wk j @ fk − f �j @q− sign * fk − f �j , , (.)

for the special GGMRF approach of (.).
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6.5.4
Approximation ThroughWeighted Least Squares

Another method of stabilizing the optimization is to incorporate the reliability of
the measured values. This is possible with the method of weighted least squares for
which the functional

f�min = min
f �Ω

M 

(Af� − p)TC−(Af� − p)O (.)

has to be minimized (Andia ), and where Ω denotes the set of possible so-
lutions. Contrary to (.), the inverse covariance matrix, C− , which weights the
measured values of low reliability adequately, is incorporated here.

The functional (.) that has to be optimized results from a Taylor expansion
of the log maximum likelihood functional

l(f�) = M�
i = 

�� ni ln(n) − ni

N�
j = 

ai j f �j − ln(ni !) − n e
− N
�
j= 

ai j f �j !"#
= M�

i = 
*ni ln(n) − ni p�i − ln(ni !) − n e−p�i , , (.)

in which the expressions for the expected projection sums,

p�i = N�
j = 

ai j f �j , (.)

are used and the dependencies of p�i at

pi = ln�n

ni
� , (.)

are developed to the second order (Sauer and Bouman ), hence

l(f�) � M�
i = 


ni ln(n) − ni pi − ni(p�i − pi) − ln(ni !)
−n 
e−pi − e−pi(p�i − pi) + e−pi


(p�i − pi)��

= M�
i = 

�ni ln(n) − ni p�i − ln(ni !) − ni + ni(p�i − pi) − ni


(p�i − pi)�

= M�
i = 

�ni ln(n) − ln(ni !) − ni − ni pi − ni


(p�i − pi)�

= M�
i = 

�ni ln(n) − ln(ni !) − ni( + pi) − ni


(p�i − pi)�

= − 


M�
i = 

�ni(p�i − pi)� + M�
i = 

(ni ln(n) − ln(ni !) − ni( + pi)) .
(.)
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Overall, this expression can be summarized as

l(f�) � − 


M�
i = 

�� ni
� N�

j = 
ai j f �j − pi

!#
!"# +

M�
i = 

c (ni) (.)

or, equivalently, in vector and matrix form as

l(f�) � − 

(Af� − p)TC−(Af� − p) + c (n) (.)

so that the maximization of the log likelihood function (.) can be approximated
by the minimization of the weighted least squares in (.). Therefor, c(n) is inde-
pendent of f� and can be ignored in the optimization. This result holds analogously
true for the maximum likelihood approach for emission CT.

Finally, the physical meaning of the covariance matrix should be explained. In
the case of emission CT,

pi = ni (.)

is the number of quanta that is measured in the detector and

C =
������ 
n    
 n   
  . . .
  . . .
  . . nM

!"""""#
(.)

is the covariance matrix. (.) is the central statement for the Poisson distribution
of detected quanta, namely σi = `ni a.

In the case of transmission CT, it holds true that

pi = ln�n

ni
� (.)

and

C =
�������������� 


n

   



n

  

  . . .

  . . .

  . .


nM

!"""""""""""""#
. (.)

(.) implies that σi = �`nia. This means that the more quanta that are meas-
ured, the smaller the signal variance and, consequently, the stronger the data are
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weighted as reliable within the minimization (in �Chap.  this circumstance will
be discussed in detail). The reverse holds for emission CT.The approximated regu-
larized maximum likelihood approach then reads

f�min = min
f �Ω

-../..0 

(Af� − p)TC−(Af� − p) + λq �

� j,k� �C
wj,k S f j − fk SqB..C..D (.)

and can be optimized with, for example, the Newton–Raphson method (Fessler
; Bouman and Sauer ).
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7.1
Introduction

The geometrical design of a CT scanner is relatively simple. As already described
in the preliminary remarks on CT in � Sects. . to ., the development stages can
be divided into four generations. Two of these generations – the first and the third
one – are particularly interesting. The first generation – the pencil-beam concept –
exactly reflects the Radon reconstruction process, since parallel beams define the
slice plane (cf. Fig. ., middle and right side). The second generation is just a tem-
porary intermediate developmental step toward the third generation, the fan-beam
concept.The third-generation scanners (Fig. ., left side) are those most frequently
implemented to date. For this reason, the focus of this chapter will be on the recon-
struction mathematics based on fan-beam geometry.

The fourth generation is again a stage of evolutionary progress that has not yet
been frequently implemented. From a mathematical point of view, this generation
is identical to the third generation and will therefore not be considered here sepa-
rately. The fast backprojection methods will not be considered here either. A good
summary on modern reconstruction methods is given in Ingerhed ().
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Fig. ..The currently most frequently used third-generation scanner (left) compared with
the first generation (center and right)

7.2
Reconstruction with Real Signals

Thespectral weighting function, �q�, has the unit of a spatial frequency and is defined
for all frequencies, so that one has to integrate

hγ(ξ) = +�∫
−�

Pγ(q) �q� eπ iqξ dq (.)

along the whole frequency domain. As the real signal is spatially discrete and also
spatially limited due to the limited number of detectors, the spectrum of the pro-
jection is repeated periodically as a result of the sampling process. In � Sect. . it
was reported that Shannon’s sampling theorem ensures faultless sampling of a sig-
nal with a sampling frequency, Δξ = (Q)−, if the maximum available spatial fre-
quency is less thanQ. Due to this, weighting of the periodic spectrumwith the ramp
function, �q�, is only reasonable in the interval [−Q ,Q]. Let the sampled projection
signal be

pγ( jΔξ) , with j = , , . . . ,D −  . (.)

The sampling parameters Δξ (width of one single detector element) and D (number
of the detector elements) can be easily changed in CT systems of the first genera-
tion by means of tube and detector feeds. In systems of the third generation, which
have been most frequently used to date, Δξ is actually determined by the fixed de-
tector width and D by the fixed number of detector elements. In this chapter it will
be shown later on (cf. � Sect. .) that the sampling intervals can be synthetically
halved by taking structural measures, such as a quarter detector shift or flying fo-
cus concept.

In principle, the Fourier transform of the projection

Pγ(q) = DΔξ

∫


pγ(ξ)e−π iqξ dξ (.)
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must now of course only be performed over the total detector length, i.e., over the
interval [,DΔξ]. Outside the detector the projection is assumed to be zero. Pγ(q)
can now be discretized by

Pγ �k QD � = 
Q

D−�
j = 

pγ � j
Q

�e−π i( jk�D) , (.)

where

Pγ(kΔq), with k = , , . . . ,D −  (.)

and

Δq = Q
D

. (.)

For the windowed high-pass filtered projection

hγ(ξ) � +Q∫
−Q

Pγ(q)�q�eπ iqξ dq , (.)

the Fourier transform must be approximated. Obviously, only an approximation
can be calculated because, from a mathematical point of view, the Fourier trans-
form cannot be limited to [−Q ,Q] (cf. �Chap. ). This is due to the fact that the
projection signal is in any case limited in the spatial domain by the finite length of
the detector, as already described above.

However, the energy, which is physically contained in the high-frequency bands,
can be neglected for a sufficiently high value of D, i.e., a sufficiently long detector
array. Thus, a band limitation that is required to ensure a sufficient sampling pro-
cess, only destroys a small amount of information such that discretization can be
expressed as shown:

hγ � j

Q

� = hγ( jΔξ) � Q
D

D�−�
k =−D�

Pγ �k QD � ?k Q
D
? eπ i( jk�D) . (.)

This equation yields the filtered projection, hγ( jΔξ), at the sampling points, jΔξ,
of the projection, pγ(ξ), by the inverse finite and discrete Fourier transform of the
product of �k Q�D� and Pγ(k Q�D) in the frequency domain. The image to be
reconstructed finally results from the discrete approximation of the integral

f (x , y) = π

∫


hγ(ξ)dγ
� π

Np

Np�
n = 

hγn (x cos(γn) + y sin(γn)) ,
(.)
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where γn for n = , , . . ., Np are the angles of the measured projections since the
projection angles are also just available as discrete values. The standardization in
front of the sum in (.) is accomplished by the discretization of the angle element

dγ � Δγ = π
Np

. (.)

In practice, it does not seem to be useful to multiply the frequency domain for
real data with a linearly increasing function, as shown in (.), since linear spec-
tral weighting increases the noise in the high frequency band.Therefore, the recon-
structed tomogrammay finally be degraded by unacceptably noisy signals. This can
be remedied by means of suitable data windowing.

7.2.1
Frequency Domain Windowing

The Fourier transform theory lists a multitude of frequency or spectral windows.
These are superior to a sharp rectangular band limitation within the frequency
interval [−Q ,Q] by means of the linearly increasing function given in (.).

Taking into account the window function in the frequency domain leads to the
following approximation:

hγ � j

Q

� = hγ( jΔξ) � Q
D

D�−�
k=−D�

Pγ �k QD � ?k Q
D
? W �k Q

D
� eπ i( jk�D),

(.)

whereW is the corresponding window function. By the way, it makes no difference
whether the sum in (.) runs from −D� to D� −  or from  to D, since the
sampled signals are part of a periodic spectrum (cf. � Sect. .).

There are several proposals concerning the shape of the window function. From
these, a selection of eight are briefly discussed, one by one, in the following para-
graphs.

Taking into account the linear weighting of the whole spatial frequency domain,

G(q) = �q� for all q , (.)

this (theoretically) means no windowing; thus, W(q) �  for all q. Ramachandran
and Lakshminarayanan () have proposed to cut the frequency band with a rect-
angle.

The rectangle

W(q) = rect(q) , (.)

or

G(q) = �q� rect(q) (.)
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is in this case defined by a normalized interval q = [−ε, ε] with ε = ., just to give
one example.This approach is above all used to prevent weighting with �q� resulting
in an excessively high noise increase in the high bands. In principle, the rectangular
windowmust determine a unique interval for the periodic, discrete frequency band.

However, the sharp edges result in undesired sidelobes; thus, it seems to be use-
ful to flatten the edges of the window intervals. This provides a certain degree of
freedom, which is used in CT to implement a variety of windows ranging from ker-
nels that emphasize edges to ones that yield rather smooth images.

In order to prevent an excessively sharp window edge, a cosine function (co-
sine I in Fig. .) is applied at first to the rectangle, the argument of which ranges
from −π� to π�, i.e.,

W(q) = rect(q) cos(πq�) (.)

or

G(q) = �q� rect(q) cos(πq�) . (.)

Shepp and Logan () have made a similar proposal, which is most commonly
used today

W(q) = rect(q) sinc(q) (.)

or

G(q) = �q� rect(q) sinc(q) . (.)

The application of the sinc function to the rectangle proposed by Shepp and Logan
yields a slightly smoother convolution kernel than that of cosine I in (.).However,
as mentioned above, a multitude of windowing methods are described in the litera-
ture (Oppenheim and Schafer ) that are mainly aimed at making the window
edge even smoother to prevent the formation of sidelobes with high energy in the
convolution kernel. This may, for example, again be achieved by means of a cosine
window; the argument of which ranges from −π� up to π�

W(q) = rect(q) cos(πq) (.)

or

G(q) = �q� rect(q) cos(πq) . (.)

Here, attenuation in the frequency domain occurs without discontinuity such that
the ripple content of the kernel can be better suppressed than with the above-
mentioned functions. For many applications in which sharp edges in the spatial
domain are not such a decisive factor, even smoother kernels are used. In this con-
text the following window functions ofHamming,Hanning, and Blackman, respect-
ively, should be mentioned. All of these are based on the rectangle function to
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which a properly selected term is added, consisting of a section of a cosine func-
tion with appropriate frequency and weighting factor. In fact, the spectrum of the
cosine function partly compensates for the ripple content of the spectrum of the
rectangle function.

The commonly referred to Hamming window is generated symmetrically
around zero with the interval q = [−ε, ε] where ε = .

W(q) = rect(q) (. − . cos(πq)) (.)

or

G(q) = �q� rect(q) (. − . cos(πq)) . (.)

Accordingly, what is called the Hanning window is generated by

W(q) = rect(q) (. − . cos(πq)) (.)

or

G(q) = �q� rect(q) (. − . cos(πq)) , (.)

and what is known as the Blackman window by

W(q) = rect(q) (. − . cos(πq) + . cos(πq)) (.)

or

G(q) = �q� rect(q) (. − . cos(πq) + . cos(πq)) . (.)

Huesman et al. () describe further windows with considerable attenuation of
the higher frequencies, such as the Parzen window, which is listed below as a final
example.

W(q) = -..../....0
rect(q) � − �q�( − �q�)� for �q� � ε


rect(q) �( − �q�)� for

ε

< �q� � ε

(.)

or, respectively,

G(q) = -..../....0
rect(q) ��q� − �q��q�( − �q�)� for �q� � ε


rect(q) ��q�( − �q�)� for

ε

< �q� � ε .

(.)

Figure . illustrates the different window functions given in the frequency domain.
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Fig. ..Window functions used for band limitation by weighting the spectrum linearly

7.2.2
Convolution in the Spatial Domain

For many window functions, the kernels can be explicitly expressed in the spatial
domain. As already described in � Sect. ., the filtering process in the frequency
domain can equivalently be described in the spatial domain by a convolution. The
convolution for continuous signals reads

hγ(ξ) = +�∫
−�

pγ(z)g(ξ − z)dz . (.)

In � Sect. . the difficulties related to the integration of the Fourier integral with
non-square integrable functions have already been pointed out. The function

g(ξ) = lim
β� 

gβ(ξ) = lim
β� 

β − (πξ)(β + (πξ)) = − (πξ) (.)

must be considered as a distribution with a positive δ-peak at ξ = . However, this
limit consideration is not really useful in practice.

In this special case, the situation is different since in real systems band-limited
signals have to always be considered such that the linear weighting function, which
is of relevance in practice, reads

G(q) = �q� rect(q) . (.)

This weighting function has been defined above as an example on the normalized
interval q = [−ε, ε] with ε = .. The band limitation describes the regularization
of the reconstruction problem introduced in � Sect. .., by means of which the
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high frequencies are cut off.The regularization results in a sufficiently smooth filter
in the spatial domain for which a closed formula is available that can be explicitly
calculated.

The regularized, i.e., band-limited kernel in the spatial domain will only be cal-
culated in detail as an example of the windowing process for the cut-off described
by Ramachandran and Lakshminarayanan. For this purpose, the inverse Fourier
transform,

g(ξ) = +ε

∫
−ε

�q�eiπξq dq = − 

∫
−ε

qeiπξq dq + +ε

∫


qeiπξq dq , (.)

of the ramp that is windowed by a symmetrical rectangle with a length of ε is
calculated. The error, which arises from the fact that the high frequencies will be
cut off, will then be negligible, if the frequency band of Pγ(q) is actually limited
to the interval q = [−ε, ε]. This is often the case for real signals, since the
projection represents an averaging process and thus acts as a low-pass filter. On
simple radiographs, the poor image contrast is actually due to this averaging pro-
cess.

Integral (.) is carried out via integration by parts, thus

∫ qeaq dq = q
eaq

a
− ∫ eaq

a
dq

= q
eaq

a
− eaq

a
+ C = � aq − 

a
� eaq + C

(.)

so that the result for (.) is

g(ξ) = −�
πiξq − (πiξ) � eπ iξq�
−ε
+ �
πiξq − (πiξ) � eπi ξq�ε



. (.)

If the limits are substituted, the above equation reads

g(ξ) = −
 −(πiξ) � + 
−πiξε − (πiξ) � e−π iξε + 
πiξε − (πiξ) � eπ iξε − 
 −(πiξ) � .

(.)

An evaluation of the bracketed expressions yields

g(ξ) = (πiξ) − ε
πiξ

e−π iξε − (πiξ) e−π iξε + ε
πiξ

eπ iξε

− (πiξ) eπ iξε + (πiξ) .
(.)

After sorting these expressions

g(ξ) = ε
πiξ

eπ iξε − ε
πiξ

e−π iξε − 
 (πiξ) eπ iξε − (πiξ) + (πiξ) e−π iξε� ,

(.)
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the following sine or sinc expressions can be found in the above equation:

g(ξ) = ε
πξ


 eπ iξε − e−π iξε

i
� − � 

πξ
� 
 eπ iξε − e−π iξε

i
�

= ε sin(πξε)
πξε

− ε 
 sin(πξε)
πξε

�
= ε sinc(ξε) − ε sinc(ξε) .

(.)

With ε = �(Δξ) this results in
g(ξ) =  * 

Δξ, sin(π ξ
Δξ )

π ξ
Δξ

− � 
Δξ

� � sin(π
ξ

Δξ )
π ξ
Δξ

!#


(.)

and with the double angle formula for the cosine

cos(x) =  −  sin(x) , (.)

this can be changed to

sin(x) = 

( − cos(x)) , (.)

which finally gives

g(ξ) = 
 (Δξ)

��� 
sin(π ξ

Δξ )
π ξ
Δξ

+ cos *π ξ
Δξ , − 

*π ξ
Δξ,

!""# . (.)

In analogy to the previous calculation, the kernel of Shepp and Logan can be calcu-
lated by

g(ξ) = − 
πΔξ

 −  ξ
Δξ sin *π ξ

Δξ,
* ξ

Δξ, − 
(.)

(this result was given byMorneburg []). Expressions for theHanning andHam-
ming windows are listed by Huesman et al. (). As a final example, the kernel of
the Parzen window should be mentioned.

g(ξ) =
π ξ

Δξ cos *π ξ
Δξ, −  sin *π ξ

Δξ, − π ξ
Δξ cos *π ξ

Δξ ,+  sin *π ξ
Δξ, −  *π ξ

Δξ, − π ξ
Δξ

π ξ
(Δξ)

(.)

Figure . shows the corresponding band-limited filter in the frequency and spatial
domains respectively for the prominent windowing functions discussed above.
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Fig. .. Band-limited window functions of the filtered backprojection in the frequency do-
main (always left-hand side) with the corresponding Fourier transforms in the spatial do-
main, i.e., the corresponding convolution kernels (always right-hand side). The sampling
interval is set to Δξ = 
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Fig. .. Band-limited window functions of the filtered backprojection (continued)

The commonaspect of the differentwindowing functions is that even spatial fre-
quencies below the maximum interesting frequency are attenuated. For this reason,
the spatial resolution of the reconstructed image decreases. These ‘soft’ convolution
kernels are frequently used in nuclear medicine (Morneburg ).
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The filter of Ramachandran and Lakshminarayanan provides the best spatial
resolution in the reconstructed images. However, as already indicated above, noise
in the reconstructed image is considerably increased with real data, i.e., with noisy
projection signals. Furthermore, in regions with considerable contrast differences,
the sharp limitation in the frequency domain results in oscillating intensity values
in the spatial domain, which appear as artifacts in the image. With its overshoots,
this phenomenon, commonly referred to as the Gibbs phenomenon, contaminates
the point to be reconstructed with neighboring points of the reconstructed
image.

If smoother windows are applied in the frequency domain, the number of os-
cillations in the spatial domain is reduced more and more. On the other hand, the
central maximum of the convolution kernel becomes broader and smaller as the
selected window becomes softer. A comparison between the filter proposed by Ra-
machandran and Lakshminarayanan with a maximum value

g() = (Δξ) (.)

and the filter proposed by Parzen with a maximal value of

g() = .(Δξ) (.)

(cf. Huesman et al. []) illustrates the conditions (cf. Fig. .).
Artifacts in regions with a sharp contrast are prevented by using the kernels

described and, furthermore, noise is considerably suppressed. However, the spatial
resolution is impaired. Therefore, the selection of the filter is always a trade-off be-
tween resolution and noise in the reconstructed image. The selection of the filter
to be used will always depend on the clinical application. A multitude of filters, for
convenience subdivided into anatomical groups, are implemented on modern CT
scanners. These filters have to be selected by the operator.

The kernel proposed by Shepp and Logan is nowadays accepted as a standard
kernel. Regarding the main maximum, it is almost identical to the ideal filter pro-
posed by Ramachandran and Lakshminarayanan. The sinc function, which is add-
itionally applied to the rectangle, counteracts the sidelobes such that the artifacts
are significantly reduced with just a slightly reduced spatial resolution.

7.2.3
Discretization of the Kernels

The continuously defined convolution

hγ(ξ) = +�∫
−�

pγ(z)g(ξ − z)dz , (.)
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can be expressed in its discrete form as follows:

hγ � j

ε
� = hγ( jΔξ) = Δξ

D�−�
n =−D�

pγ (nΔξ)g (( j − n)Δξ) . (.)

Evaluating the inverse transform of the windowed ramp at the sampling points
(which are determined by the window width) results in the discretized version of
the kernels g(n).

If the definition of the sinc function,

sinc(x) = sin(πx)
πx

, (.)

is applied to the kernel of Ramachandran and Lakshminarayanan (.), this be-
comes

g(ξ) = ε sinc(εξ) − ε sinc(εξ) . (.)

Sampling at the points ξ = nΔξ, combined with the replacement of the sampling
rate by ε = �(Δξ), yields the expression

g(nΔξ) = (Δξ) sinc(n) − (Δξ) sinc �n

�

= 
Δξ

� sinc(n) − sinc �n

�� .

(.)

From this, the discrete form of the convolution kernel can be found,

g(nΔξ) =
-........./.........0

(Δξ) for n = 

 for n even, (n 8 ) ,− (nπΔξ) for n odd ,

(.)

since both sinc terms disappear with even n. For odd n, only the first sinc term is
always zero.

The discretized kernel of Shepp and Logan can be calculated analogously by

g(nΔξ) = − 
πΔξ

 − n sin(πn)
(n) − 

. (.)

For integers, n, this yields

g(nΔξ) = − (πΔξ) 
n − 

. (.)

Figure . shows the discretized kernels for Ramachandran and Lakshminarayanan,
Shepp and Logan, Hamming, as well as the Blackman filters. For all the filters, only
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Fig. ..Discretized band-limited kernels.The corresponding interpolated values of the ker-
nels are shown as fine dotted lines in the background

Fig. .. Impact of the different convolution kernels upon a rectangular signal. The kernels
become smoother from top to bottom
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the value for n =  is positive. Further kernels are explicitly described in Huesman
et al. ().

For the other integer values of n, the kernel data are negative or zero. Due to
the negative kernel values, blurring of the gray values of an object into neighbor-
ing regions is compensated for. Figure . shows the result of the discretized kernels
applied to a rectangular profile. In this figure, the kernels and the convolution re-
sults are uniformly normalized and thus directly comparable. Obviously, the filters
become smoother from top to bottom.

7.3
Practical Implementation of the Filtered Backprojection

The concept of the discrete filtered backprojection will once again be formulated
in this section. For this purpose, let the projection signal sampled at a projection
angle γn be

pγn( jΔξ) with j = −D�, . . ., , . . . ,D� −  and n = , . . .,Np , (.)

where D is the number of detector elements, which are densely packed with a dis-
tance of Δξ from each other. Np is the number of projections or views.

7.3.1
Filtering of the Projection Signal

One considers the projections, pγn( jΔξ), measured under the projection angles,
γn , and applies a high-pass filter at each γn . This corresponds to a multiplication
of Pγn(kΔq) with �kΔq� in the frequency domain. The periodicity of the signal
Pγn(kΔq) must be taken into account here (cf. Fig. .). In MatlabTM the D fre-
quency values are, for example, distributed such that the first value corresponds to

Fig. ..Due to the sampling process, the spectrumof the projection signal is a periodic one.
This must be taken into account when the signal is actually filtered in the frequency domain
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Fig. ..Processing chain of the rawdata.As a first step, themeasured intensity is convertedby
logarithmation into the Radon space, the sinogram. Along the detector variable, ξ, one per-
forms the one-dimensional Fourier transform for each projection angle, γ, and then weights
each projection by multiplying it with the linear ramp 
q
 in the frequency domain. The one-
dimensional inverse Fourier transform along the q coordinate then yields the required fil-
tered projection

the zero frequency quantity (i.e., the DC part at frequency q = ).Then, the positive
values range up to k = D� − . One finds the negative share of the spectral values
seamless, i.e., the value k = D� corresponds to the frequency q = −Q. If one wants
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Fig. .. a In general, the value of the filtered projection signal to be backprojected must be
calculated by interpolation since the vector r points toward the grid position (x, y)T, which
yields a value ξ′ in the projection on the ξ′-axis ranging between the values jΔξ and ( j+)Δξ.
b, c show the projection and the related filtered backprojection under a single projection
angle γ = �. The complete Radon space data are illustrated in the previous Fig. .

to implement the multiplication of Pγn(kΔq) with �kΔq� in the frequency domain,
the different intervals must be properly distinguished using MatlabTM. Figure .
illustrates, once again, the whole signal processing chain from the measured inten-
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sity to the filtered projection, based on real CT data of an abdominal section (cf.
Fig. .).

7.3.2
Implementation of the Backprojection

For an angle γn , every pixel in the (x , y) plane corresponds to the projection onto
the detector axis ξ via the relation

ξ′ = �rT ċ nξ� = x cos(γn) + y sin(γn) . (.)

The high-pass filtered projection signal, hγn(ξ), has to be plotted versus the projec-
tion axis, ξ, for every angle, γn . Along lineL, which is again given in theHessiannor-
mal form (.) by all data points r = (x , y)T satisfying (rTnξ) = ξ′, the correspond-
ing values hγn(ξ) are now to be plotted into the spatial domain of the data points(x , y)T for all ξ. It can easily be seen that the expression ξ′ = x cos(γn) + y sin(γn)
does not necessarily result in a value ξ, where hγn( jΔξ) is directly available. Fig-
ure .a illustrates this situation. The corresponding hγn(ξ′) can then be derived,
for instance, by means of interpolation (e.g., nearest neighbor, linear, cubic, spline,
etc.).

Thus, the filtered projection is “smeared” in a reverse direction over the spa-
tial domain under the projection angle γn , i.e., along the original X-ray beams.
Figure .b shows the original projection for a tomogram of the abdomen with the
projection angle γ = �. Figure .c provides a single corresponding “smearing” in
reverse direction of the filtered projection signal. This has to be done for all angles,
γn , and these backprojections must consecutively be added.

7.4
Minimum Number of Detector Elements

Thegeometrical situation, which is found during the sampling process, is illustrated
in Fig. .. Without loss of generality, here the pencil-beam geometry of the first-
generationCT scanners is used, because this geometry is easier to survey.The object
space is illuminated along parallel X-ray lines with a constant angular spacing, Δγ.
The spacing of the D sampling elements of the detector array is denoted by Δξ.

In � Sect. . it has already been explained that the maximum available fre-
quency qmax in the data spectrum must be less than half the sampling rate (Δξ)−,
i.e.,

qmax < 
Δξ

. (.)

This is the Nyquist criterion. Thus, the spatial sampling interval obeys

Δξ = 
DΔq

< 
qmax

. (.)
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The corresponding polar Radon space represents the line integrals of the scan with
the geometrical location of the sampling points in the spatial domain.The diameter
of the Radon space therefore directly corresponds to the measurement field diam-
eter (MFD) of the spatial domain. If Δξ is determined by qmax, then a desiredMFD
yields a minimum number of detectors

qmax < DΔq


= D
MFD

= 
Δξ

b Dmin � MFD qmax . (.)

If it is assumed that the object to be reconstructed is a body with a rectangular
projection profile, then the spectrum is again determined by a sinc function (the
first root of which is to represent the maximum available relevant frequency).

If the object has the minimum diameter dmin, then the estimation of the max-
imum available frequency yields qmax = (dmin)−. This rule of thumb will be dis-
cussed again in � Sect. .. Consequently, the sampling distance is Δξ = (DΔq)− <
.dmin. This results in the estimation

Dmin � MFD
dmin

(.)

for the minimum number of detectors in one projection.

7.5
Minimum Number of Projections

The Fourier slice theorem ensures that the Fourier transforms of the projections
are able to fill up the entire frequency domain of the object. However, Fig. . shows
that the distance of neighboring radial data lines in the Radon domain, (ξ, γ), just
amounts to ξΔγ. Therefore, the maximum distance of band-limited projections is
.MFDΔγ. For an object with a maximum diameter dmax, the maximum distance
in the frequency domain is of course limited.

With (.) it has been argued that

Dmin

MFD
� qmax . (.)

The number of projections is generally determined by

Np = π
Δγ

. (.)

If, in addition, one takes into account the distance between the data points in the
frequency domain of the individual projections, which is determined by the total
length of the detector array

Δq = 
DminΔξ

= 
MFD

, (.)
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Fig. .. Geometrical location of the sampling points in the object space, Radon space, and
frequency domain. The number of required sampling points (and thus the number of de-
tector elements D and the number of projection directions Np) is estimated by Shannon’s
sampling theorem

and if it is further assumed that the maximum distance,

.MFDΔγ � Δξ , (.)

perpendicular to the ξ data line in the (ξ, γ) space should approximately corres-
pond to the distance between the data points in the Radon domain of a single pro-
jection (cf. Fig. ., lower right side), then the estimation

Np = π
Δγ

� π
MFD
Δξ

(.)
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holds for the minimum number of projections. According to (.) the right-hand
side of the estimation (.) thus reads

π
MFD
Δξ

= π
ΔξDmin

Δξ
, (.)

so that finally one obtains

Np = π
Δγ

� π
Dmin


. (.)

As a practicable rule of thumb one finds that the requirements stipulated in the
sampling theorem are met if

Np � Dmin . (.)

Due to the typically rectangular sensitivity profile of detector elements, a detector
quarter shift resulting in a duplication of the spatial resolution in a � rotation
of the sampling unit – which will be discussed in detail in � Sect. . – must still be
taken into account.

7.6
Geometry of the Fan-Beam System

This chapter, first of all, describes the geometry of a CT scanner of the third gener-
ation. Due to the latest developments in the field of the two-dimensional flat panel
detectors, itmust be assumed that the geometry of the third generation – thatmeans
a sampling unit consisting of an X-ray source and a detector array mounted on the
same rotation disk – will make its way. For single-slice detector arrays located on
a circular arc with the center in the X-ray focus inside the X-ray tube, the geomet-
rical variables outlined in Fig. . play an important role.

Strictly speaking, the CT scanners of the third generation must still be subdi-
vided into those with curved detector arrays (with equidistant angles between the
detector elements) and plane detector arrays (with equidistant detector spacing).
The corresponding derivations for image reconstruction with both detector types
are described in the following sections.

In these systems the X-ray source moves along a circle trajectory determined
by the coordinates (−FCD sin(θ), FCD cos(θ)) – as long as the CT sampling unit
rotates counterclockwise, i.e., in amathematically positive sense. Here FCD denotes
the focus center distance. The angle θ is the projection angle defined by the central
beam. In the curved detector arrays all detector elements have the same focus center
distance (FDD) from the source.
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Fig. .. Fan-beamgeometry in CT scanners of the third generation. Curved detector arrays
with constant Δφ are very important in clinical practice

7.7
Image Reconstruction for Fan-BeamGeometry

The conceptional philosophies of the different CT generations have already been
pointed out in �Chap. . The differences in the reconstruction methods between
the first and the third generation will be discussed in detail in this section. �Chap. 
described the reconstruction methods for the geometry of a pencil-beam system,
i.e., for parallel X-ray beams within one projection angle. Within this geometry, the
reconstructionmethods are easier to understand than those for fan-beamgeometry.

A serious practical disadvantage of pencil-beam geometry is, in fact, the rather
difficult mechanical data acquisition process with separate rotary and shift steps,
which would result in an unacceptably high data acquisition time in clinical prac-
tice. In CT scanners of the third generation, there is just one single synchronous
rotation of the X-ray tube and the detector array, both of which are combined on
a sampling unit, i.e., a rotating inner disk. With this construction the acquisition
time is considerably reduced since the modern slip-ring technology enables a con-
tinuous rotation of the inner CT sampling unit without the previously required
pauses for linear offset.

This chapter will now discuss the mathematical differences in the reconstruc-
tion methods with respect to the transition from pencil-beam to fan-beam geom-
etry. Figures . and . provide the difference between theRadon spaces of a parallel-
beam and a fan-beam system.

In order to ensure easily traceable projection results, the following approach
is applied to a phantom consisting of two squares of different sizes and one circle.
All objects have the same attenuation properties, thus simulating identical material.
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Fig. ..Comparison of parallel-beam and fan-beam geometry for the simple phantom con-
sisting of three objects. The corresponding longest X-ray beam paths through the diagonal
of the square objects are symbolized by thicker red lines. While these paths are found under
a single projection angle with parallel-beam geometry, in fan-beam geometry these rays are
obviously located in fans of different projection angles

On the upper right-hand side of Fig. ., a polar representation of the Radon space
with parallel-beam geometry is shown. A direct comparison of the two projection
geometries will be based on the Cartesian Radon spaces, which have already been
introduced. The Cartesian representation of the projection values that is equivalent
to the polar representation is shown on the lower left side of Fig. .. Here, parallel-
beam geometry is given in a range from � up to �.

The data in the Cartesian Radon space are rather simple to interpret. The pro-
jections start at � ( o’clock position of the tube) and, subsequently, the X-ray tube
is moved in the counterclockwise sense, i.e., in a mathematically positive direction,
around the phantom. First of all, at � the projection of the circle is added to the pro-
jection of the large square. The projection values of the small square are separated
in the projection at � from the values of the other objects. Because the rotation is
positive in a mathematical sense, the Radon value with the highest score is reached
at � (and then later in the opposite direction, which means at �).

The detector array central value, p�() = p�(), is the peak value, because
the longest path through the diagonals of the two square objects, arranged one be-
hind another, has been traveled on the corresponding line of theX-ray beam.At first
glance, the Radon representations of the data are the same for both parallel-beam
and fan-beam geometry. In particular, it becomes evident that for both represen-
tations the value for p�() = p�() is a peak value. The central projection is
actually identical in both Radon spaces. However, differences arise with increasing
distance from the central projection.

The dashed lines in Fig. . connecting prominent points are intended to direct
the eyes. These points can be easily interpreted with parallel-beam geometry at an
angle of �. In � Sect. . the projection data profiles for a square object have al-
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Fig. .. Comparison between the Radon spaces of parallel-beam and fan-beam geometry.
The upper left-hand side shows a simple phantom. It consists of two squares of different sizes
and a circle. All objects have identical attenuation coefficients, which are homogeneously
distributed. On the upper right and lower left the Radon space of parallel-beam geometry
with its polar or Cartesian representation can be seen respectively. On the lower right the
projection values in the Radon space of the phantom with fan-beam geometry are shown.
The two lower pictures are identical only at first glance, particularly because the highest at-
tenuation values at � and � are located at the same point. With an increasing distance
from the central projection, however, there are indeed differences. A dashed line connecting
prominent positions of the diagonal lines passing through the objects in the two Radon space
representations is intended to direct the eyes

ready been discussed.With an angle of � one finds a uniform intensity throughout
the rectangle profile and at � a corresponding triangle profile.

In the Radon space of parallel-beam geometry, one finds the triangle profile of
both square objects at an angle of �. With fan-beam geometry, this point appears
earlier for the larger square and later for the smaller square. Figure . illustrates this
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phenomenon. The beams with the longest paths through the diagonal lines of the
square objects are located inside one projection angle with parallel-beam geometry.
However, within fan-beam geometry one never finds the beams with the longest
paths inside one fan, but in different fans with slightly shifted projection angles.

7.7.1
Rebinning of the Fan Beams

Figure . schematically outlines the transition from fan-beam to pencil-beam
geometry. The rotation of the central beam of the fan is considered about the angle
θ = θ−θ . During the rotation of the sampling unit theX-ray focus and the detector
form concentric circles, which generally have different radii. It is obviously possible
to find an X-ray beam in the projection, ϕθ(ζ), that is parallel to one within the
fan of beams, ϕθ (ζ). Synthetic pencil-beam geometry may thus be reconstructed
by rebinning the corresponding beams of the fans with different projection angles
and by recombining them.

When rebinning the fan beams, the geometrical boundary conditions must of
course be carefully considered. Parameters are the fan, the aperture angle, or the
length of the detector array. Figure . shows that the boundary beams of pencil-
beam geometry may not be generated by rebinning with a limited aperture angle of
the fan because they simply do not exist with other projection angles.

Figure . illustrates that themaximumachievable distance between the bound-
ary beams of synthesized pencil-beam geometry, this means the distance between
the first beam ϕθ (ζ) of the projection with the angle θ and the last beam ϕθ(ζD)
of the projection with the angle θ, is directly determined by the aperture angle of
the fan. This is obviously due to the fact that the related maximum change of the
projection angle, θ = ψmax + ψmin, exactly corresponds to the aperture angle, φ. In

Fig. .. Left: CT scanner with fan-beam geometry. X-ray focus and detector array rotate
synchronously around a common center – the iso-center in the measurement field. Center:
After one rotation of the sampling unit about the angle θ the beams in the new fan, which
are parallel to the beams of the old fan, are to be found. Right: Pencil-beam geometry may be
synthesized by rebinning the projection values from different projection angles
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Fig. .. On the left of the picture it is shown that the maximum change of the projection
angle, θ , is not independent of the aperture angle of the fan for the rebinning process. On
the right the two outer parallel beams (dashed lines) cannot be generated by rebinning with
a limited aperture angle

Fig. ..Themaximum achievable distance between the outer boundary beams of the syn-
thesized pencil-beam geometry is limited by the aperture angle, φ, of the fan. The related
maximum change of the projection angle, θ = ψmax + ψmin, just corresponds to the aperture
angle. On the right of the picture it can be seen that the pairwise parallel beams from two fan
projections are available with the existing geometry only in the central area of the projection.
However, in this case they always have the same angular displacement

� Sect. . it will be demonstrated that the angle ψmin is not necessarily equal to the
angle ψmax because asymmetrical detector arrangements are preferred in practice.

The pairwise parallel beams from two different projection angles of the fans are
only found in the central area of the projection with the same angular displace-
ment. It should be mentioned that of course two beams of a single fan projection
may never be related to the same projection angle of the synthesized pencil-beam
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Fig. ..The geometrical conditions at the transition from pencil-beam to fan-beam geom-
etry and vice versa. Any value of the projection, ϕθ(ζ), on the curved detector, which is char-
acterized by the arc angle, ψ, and thus finally by the arc length, ζ = FDDψ, must be related
to a virtual linear detector. This is how a parallel projection, pγ(ξ), can be synthesized

projection. In order to be able to calculate which beam ζ in the fan projection ϕθ(ζ)
corresponds to which beam ξ in the parallel projection pγ(ξ), both systems have
to be compared with the same figure (cf. Fig. .). In order to be able to measure
both projections as a function of a line section (detector arc length, ζ, or linear de-
tector length, ξ) one will have to differentiate here between the angle, ψ, and the
corresponding position on the detector array, ζ = FDDψ.

In practice only the fan-beam projection ϕθ(ζ) is measured and thus known.
The projection angle for the parallel projection is – as already mentioned in� Sect. . – the angle, γ, between the virtual linear detector axis, ξ, and the x-axis.
Due to the curvature of the detector array, the projection angle in fan-beam geom-
etry is the angle, θ, between the central beam of the fan and the y-axis.

Considering Fig. ., one will now have to find the relationship between the
piercing point, ξ, of the virtual linear detector array under the projection angle, γ,
with the projection point, ψ (ψ is an angle coordinate), of the real curved detector
array under the projection angle, θ. This obviously obeys

ξ = FCD sin(ψ) (.)

and, in analogy,

ζ = FDD ψ. (.)

Taking into account the curvature of the detector, one finds the angular relationship

γ = θ + ψ (.)
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or, equivalently,

ψ = arcsin
 ξ
FCD

� (.)

and

θ = γ − ψ . (.)

This directly yields

ϕθ(ζ) = ϕθ(FDD ψ) = pθ+ψ (FCD sin(ψ)) (.)

or, inversely,

pγ(ξ) = ϕγ−ψ(ζ)
= ϕγ−arcsin	 ξ

FCD 


FDD arcsin
 ξ

FCD
�� .

(.)

Fig. .. Location of the data in the Radon spaces of the corresponding geometries for small
aperture angles of the fan such that the sine or the arcsine are not yet perceptible. The cir-
cles reflect the sampling points of the projection values on the curved detector array, ϕθ(ζ),
(upper graphic) or an imaginary parallel projection, pγ(ξ), (lower graphic) respectively. Ac-
cording to (.) through (.), it is evident that the angle interval in which projections are
acquired in fan-beamgeometrymust be larger than π by the aperture angle, φ, of the fan.This
ensures that a complete set of values can be interpolated in the Radon space of the parallel
projection
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Figures . and . show the location of the data in the Radon space schematically.
It is thus possible to calculate a parallel-beam projection based on the fan-beam
projection by rebinning. However, it immediately becomes obvious that the meas-
ured fan projection must be interpolated. In particular, two facts have to be taken
into account in this context. First of all, the calculated data points of the parallel
projection are not equidistant and, unfortunately, the measuring interval required
for a real parallel projection

γ ; [, π] (.)

does not suffice to interpolate a complete Radon space derived from the fan-beam
projection. In fact, data must be measured within the angle interval

θ ; [ψmin, π + ψmax] . (.)

Compared with parallel-beam geometry, the required measuring interval of fan-
beam geometry is increased by the aperture angle of the fan, i.e., by φ = ψmax+ψmin.
In Fig. . the data required for the reconstruction are highlighted in blue.

Certain boundary conditions must be taken into account to ensure fast rebin-
ning of the sample values. Let Δθ and Δγ be the angular intervals in which a fan-
beam or a parallel-beam profile is measured respectively. Let these intervals obey

Δθ = Δγ = Δφ . (.)

Fig. .. Locations of the data points in the Radon spaces with respect to the different ge-
ometries even for a very large (in practice not feasible) aperture angle of the fan. On the left,
the regular grid of the (ζ , θ) Radon space is indicated by squares. Diagonal to it, the data
points necessary for the calculation of the Radon space of the synthetic parallel-beam sys-
tem overlaid by circles can be seen. On the right the regular grid of the (ξ, γ) Radon space
to be calculated (indicated by circles) can be seen. Diagonal to it, the actual data measured
by the fan-beam system, which has been overlaid with squares, are shown.The characteristic
sine function stands out
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Fig. ..The Radon spaces for fan-beam geometry (top) and parallel-beam geometry (bot-
tom) are illustrated by a simple phantom over �

Then, one may write for integer numbers n, m

ϕmΔφ(FDD nΔφ) = p(m+n)Δφ (FCD sin(nΔφ)) . (.)

According to (.) the nth beam in the mth fan projection is equal to the nth beam
in the (m + n)th parallel projection. The resultant, generated parallel beams are of
course not equidistant and, therefore, an interpolation on the ξ-axis is necessary.
Figure . once again shows the relationship between parallel-beam and fan-beam
geometry of the data in the Radon space of the software phantom introduced in
Fig. ..

7.7.2
Complementary Rebinning

From a physical point of view, there is no difference in the overall attenuation of the
X-ray beam caused by the tissue on its way forth and back, so the following equality
applies:

pγ(ξ) = pγ�π(−ξ) . (.)
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Within parallel-beam geometry the object is therefore entirely sampled after half
a rotation. For fan-beam geometry, however, an analog relationship can be estab-
lished, since two beams are identical if their angles obey

θ = θ + ψ $ π . (.)

In this case one finds

ψ = −ψ . (.)

Figure . illustrates these angular conditions.
If the above fact is taken into account in (.) through (.), then Fig. . can

be used to find

ϕθ(ζ) = pθ+ψ (FCD sin(ψ))= pθ+ψ�π (−FCD sin(ψ))= ϕθ+ψ�π(−ζ) . (.)

This is how a complementary X-ray source can be constructed. Figure . schemat-
ically shows the formation of the complementary X-ray source.

One may now use this knowledge concerning sampling geometry to further fill
up the Radon space. Based on the interval (.), the complementary projection

Fig. .. In fan-beam geometry there are beams within the fans of the second half of the full
rotation where the paths back and forth are identical with respect to their overall attenuation
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Fig. .. Construction of a complementary X-ray source resulting from the physical sym-
metry of the attenuation path of the radiation

angle interval is obviously

π − ψmax � θ � π − ψmin . (.)

7.7.3
Filtered Backprojection for Curved Detector Arrays

A practical disadvantage of the rebinning process discussed in the previous section
is the fact that the reconstruction may not take place until a sufficient number of
fan-beam projections have beenmeasured to synthesize a parallel-beam projection.
The reconstruction process can not, therefore, run synchronously to the sampling
process, but rather must wait for a certain set of measured data. Hence, it repre-
sents a bottleneck in the reconstruction chain. Furthermore, rebinning of theRadon
space generally requires a non-negligible, time-consuming interpolation; therefore,
one might alternatively also consider how a direct filtered backprojection for fan-
beam geometry might look. For this purpose one usually starts from the filtered
backprojection of pencil-beam geometry (Horn ; Kak and Slaney ; Schlegel
and Bille ), i.e.,
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f (x , y) = π

∫


+�

∫
−�

Pγ(q)eπ iqξ�q�dqdγ
= π

∫


+�

∫
−�

Pγ(q)eπ iq(x cos(γ)+y sin(γ))�q�dqdγ
= π

∫


+�

∫
−�

Pγ(q)eπ iq(rTċnξ) �q� dqdγ .

(.)

Here, one replaces the frequency representation of the projection Pγ(q) by the ex-
plicit Fourier transform of the spatial projection signal pγ(ξ), i.e.,

f (x , y) = π

∫


+�

∫
−�

� 
+�

∫
−�

pγ(ξ′) e−π iqξ′ dξ′
!# eπ iqξ�q�dqdγ . (.)

Changing the integration order one finds

f (x , y) = π

∫


+�

∫
−�

+�

∫
−�

pγ(ξ′)e−π iqξ′ eπ iq�r
T ċnξ� �q� dξ′dqdγ

= π

∫


+�

∫
−�

+�

∫
−�

pγ(ξ′)eπ iq�rT ċnξ−ξ′��q�dξ′ dqdγ .

(.)

At this point, one concentrates on the integration over the frequency variable q, i.e.,

f (x , y) = π

∫


+�

∫
−�

pγ(ξ′)� 
+�

∫
−�

eπ iq�r
T ċnξ−ξ′��q�dq!# dξ′dγ . (.)

The bracket term in integral (.),

g �rT ċ nξ − ξ′� = +�∫
−�

eπ iq�r
T ċnξ−ξ′��q�dq , (.)

is the filter, or convolution kernel in the spatial domain, which must be considered
as a distribution (Schlegel and Bille ).This is based upon the fact that the inte-
gral (.) cannot be directly evaluated due to difficulties related to the convergence
that have been already mentioned in � Sect. .. However, as a distribution within
another integral, (.) may lead to meaningful results. Substituting the left side
of (.) into (.) leads to the following convolution:
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f (x , y) = π

∫


+�

∫
−�

pγ(ξ′)g �rT ċ nξ − ξ′� dξ′dγ
= 


π

∫


� 
+�

∫
−�

pγ(ξ′)g �rT ċ nξ − ξ′� dξ′!# dγ ,

(.)

which is defined in the second line of (.) for a backprojection over �.
At this point, the transformation of the coordinates to fan-beam geometry is to

be carried out, which means that one has to change the coordinates:

(ξ′, γ) � (ζ , θ) . (.)

When the integration variables are substituted, one is first and above all interested
in the change in the infinitesimal area element, dξdγ, during the coordinate trans-
formation. As already discussed in � Sect. . and Fig. ., the new area element
must be multiplied by the Jacobian. This means that the area element, dξdγ, is de-
termined in the new coordinates by Jdζ dθ where J is given by

J � det
∂(ξ′ , γ)
∂(ζ , θ) � =

HHHHHHHHHHHHHHHHHHH
∂ξ′

∂ζ
∂γ
∂ζ

∂ξ′

∂θ
∂γ
∂θ

HHHHHHHHHHHHHHHHHHH
. (.)

Direct substitution of the transformation equations (.) through (.) yields

J =
HHHHHHHHHHHHHHHHHHHHHHHH

∂ *FCD sin * ζ
FDD,,

∂ζ

∂ *θ + ζ
FDD,

∂ζ

∂ *FCD sin * ζ
FDD,,

∂θ
∂ (θ + ψ)

∂θ

HHHHHHHHHHHHHHHHHHHHHHHH
= HHHHHHHHHHHHHHHH

FCD
FDD

cos
 ζ
FDD

� 
FDD

 

HHHHHHHHHHHHHHHH
= FCD

FDD
cos
 ζ

FDD
� = FCD

FDD
cos (ψ) .

(.)

Thus, the infinitesimal area element is replaced during the coordinate transform-
ation (.) with

dξ′dγ � FCD
FDD

cos
 ζ
FDD

� dζ dθ . (.)
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If the arc angle, ψ, is used instead of the arc length, ζ, one analogously finds

dξ′dγ � FCD cos (ψ) dψdθ . (.)

To understand how the inner product (rTnξ) appears in the new coordinates, one
may define the points on the backprojection lines in polar coordinates. Figure .
illustrates the geometrical situation. The point r = (x , y)T is given by the equations

x = r cos(δ)
y = r sin(δ) . (.)

With

nξ = � cos(γ)sin(γ) !# , (.)

the inner product determined by the addition law for the cosine,

cos(α $ β) = cos(α) cos(β) % sin(α) sin(β) , (.)

Fig. .. New variables are introduced for the filtering process into the coordinate system
of the fan beam. L is the distance between the point r = (x, y)T and the X-ray source. The
point r = (x, y)T is characterized by its distance to the center of rotation, r, and the angle δ
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reads

rT ċ nξ = (r cos(δ), r sin(δ))� cos(γ)sin(γ) !#= r cos(δ) cos(γ) + r sin(δ) sin(γ)= r cos(γ − δ) .
(.)

With the new coordinates (.) thus reads

f (r, δ)
= 


π

∫


�� 
ψmax

∫
ψmin

ϕθ(FDDψ)g (r cos(γ − δ) − FCD sin(ψ))FCD cos(ψ)dψ!"# dθ

(.)

and, taking into account the angle relationship (.), this yields

f (r, δ)
= 


π

∫


�� 
ψmax

∫
ψmin

ϕθ(FDDψ)g (r cos(θ + ψ − δ) − FCD sin(ψ))FCD cos(ψ)dψ!"# dθ .

(.)

This, the argument of the kernel,

g = g (r cos(θ + ψ − δ) − FCD sin(ψ)) , (.)

shall be examined more closely. Using the addition law (.), one may write

r cos(θ + ψ − δ) − FCD sin(ψ) = r cos(θ − δ) cos(ψ) − r sin(θ − δ) sin(ψ)− FCD sin(ψ)= r cos(θ − δ) cos(ψ)− (r sin(θ − δ) + FCD) sin(ψ) .
(.)

As indicated in Fig. ., L denotes the distance between the X-ray source and the
point r = (x , y)T. If one considers the rectangular triangle formed by the points S,
A, and r, then simple trigonometry yields

L cos(ψ′) = FCD+r sin(θ − δ) (.)

and

L sin(ψ′) = r cos(θ − δ) . (.)
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In Fig. ., it can be seen that

L = c(FCD+r sin(θ − δ)) + (r cos(θ − δ)) (.)

or

L = c(FCD−x sin(θ) + y cos(θ)) + (x cos(θ) + y sin(θ)) . (.)

Here,ψ′ is a certain angle of the fan arc angle coordinate,ψ, determined by the point(r, δ) and the projection angle, θ. This special angle is determined by

ψ′ = arctan 
 r cos(θ − δ)
FCD+r sin(θ − δ)� (.)

or

ψ′ = arctan 
 x cos(θ) + y sin(θ)
FCD−x sin(θ) + y cos(θ)� . (.)

Thus, substituting (.) and (.) into (.) or (.) respectively, one finds

g = g (L sin(ψ′) cos(ψ) − L cos(ψ′) sin(ψ)) . (.)

With the addition law,

sin(a − b) = sin(a) cos(b) − cos(a) sin(b) , (.)

the argument of the kernel, g, reduces to

g = g (L sin(ψ′ − ψ)) . (.)

If one substitutes this expression into (.), one finds

f (r, δ) = 


π

∫


�� 
ψmax

∫
ψmin

pθ+ψ (FCD sin(ψ)) g (L sin(ψ′ − ψ))FCD cos(ψ)dψ!"# dθ

(.)

or

f (r, δ) = 


π

∫


�� 
ψmax

∫
ψmin

ϕθ(FDDψ)g (L sin(ψ′ − ψ))FCD cos(ψ)dψ!"# dθ . (.)
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The inner integral again represents a convolution. Since the function g in (.) is
the spatial convolution kernel of the linear frequency ramp, thus

g(ξ) = +�∫
−�

�q�eπ iqξ dq , (.)

one may substitute here the arguments found for fan-beam geometry, so that

g (L sin(ψ)) = +�∫
−�

�q�eπ iq(L sin(ψ))dq . (.)

The substitution

q′ = qL sin(ψ)
ψ

(.)

then yields

g (L sin(ψ)) = 
 ψ
L sin(ψ)�

 +�

∫
−�

�q′�eπ iψq′ dq′ . (.)

The integral term in (.) is just the desired Fourier transform of the linear fre-
quency ramp. However, instead of the linear spatial detector variable, ξ, the angle
coordinate, ψ, plays the main spatial part here. The following relationship thus ap-
plies:

g (L sin(ψ)) = 
 ψ
L sin(ψ)�



g(ψ) , (.)

so that (.) finally reads

f (r, δ) = π

∫



L

�� 
ψmax

∫
ψmin

ϕθ(FDDψ)g̃(ψ′ − ψ)FCD cos(ψ)dψ!"# dθ , (.)

where

g̃(ψ) = 


 ψ
sin(ψ)�



g(ψ) . (.)
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In analogy to the filtered backprojection in � Sect. ., (.), one may now write
the short expression

f (r, δ) = π

∫



L hθ(ψ)dθ . (.)

(.) can be interpreted in such a way that the reconstruction with fan-beam
geometry is a weighted filtered backprojection, where

hθ(ψ) = ϕ̃θ(ψ) > g̃(ψ) (.)

with

ϕ̃θ(ψ) = ϕθ(FDDψ)FCD cos(ψ) . (.)

In analogy to � Sect. ., Scheme ., again the reconstruction instructions should
be given in an overview scheme. The direct fan-beam reconstruction may be sub-
divided into three steps as shown in Scheme ..

Scheme . Filtered backprojection in fan-beam geometry for the curved detector
array

. Pre-weighting of the fan-beam projection signal

ϕ̃θ(ψ) = ϕθ(FDDψ)FCD cos(ψ) .
. Filtering of the projection signal. The ramp filter

g̃(ψ) = 

� ψ
sin(ψ)�



g(ψ)
is a modified version of the filter for the parallel projection g(ψ). Combined with
the pre-weighting process described in the first step, the signal for backprojection
results here from the convolution in the angular domain,

hθ(ψ) = ϕ̃θ(ψ) � g̃(ψ) .
. Finally, the backprojection is defined over the full angle of π:

f (r, δ) = π

∫



L hθ(ψ)dθ .

It can be seen as a filtered backprojection that is converging onto the source point in
the X-ray tube.Therefore, the signal is weighted by the reciprocal squared distance
between the source and the actual pixel.
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7.7.4
Filtered Backprojection for Linear Detector Arrays

The reconstruction process based on the filtered backprojection with data of a lin-
ear instead of a curved detector array can be derived in analogy to the steps given
in the previous chapter. Presently, in clinical practice linear arrays are of secondary
importance. In addition, the geometrical conditions regarding the circular curved
arrays are simpler and better adapted to reconstruction geometry because all X-ray
paths within the fan are of the same length. However, it will be worthwhile under-
standing the geometrical situation of the backprojection based on linear detector
arrays, because this is similar geometry to the case of cone-beam CT (described in� Sect. .), which is employed with a flat-panel detector matrix.

In a curved detector array the arc angle corresponds to a circular arc length,
with the center located in the X-ray source, and the individual detector elements
arranged in an equidistant angular pattern. Contrary to the above, one can just as-
sume equidistant detectors in a linear detector array, since the corresponding angu-
lar change is non-linear. To illustrate this, Fig. . shows the geometrical situation.

Fig. .. For filtering in the coordinate system of a fan beam with linear detector array, it
will be necessary to introduce new variables. L is the distance between a point, r = (x, y)T,
and the X-ray focus. The point r = (x, y)T is characterized by its distance, r, to the center
of rotation and by the angle δ. The variable a marks the location of a virtual linear detector
in the center of the measuring field. ϕθ(a) is the measured projection value on the virtual
detector and θ denotes the projection angle of the center beam of the fan-beam projection
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ϕθ(a) is the measured projection value, where the variable a denotes the pos-
ition on the linear detector and θ the projection angle of the center beam. Many
authors do not refer to the real detector, but rather to a virtual detector placed in
the origin.This concept will also be used here. Similar to the geometry of the curved
array, L is the distance between a point, r = (x , y)T, and the focus inside the X-ray
source. The point r = (x , y)T is characterized by its distance, r, from the center of
rotation and by the angle δ.

If one assumes parallel-beam geometry for the point r, onewould find the paral-
lel projection pγ (ξ)under the projection angle γ at detector position ξ.The ξ coord-
inate is shown as a dashed line in Fig. . and, by definition, it runs perpendicular
to the related X-ray beam. In analogy to (.) and (.), the relationship with the
fan-beam coordinates obeys

ξ = a cos(ψ) = a
FCD6

a + FCD
(.)

and

γ = θ + ψ = θ + arctan � a
FCD

� . (.)

At this point, the transform of the equation of the filtered backprojection,

f (x , y) = 


π

∫


� 
+�

∫
−�

pγ(ξ)g(rT ċ nξ − ξ)dξ!# dγ , (.)

into fan-beam geometry has to be carried out again, i.e., one has to substitute the
coordinates of parallel-beam geometry with those of fan-beam geometry:

(ξ, γ) � (a, θ) . (.)

Again, the new infinitesimal area element must be multiplied with the Jacobian for
integration. This means that the old area element, dξdγ, is determined in the new
coordinates by Jdadθ where J is given by

J � det
 ∂(ξ, γ)
∂(a, θ)� =

HHHHHHHHHHHHHHHHHH
∂ξ
∂a

∂γ
∂a

∂ξ
∂θ

∂γ
∂θ

HHHHHHHHHHHHHHHHHH
. (.)
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If one directly substitutes the transformation equations (.) and (.) one finds

J =
HHHHHHHHHHHHHHHHHHHHHH
∂ *a FCD�

a+FCD ,
∂a

∂ �θ + arctan � a
FCD��

∂a
∂ *a FCD�

a+FCD ,
∂θ

∂ (θ + ψ)
∂θ

HHHHHHHHHHHHHHHHHHHHHH
= HHHHHHHHHHHHHHHH


 FCD6
a + FCD

� FCD
a + FCD

 

HHHHHHHHHHHHHHHH = 

FCD6

a + FCD
� = cos(ψ) .

(.)

Thus, the infinitesimal surface element is changed by the coordinate transform-
ation (.) by

dξdγ � 
 FCD6
a + FCD

� dadθ . (.)

If, in addition, one again takes advantage of the relationship

rT ċ nξ = r cos(γ − δ) , (.)

one finds the expression

f (r, δ) = 


π−arctan� a
FCD �

∫
− arctan� a

FCD �

-.../...0
+amax

∫
−amin

pθ+ψ 
a FCD6
a + FCD

� ċ . . .
. . . ċ g �r cos�θ + arctan � a

FCD
� − δ� − a FCD6

a + FCD
�

� 
 FCD6
a + FCD

� daB...C...D dθ

(.)

for the filtered backprojection in the new coordinates. Within this expression, the
following simplifications can be implemented immediately. The limits of integra-
tion of the new angle coordinate θ had to be changed as a direct consequence of
the substitution. However, since the integration over the full angle π is invariant
to a constant phase shift, it is also possible to integrate in the case of this new vari-
able from  to π. Furthermore, the projection value, pγ(ξ), can be much easier
expressed by means of the new detector variables since the coordinate transform
yields

pγ(ξ) � pθ +ψ 
a FCD6
a + FCD

� = ϕθ(a) . (.)
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(.) is thus simplified to read

f (r, δ) = 


π

∫


-.../...0
+amax

∫
−amin

ϕθ(a)g �r cos�θ + arctan � a
FCD

� − δ� − a FCD6
a + FCD

� ċ . . .
. . . ċ 
 FCD6

a + FCD
� daB...C...D dθ .

(.)

For convenience, one substitutes the argument of the convolution kernel g with

ψ = arctan � a
FCD

� , (.)

which can easily be understood fromFig. ..Then, addition law (.) can be used
to calculate the argument of g with the following expression:

r cos(θ + ψ − δ) − a FCD6
a + FCD

= r cos(θ − δ) cos(ψ) − r sin(θ − δ) sin(ψ) − a FCD6
a + FCD

.

(.)

With the expressions – which also may be read from Fig. . –

cos(ψ) = FCD6
a + FCD

(.)

and

sin(ψ) = a6
a + FCD

, (.)

(.) is further modified to read

r cos(θ + ψ − δ) − a FCD6
a + FCD

= r cos(θ − δ) FCD6
a + FCD

− r sin(θ − δ) a6
a + FCD

− a FCD6
a + FCD

= r cos(θ − δ) FCD6
a + FCD

− (r sin(θ − δ) + FCD) a6
a + FCD

.

(.)
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In analogy to (.) some authors (e.g., Turbell []) introduce the distance

U = FCD+r sin(θ − δ) (.)

or in analogy to (.)

U = FCD−x sin(θ) + y cos(θ) (.)

(cf. Fig. .). Similar to (.), one considers, with the coordinate a, the special
position on the virtual detector determined by the point (r, δ) and the projection
angle, θ. This very detector position is denoted a′, so that

tan(ψ′) = a′

FCD
= r cos(θ − δ)

FCD+r sin(θ − δ) (.)

and thus

a′ = FCD
r cos(θ − δ)

FCD+r sin(θ − δ) = FCD
r cos(θ − δ)

U
(.)

or

a′ = FCD
x cos(θ) + y sin(θ)

FCD−x sin(θ) + y cos(θ) = FCD
x cos(θ) + y sin(θ)

U
. (.)

Hence, the argument of g in (.) can be simplified to read

r cos(θ + ψ − δ) − a FCD6
a + FCD

= U
a′6

a + FCD
−U

a6
a + FCD

(.)

so that (.) is given by

f (r, δ) = 


π

∫


-.../...0
+amax

∫
−amin

ϕθ(a)g �(a′ − a) U6
a + FCD

�
 FCD6
a + FCD

� daB...C...D dθ .

(.)

The inner integral again represents a convolution. One should remember that the
function

g(ξ) = +�∫
−�

�q�eπ iqξ dq (.)

 Occasionally, the distance is also defined as the ratioUKS = FCD+r sin(θ − δ)
FCD

(Kak and
Slaney ).
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is the spatial convolution kernel of the linear frequency ramp. Here, one substitutes
the new variables found for fan-beam geometry with the linear detector, thus

g 
(a′ − a) U6
a + FCD

� = +�∫
−�

�q�eπ iq
(a′−a) U

a+FCD

�
dq . (.)

The substitution

q′ = q
U6

a + FCD
(.)

then yields

g 
(a′ − a) U6
a + FCD

� = a + FCD

U

+�

∫
−�

�q′� eπ iq′(a′−a)dq′
= a + FCD

U g(a′ − a) (.)

and (.) thus finally reads

f (r, δ) = 


π

∫


-.../...0
+amax

∫
−amin

ϕθ(a)a + FCD

U g(a′ − a)
 FCD6
a + FCD

� daB...C...Ddθ
= 


π

∫



U

-.../...0
+amax

∫
−amin

ϕθ(a)g(a′ − a)
 FCD6
a + FCD

� da
B...C...Ddθ

= 


π

∫


FCD

U

-.../...0
+amax

∫
−amin

ϕθ(a)
 FCD6
a + FCD

� g(a′ − a)daB...C...Ddθ
= 


π

∫


FCD

U &
ϕθ(a) FCD6
a + FCD

� > g(a)'dθ .

(.)

In analogy to the filtered backprojection in � Sect. ., one may now write the short
expression

f (r, δ) = π

∫


FCD

U hθ(a)dθ , (.)
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where

hθ(a) = 


ϕθ(a) FCD6

a + FCD
� > g(a) . (.)

The reconstruction instructions may again be divided into three steps listed in
Scheme ..

Scheme . Filtered backprojection with fan-beam geometry for the linear
detector array

. Coordinate transformation for the ramp filter: The required ramp filter

g 
(a′ − a) U6
a + FCD

� = a + FCD

U g(a′ − a)
must be exactly adapted to the form of the filter for the parallel projection
by coordinate transform.

. Filtering of the projection signal: The signal for backprojection results
from the convolution

hθ(a) = 


ϕθ(a) FCD6

a + FCD
� > g(a)

in the spatial domain of the linear detector.
. The backprojection over the angle π results from

f (r, δ) = π

∫


FCD

U hθ(a)dθ ,

whichmeans that the projection of the high-pass filtered detector signal in
the reverse direction converges toward the focus of theX-ray source.While
backprojecting, the signal must be weighted with the squared reciprocal
variable U . In this case, U is the projection of the distance between the
focus of the X-ray source and the current point onto the center beam of
the fan.

7.7.5
Discretization of Backprojection for Fan-Beam Geometry

When dealing with the technical implementation of image reconstruction with fan-
beam geometry, one has to answer the same question as described in � Sect. ..
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regarding the discretization of the kernels. This is due to the fact that, here also,
one has a sampling process with a finite number of sampling points, either in equi-
angular steps, Δφ, for the curved detector array (cf. Fig. .) or in equidistant steps,
Δa, for the linear detector array.

As the single linear detector arrangements are of secondary importance, dis-
cretization will be discussed here in detail for the curved detector array only. Let
the projection signal be sampled under a projection angle θn with a curved detec-
tor array having the form

ϕθn( jΔφ) with j = −D�, . . ., , . . .,D� −  and n = , . . .,Np , (.)

where D is again the (even) number of detector elements. These detector elements
are densely packed and located within an equiangular distance of Δφ on a circle
segment where the circle center is the focus of the X-ray source.

As in the previous section, the center beam is chosen as a reference beamand the
projection angles in the fan therefore range from ψmin to ψmax; the index in (.)
has been chosen such that ϕθn()with j =  is the center beam passing through the
iso-center of rotation. Here, Np is the number of projections or views.

While the backprojection in parallel-beam geometry runs along parallel beams,
the projection in the reverse direction has to take place along the fan beams, which
converge at the focus of the X-ray source. If Figs. .a and . are compared, it
can be seen that both concepts are so far analogous. Also, exactly as pointed out
for parallel-beam geometry before, one cannot expect that in the calculation of the

Fig. .. Similar to parallel-beam geometry (cf. Fig. .) the value of the filtered projection
signal to be backprojected must be obtained by interpolation since the vector r points to-
ward the integer grid position (x, y)T, the projection of which on the ψ′-axis (or the ζ-axis)
generally yields a value in the interval [ jΔφ, ( j + )Δφ]
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contribution of hθn(ψ) to a certain image pixel, f (r, δ), the required value for the
angle ψ corresponds directly to an actual, measured angle, jΔφ. Instead, one has to
interpolate between the sampled values.

As described in � Sect. .. for parallel-beam geometry, the kernels must also
be discretized here. (.) shows that – compared with parallel-beam geometry –
one has to use a slightly modified kernel for the filtering process. For convenience,
one may therefore use the discretization results found in � Sect. ... The discrete
sequence of the kernel (.) is given by

g̃( jΔφ) = 


 jΔφ
sin( jΔφ)� g( jΔφ) . (.)

As g( jΔφ) is the discretized form of the kernel for parallel-beam geometry, a com-
parison with (.) yields the following sequence

g̃( jΔφ) =
-........../..........0


 (Δφ) for j = 

 for j even, ( j 8 )
− 
π sin( jΔφ) for j odd .

(.)

Similar to the concept for parallel-beam geometry, one may use the windowing
technique so that the final result must read

hθn( jΔφ) = ϕ̃θn( jΔφ) > g̃( jΔφ) > w( jΔφ) , (.)

where w is the window function for which examples were given in � Sect. ... For
the Shepp–Logan window this results in

g̃SL( jΔφ) = 
πΔφ

�ctg �� j + 

�Δφ� − ctg�� j − 


�Δφ�� . (.)

Due to the bracketed terms, (.) may also be called the cotangent kernel (Kak
and Slaney ).

Similar to the previous section, one may divide the reconstruction instructions
into three steps as listed in Scheme .. For the discretized version the arguments of
the expressions must be replaced accordingly by the discretization (.) (Kak and
Slaney ).
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Scheme . Discretized filtered backprojection in fan-beam geometry

. Pre-weighting of each individual fan projection acquired under angle θn

ϕ̃θn( jΔφ) = ϕθn(FDD jΔφ)FCD cos ( jΔφ) (.)

. Filtering of the projection signal: The modified ramp filter

g̃( jΔφ) = 


 jΔφ
sin( jΔφ)�



g( jΔφ) (.)

will also be sampled in equiangular steps.The discretized convolution thus
reads

hθn( jΔφ) = ϕ̃θn( jΔφ) > g̃( jΔφ) (.)

. In analogy to (.), the backprojection over the full angle of π with angular
distances of π�Np is given by

f (r, δ) = π

∫



L hθ(ψ)dθ

� π
Np

Np�
n = 


L hθn(ψ) .

(.)

This can also be seen as a filtered backprojection that is converging onto
the focus point in the X-ray tube. Therefore, the signal is weighted by the
reciprocal squared distance between the source and the actual pixel.

An example, which can be easily understood, will illustrate the intermediate re-
sults of filtered backprojection using fan-beam geometry and compare them with
those of parallel-beam geometry. This example consists of a phantom with a cen-
tral square of homogeneous attenuation. Figure . first shows the Radon spaces
of the object. In addition to the known Cartesian representation of the projection
values, pγ(ξ), this figure also shows the Radon space with its polar coordinates on
the upper right-hand side. The Cartesian Radon space of the fan-beam geometry
of the square is shown on the lower right-hand side. The intensity values are the
projections ϕθ(ζ).
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Fig. .. To illustrate the differences in the Radon spaces between parallel-beam geometry
and fan-beam geometry for the same object, once again a very simple phantom presented
on the upper left is used here. The square object has homogeneously distributed attenuation
coefficients. On the upper right and lower left, the Radon spaces of parallel-beam geometry
with both their polar and Cartesian representations are depicted. Both representations are
equivalent. On the lower right, the projection values in the Radon space of the phantomwith
fan-beam geometry are illustrated.The difference between the two pictures on the lower side
is that the data in the Radon space of fan-beam geometry are tilted

As expected, a direct comparison of the Cartesian Radon space representa-
tions results in a tilting of the data, ϕθ(ζ), with fan-beam geometry compared with
the data, pγ(ξ), of parallel-beam geometry. The data rebinning concept explained
in � Sect. .. can also be readily understood here. However, the projection data,
ϕθ(ζ), will now be used to calculate a direct reconstruction according to (.)
through (.).
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The pictures displayed in Fig. . show the direct reconstructions with a suc-
cessively increased number, Np – cf. (.) second line – of the projections, ϕθ(ζ).
In this case, Np runs through the values �, , , , , �. Similar to parallel-
beam geometry, the true structure of the object is not displayed with a small num-
ber of views, Np. Particularly striking is the fact that fan-beam geometry is directly
reflected in the backprojections. This is, thus, also a very intuitive method. The in-
dividual projections look like the light cones of a pocket lamp.

Figure . once again directly compares the filtered backprojection with the
two geometries – fan-beam and parallel-beam – taking Np =  as an example. In
the three-dimensional representation the specific filter response on the rectangle
is readily visible for both geometries. This is described by (.) through (.).
In parallel one can also recognize the quadratic decay of the single projection in
a reverse direction with increasing distance to the source. This behavior is due to
the �L normalization given in (.).

The linear detector array is discretized in the same way as the curved detector
array. As g( jΔa) in (.) is exactly the discretized form of the kernel for parallel-

Fig. .. Backprojection with fan-beam geometry. Successive reconstruction of the tomo-
graphic phantom image based on the projection data. The number of projections is exem-
plarily increased image by image: Np = �, , , , , �. The reconstruction principle
is again easy to understand intuitively. The backprojected data look like the light cones of
a pocket lamp
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Fig. .. Comparison between the filtered backprojection with fan-beam geometry (left-
hand column) and the filtered backprojection of parallel-beam geometry (right-hand col-
umn). The length-dependent scaling according to (.) is readily visible with fan-beam
geometry. However, the characteristic filter response to the rectangle is visible in both repre-
sentations

Fig. .. Similar to parallel-beam geometry (cf. Fig. .), the value of the filtered projection
signal to be backprojected must be calculated by interpolation. This is necessary since the
vector r points toward the integer grid position (x, y)T, the projection of which on the a-axis
generally yields a value in the interval [ jΔa, ( j + )Δa]
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beam geometry, one may directly apply (.) to find the sequence

g( jΔa) =
-.........../...........0


 (Δa) for j = 

 for j even, ( j 8 )
− 
π j (Δa) for j odd

(.)

for practical implementation. Figure . shows the principle of backprojectionwith
the required interpolation between individual detector positions.

7.8
Quarter-Detector Offset and Sampling Theorem

As described in the previous chapters, a reliable reconstruction of an object is en-
sured if any point of the object has been radiographed from all sides. For parallel-
beam geometry, the object will of course just have to be illuminated over an angular
range of �. This is because – due to the physical properties of the X-ray beam –
the attenuation is independent of whether the beam passes through the object in
a forward (L) or in a reverse direction (L).

Therefore,

f > δ(L) = ∫
R

f (r)δ �(rT ċ nξ) − ξ� dr
= pγ(ξ) = pγ(ξ)
= ∫

R

f (r)δ �(rT ċ (−nξ)) − ξ� dr
= f > δ(L)

(.)

actually just yields a mirror-inverted projection, which means

pγ(ξ) = pγ + π(−ξ) . (.)

Figure . illustrates this issue once again. The information obtained by acquiring
data over angles exceeding � is thus redundant.
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Fig. .. If one illuminates an object under the angles γ and γ + π, then one finds a mirror-
inverted projection with a symmetrical detector array, i.e., pγ(ξ) = pγ+π(−ξ) and thus re-
dundant information. But if the detector array is adjusted slightly asymmetrically, it is possi-
ble that the opposite projection samples the space precisely in such a way that the total sam-
pling rate is doubled. One may easily understand that this occurs when the detector array is
set off by one-quarter of the detector width

Nevertheless, all modern CT scanners create projections covering �. This
initially seems to be absurd because – from a mathematical point of view – this
redundant information is not necessary, i.e., the radiation dose may be doubled un-
necessarily. Therefore, the radiation dose must be lowered if the � scan is carried
out by choosing a reduced X-ray intensity. Noise must then be reduced in a further
processing step where statistically independent noise contributions of centrally op-
posed projections are averaged.

Practical applications, however, use a different approach since the sampling the-
orem has consequences on the sampling process in CT. As mentioned earlier, the
measurement of the attenuation values with a detector array of a third-generation
scanner is, of course, a sampling process. Figure . shows the sampling situation
with an array consisting of D detectors (enumerated from  to D here), each having
a constant detector width, Δξ. The detectors are arranged in an array as densely as
possible. The spatial separation of the individual elements by the anti-scatter grid
will not be examined here.

Even though the integration along the X-rays represents an averaging process
filtering the projection signal like a low-pass, it must nevertheless be ensured that
projection aliasing due to undersampling cannot occur. From a physical point of
view the object is spatially continuously illuminated in the X-ray fan beam. There-
fore, high-contrast edges such as transition zones at a bone/soft-tissue interface gen-
erate a large bandwidth. Hence, this yields a spatially, rapidly varying, continuous
projection sampled with the detector array.
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Fig. .. A detector array with D detectors acquires the integral attenuation values. The
phantom in the middle of the measuring field has sharp-edged structures and thus produces
higher spatial frequencies than the spatial frequency of the detector array.The requirements
stipulated in Shannon’s sampling theorem are thus not met

As every detector element has a finite width, Δξ, with constant sensitivity the
measured values are averaged over this width, i.e., themeasuring process already in-
cludes a natural low pass. Overall, however, the projection signal is a step function.
The profile of a single detector element is thus a rectangle function with a width, Δξ.
As described in � Sect. ., the frequency representation of a rectangle in the spa-
tial domain is the sinc function, i.e.,

R(u) 	 sin(πΔξu)
πΔξu

. (.)

As a consequence, the measured signal is thus not band-limited so band overlap
problems may arise. The essential energy contributions are included in the sinc
function up to the first root. One therefore assumes that the highest available fre-
quency (which is relevant in practice) is determined by the first root, given by

πΔξu = π . (.)

 A similar problem will also have to be discussed in the next chapter dealing with the
secondary reconstruction of a three-dimensional image from a stack.
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This means that the maximum frequency (which is again relevant in practice) is
given by

u = 
Δξ

. (.)

However, Shannon’s sampling theorem states that the distance between the sam-
pling points must be Δξ�, i.e., that they must be twice as densely arranged than is
actually possible due to the structural design.

According to Shannon’s theorem, it would also be possible to filter with a low
pass over two detector widths to prevent band overlap problems. However, the re-
lated deterioration of the modulation transfer function (MTF) of the system (cf.� Sect. .) would not be acceptable in clinical practice.

In fact, actual implementations do not filter over two detector elements, but
increase the spatial sampling frequency with an elegant technical modification of
the detector.

The spatial sampling rate is doubled by setting the detector array off by one
quarter of the detector width. This is readily illustrated in Fig. .: It can be seen
that the central beams are located side-by-side at a distance of half the detector
width after one rotation by �.

For the off-center beams, it is assumed that the space is sampled in the measur-
ing field on concentric circles around the iso-center of rotation. With a symmetri-
cal detector arrangement, one just needs a � rotation around the object to image

Fig. ..Quarter detector shift in a CT scanner of the third generation. Left: Without an off-
set, the way forth and back yields the same projection value due to the symmetrical attenu-
ation and thus no new information is obtained. Right: Taking advantage of an asymmetrical
detector arrangement on the way forth and back of the X-ray beam, a sampling pattern can
be achieved such that the desired double sampling rate is generated
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Fig. .. Duplication of the sampling rate by a quarter detector shift to meet the require-
ments stipulated in Shannon’s sampling theorem. The differences in radii of the concentric
sampling circles are half as much with the quarter detector shift (right-hand images) than
with the symmetrical detector arrangement (left-hand images). The principle is the same for
parallel-beam geometry (the two upper pictures) as for fan-beam geometry (two lower im-
ages). Contrary to parallel-beam geometry, the distances between the sampling circles be-
come smaller and smaller with an increasing angular distance from the central beam with
fan-beam geometry

any point of the object from all sides. By setting off the detector array by one quar-
ter of the detector width, the X-ray tube has to be rotated by � around the ob-
ject to illuminate any point of the object under any angle. However, this additional
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technical effort results in the availability of supplementary sampling circles.The lo-
cal difference in radii of those is just half as much as for a symmetrical detector
arrangement. The spatial sampling rate has thus been doubled – as requested by
Shannon.

Figure . also illustrates that the described concept of doubling the resolution
can be put into effect for both fan-beam and parallel-beam geometry. However, the
differences in radii are become smaller for larger angles with fan-beam geometry,
whereas the parallel-beam system is characterized by a homogeneous resolution.

In general, this method can be used successfully if a sufficient number of pro-
jections is available for a single � rotation (with typical resolution limits ranging
from  up to  line pairs per centimeter) approximately , projections are re-
quired per rotation (Morneburg ), and if the patient movement is negligibly
small. This is due to the fact that it takes a certain time to carry out a � rotation
and the complementary beams from the corresponding opposite side double the
spatial sampling process.

Figure . illustrates the rebinning of the sample points in the Radon space.
With the quarter detector shift, the sample points of the angle intervals on the back-
side [π, π] are just located between the sample points of the angle intervals on the
front side [, π]. The spatial sampling rate is thus doubled.

Fig. .. Sampling points in the Radon space (of pencil-beam geometry) with a quarter
detector shift. If one correctly rebins the sample points of the angle interval [π, π] into the
interval on the front side [, π], the spatial sampling rate is doubled
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Fig. .. Sampling points in the Radon space (of pencil-beam geometry) with a quarter
detector shift and with a supplementary integer detector element offset. If the sample points
are properly sorted from the angle interval [π, π] into the interval on the front side [, π],
one can see that the spatial sampling rate is only doubled in the central area. This area is
highlighted in gray. At the same time, one observes a synthetic extension of the detector
arrays whereby aliasing problems may occur due to the single spatial resolution
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Fig. .. As the detectors are positioned asymmetrically, measurement fields with different
spatial resolutions are obtained. Due to the quarter detector shift, the resolution is twice as
good in the inner measurement field than in the outer measurement field

Fig. .. Compact tomograph Philips Tomoscan M. For the outer measurement field it im-
mediately becomes obvious why projections must be measured over �. As a result, this
measuring method does indeed yield twice the resolution in the inner area
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In compact low-cost CT systems, in which the engineers try to reduce the num-
ber of detector elements, the shift of the detector array is increased even more so
that finally two different reconstruction areas are achieved: one inner area that has
twice the spatial resolution of the outer area, due to the quarter detector shift. As the
outer area of the measuring field usually covers the extremities, the corresponding
loss in resolution does not play a major role in diagnostics.

Figure . illustrates the location of the sample points in the Radon space. The
asymmetrical arrangement of the detector array results in a parallel offset of all
points along the detector array axis. The points in the angle interval [π, π] are
sorted into the angle interval [, π] such that a central area with twice the sampling
rate is generated (in Fig. ., bottom, highlighted in gray). The detector array has
thus been artificially extended. However, one only obtains a low spatial resolution
in the extended area so that aliasing problems may occur.

However, given that – as already mentioned above – the area that is of diagnos-
tic interest is in general positioned in the center of the measurement field, this effect
plays a minor role. Figures . and . show the two resolution areas schematic-
ally on a compact Philips Tomoscan MTM CT scanner. Another model of a compact
scanner with asymmetrical detector array is the Siemens SomatomAR.T/CTM scan-
ner equipped with what is called a / detector.
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8.1
Introduction

In this chapter, three-dimensional reconstruction methods will be discussed. The
chapter starts in � Sects. . and . with a description of pseudo three-dimensional
methods that are based on stacks of two-dimensional images.The spiral CTmethod
described in � Sect. . also follows this pseudo three-dimensional approach, al-
though in this case data acquisition is actually closer to a true three-dimensional
reconstruction method. In this context, the term true means that the third dimen-
sion of the images is not the result of a secondary reconstruction inwhich the actual,
i.e., primary, reconstruction only refers to two-dimensional Radon transforms.

Methods based on three-dimensional Radon transforms will be discussed in� Sects. . and .. In fact, the exact reconstruction methods based on cone-beam
geometry are mathematically more demanding than the two-dimensional methods
discussed in �Chaps.  and . Although there have been studies investigating the
use of algebraic reconstruction techniques (cf. �Chap. ) related to cone-beam
geometry, scientific interest is nowadays focused on Fourier methods, which will
be exclusively addressed in this chapter.

Figure . demonstrates the tremendous development in the field of X-ray-
based imaging to date. Figure .a shows an excellent projection image in which
a multitude of details of the anatomy are already visible. However, in this image

 ART or the statistical reconstructionmethods discussed in 
Chap.  can be implemented
in D in a straightforward manner.
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Fig. .. Example of an abdominal situation illustrating the progress in imaging – starting
with a a simple X-ray picture, then b the tomographic reconstruction, and in c the volume- or
cone-beam CT reconstruction (courtesy of General Electric Medical Systems: Pfoh [])

the diagnosis is impaired due to the typical projective superimpositions. Figure .b
shows a tomogram slice, which brought along a revolutionary improvement of con-
trast and thus of diagnostic insight. The steps to volume- or cone-beam CT are no
less revolutionary. With CT scanner prototypes equipped with special flat-panel
detectors it is possible to show that a resolution of approximately μm can be
achieved. Figure .c shows the result of such a volume scan. This high-resolution,
isotropic volume representation is realized with a detector element density of ap-
proximately . elements per cm (Pfoh ).

8.2
Secondary Reconstruction Based on 2D Stacks
of Tomographic Slices

In the previous chapters, only two-dimensional images have been considered. How-
ever, today, medical applications of computed tomography (CT) are mainly related
to three-dimensional imaging. In a first step, a stack of two-dimensional slices must
be acquired. A conventional technique is given by a sequential procedure where
the patient, laying on the patient table, is moved slightly in the axial direction of
the scanner, i.e., the scanner’s z-axis. The table then stops and a complete raw data
set of a single slice is measured. Figure . shows a representative result of this
process. The stack of tomogram slices is subsequently used to compute the three-
dimensional representation of the depicted anatomy. This procedure is called sec-
ondary reconstruction.

As for the surface visualization method, it is necessary to select a gray value
threshold representing the surface. In this context one has of course a certain de-
gree of freedom, as different objects may be visualized as long as their Hounsfield
values are clearly different from one another. The gray-value iso-surface will then
be illuminated with a virtual light source so that the corresponding light reflections
can be computed to display the result.
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Fig. ..Three-dimensional visualization of the slice stack. For visualization purposes a so-
called surface rendering method is used based on a gray value iso-surface representation. If
one selects a sufficiently high gray value threshold for the iso-surface, so that virtually only
the bone structures are segmented, then the soft tissue parts obviously vanish (left). If one
selects another threshold representing the soft tissue and the skin, then these objects can be
visualized as well (right)

This rather simple surface segmentation method fails in all those cases in which
distinct objects have very similar gray values.Therefore, it is hardly possible to iden-
tify an appropriate threshold that allows these objects to be clearly distinguished.
Moreover, if the gray values vary in different areas of certain organs so that they
cannot all be represented by a single threshold value, this method fails as well. In
these unfortunately prevalent cases, one has to apply more intelligent and poten-
tially also interactive segmentation methods. This wide range of different segmen-
tation methods cannot be discussed here. A corresponding introduction is avail-
able, for example, in Lehmann et al. (). However, this problem will once again
be addressed in � Sect. ... There it will be explained how and under which basic
constraints the stack of slices is measured. Figure . shows the patient table feed as
a function of the measuring time. This yields the above-mentioned stacks of slices,
which, arranged side by side, result in the desired volume image.

From a signal theoretical point of view this sequential slice acquisition must
again be interpreted as a sampling process. In this case, the samples are taken along
the z-axis. The Nyquist criterion, which was introduced in � Sect. ., must of
course also be taken into account in this context.

The intensity profile of the radiation in a single slice to be reconstructed, which
is rectangular under ideal conditions, is restricted by a slot-like collimator in the
third-generation scanners. Now let the axial width of this rectangle be Δz. As al-
ready discussed in � Sect. ., the frequency representation of a rectangle in the
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Fig. .. The measurement position as a function of time. Raw data set measurements are
taken each time the table stops

spatial domain is the sinc function, which means

Z(w) 	 sin(πΔzw)
πΔzw

. (.)

Taking into account that the essential energy contributions of the sinc function (.)
are included in the frequency interval up to the first root at

πΔzw = π , (.)

then the maximum frequency of the signal relevant in practice amounts to

w = 
Δz

. (.)

In order to meet the requirements stipulated in Shannon’s sampling theorem, the
distance between the sampling points must therefore be Δz�.Thismeans that with
a slice thickness of Δz the table feedmay be asmuch as Δz�. At least two slicesmust
therefore bemeasured per slice thickness. Figure . shows the thickness of the slice

Fig. ..The slice thicknesses in each measuring position as a function of measuring time.
The values are always measured during the stop period of the table feed
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Fig. .. Slice stack from abdomen tomography. A sequence of  successive slices is shown
line by line

at any measuring position as a function of the time. Typical slice thicknesses range
from mm up to mm.

This condition from signal theory is hardly taken into account in practice. In
fact, many radiologists just place the slice images of a sequence side by side on their
viewing light box to evaluate the radiographs quickly; thus, aliasing plays a sec-
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Fig. .a,b. The individual images of a slice stack are arranged one after another. This ar-
rangement results in a volumetric representation and therefore represents the basis for CT
to be considered as a three-dimensional modality. A surface rendering technique has been
used here
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ondary part. Figure . shows such a sequence of  axial slices of the abdominal
region.

As already discussed above, the slices of the stack shown in Fig. . must be
placed on top of each other to provide a three-dimensional representation. Fig-
ure . illustrates this procedure schematically with five single slices being arranged
using the same three-dimensional data set. The tomograms are stacked one by one
with exactly matching pixels. In general, the slice thickness considerably exceeds
the pixel size within one slice.Thismeans that the voxels are anisotropic, a fact that
must be taken into account when algorithms of three-dimensional image process-
ing are used, for example, by isotropizing the data set by interpolation.Nevertheless,
errorsmight occur during visualization and data evaluation if the above-mentioned
sampling theorem is violated during data acquisition. A corresponding example is
illustrated in � Sect. ...

Figure .a shows five single slices together with a surface representation of the
skeleton. For this purpose, the selected gray-value threshold is high enough to sup-
press any kind of soft tissue in the representation. In Fig. .b the skin and some
organs have been segmented by applying another, smaller gray-value threshold.
Correspondingly, they are visualized as transparent material.

8.3
Spiral CT

A first step toward a true volume image is the so-called spiral CT method, which
was proposed byWilli Kalender in  on the annual RSNA conference (Kalender
et al. ).The inadequacies of the simple slice stack produced by conventional CT
are easy to understand. Due to the preset collimation each slice has a certain width,
which is also referred to as slice thickness. Within this slice thickness the intensity
is weighted with its sensitivity profile – given by the source intensity distribution
inside the collimation and the detector sensitivity profile – and then averaged.

This averaging process is a problem in all those cases in which the object is
characterized by boundaries, which are angulated with respect to the axial slice,
i.e., where structures to be displayed quickly change in the direction of the table
feed. In these cases, the averaging process results in a step-like slice stack so that the
structure to be displayed has a staircase-like appearance.This artifact formation will

 This only is true, if the patient holds his breath during data acquisition. Otherwise, mo-
tion artifacts appear (cf. 
 Sect. ..). Sophisticated image processing methods can be
employed to correct for these artifacts in a post-processing step.

 Voxel is an artificial word composed of volume (x) element.
 RSNA: Radiological Society of North America.
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Fig. .. Three-dimensional representation of a part of the vertebral phantom. Orthogonal
reformatting, as well as volume rendering, is displayed. The slice thickness selected for the
measurement is .mm.The step-like pattern of the three-dimensional rendering and of the
calculated coronal and sagittal sections can be clearly distinguished

once again be discussed in � Sect. ... Figure . shows an example of this effect
by means of a volume rendering and MPRmodel of a vertebral phantom.

 Volume rendering: Each voxel is assigned to a physical light reflectance and scattering.
In the computer, this “data fog” is illuminated with a virtual light source and the optical
events at the voxels are simulated.

 MPR: Multi-planar reformatting.
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The development of slip-ring technology, which has already been briefly dis-
cussed in � Sect. ., made it possible to rotate the sampling unit, i.e., the tube and
detector array system, continuously. If the table feed is kept constant during the ro-
tation, then the X-ray source rotates around the patient on a spiral path; strictly
speaking, this movement describes a helical trajectory. This orbit interpretation is
based on a coordinate system attached to the patient table, since the X-ray source
does of course still run along a circular path. The spiral path only arises from the
patient’s view. With this concept, the complete projection data acquisition of an ob-
ject is possible, and the scan time for a volume could be considerably reduced in
comparison with conventional tomography.

Indeed, it is remarkable that spiral CT technology works at all. An essential re-
quirement for the reconstruction methods described in �Chap.  is the complete-
ness of the raw data.This means that an object in the measurement field can only be
reconstructed if all points of the object are illuminated from all sides – i.e., over �

(cf. Fig. . left side).This condition is the reason why artifact-free conventional CT
scans of the heart are practically impossible because the heart motion shifts parts
out of the slice to be reconstructed while the sampling unit rotates around the heart.
Thus, the projection data to be used for the reconstruction process do not fulfill the
consistency condition. Rather, the differences between the projection data of a com-
plete cycle should only be caused by the change of perspective. The reconstructed
tomogram is thus impaired by motion artifacts, which will be described in detail in� Sect. ...

In spiral CT scanners, the motion of the objects to be reconstructed is in fact
the decisive innovation compared with conventional CT scanners. Figure ., right-
hand side, illustrates that the object to be examined is no longer scanned in a sin-
gle plane. The reason for this is that, due to the continuous patient table feed, the
source trajectory is not a closed circular orbit. Therefore, a complete set of raw data
is not available for the reconstruction process – the data are inconsistent in terms of�Chap. . In Fig. ., bottom, the raw data space of spiral tomography of the head
is shown. During the patient table feed of cm, projection data of six full cycles of
the sampling unit have been acquired. It can easily be seen how the information in
the sinogram changes while the patient is moved along the z-axis.

Figure . shows the conceptual difference between the source trajectories for
the conventional and the spiral CT method for a larger volume. The conventional
scanning scheme is shown on the left-hand picture. The tube moves along circular
paths, which are traversed completely and pushed over the patient successively with
discrete stops. Due to the finite collimation, the thickness of the slices is determined
by the width of the circular path. On the right-hand side it can be seen how the
circular path of the tube is combined with the continuous linear table feed in the
spiral CT scanner and thus arranges the data on a helical trajectory.

A decisive difference between the two methods is readily visible in Fig. .. In
conventional tomography there are areas that are not illuminated at all with the

 One should actually name the orbit a screw path because a spiral is a purely D structure
in which the radius of the cycling trajectory point is linearly changed.
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Fig. .. Completeness of the data in conventional CT (left). Due to the continuous table
feed, the raw data acquired with spiral CT are not complete. The path of the X-ray source is
not a circular orbit. Below: Sinogram raw data of the head acquired with a spiral acquisition
protocol

ratio of table feed and slice width illustrated above. Information required for image
reconstruction is thus not available from these areas. The errors related to three-
dimensional visualization have already been discussed above.

This is different in spiral CT scanners because – as already described above –
these scanners are characterized by continuous data acquisition, i.e., all points along
the z-axis are illuminated at least once. Therefore, at least partial information from
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Fig. .. Comparison of data acquisition between conventional CT and spiral CT. Left: Due
to stop points of the table feed, the data are measured on separate circles in conventional CT.
Right: The combination of the continuous rotation of the sampling unit and the continuous
table feed results in a helical arrangement of the raw projection data in spiral CT scanners

each slice, which can be subsequently and arbitrarily selected, will be available for
the reconstruction process. And, in fact, information is even available for smaller
objects from different projection directions over the entire width of the slice due to
the specific slice sensitivity profile determined by the chosen collimation.

The key idea governing the reconstruction process of the spiral CT method is
based on the assumption that the missing data of one slice can be completed by in-
terpolation. If this has been done, then the two-dimensional reconstruction proce-
dures described in �Chap.  are again available without any restriction. Figure .
shows the simplest principle of a slice interpolation. The helical rise, i.e., the path
along which the table is moving during one � rotation of the sampling unit, will
be denoted with s here.

One may now select an arbitrary slice position, zr, because no preferred axial
position regarding the data basis exists due to the constant table feed. For the se-
lected slice there initially is only a single projection angle, γr, for which the pro-

Fig. .. Principle of slice interpolation in spiral CT. The corresponding neighboring pro-
jection data, which have actually been measured, contribute to the projection data of the
selected slice by interpolation
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jection data set pγr(ξ) is available. The projection data pγ(ξ) of all other projec-
tion angles must be provided accordingly by means of interpolation. For this pur-
pose, the data that have not been measured under the other required projection
angles in the selected slice position zr, must be interpolated on the basis of the
closest neighboring angles of the helical trajectory that have actually been meas-
ured.

The simplest case of such an interpolation scheme is a so-called linear interpol-
ation. For this purpose, one first identifies each position z with a projection angle,
so that

γi = zi

s
� (.)

and thus

γi + � = zi + s
s

� . (.)

In fact, the actual interpolation is a sum of the left-hand pγi(ξ) and right-hand
pγi+�(ξ) neighboring projection, each weighted with the corresponding distance
to the selected slice. That is

pγr(ξ) = ( − α)pγi(ξ) + αpγi+�(ξ) , (.)

where the weight α is determined by

α = zr − zi

s
. (.)

The linear interpolation over an angle of � already yielded remarkable suc-
cess when it was introduced by Willi Kalender. This interpolation is abbreviated by
�LI, where LI denotes linear interpolation. Nevertheless, it should be discussed
whether the interpolation might yield even better reconstruction results if the ac-
quired data basis could be measured more densely. Figure . illustrates that the
raw spiral projection data of an acquisition interval over � are required for an
interpolation of a single slice with the �LI method.

On the other hand, it is desired to achieve a higher density of the underly-
ing projection data without having to increase the radiation dose. To realize this,
one may take advantage of the fact that the attenuation of X-ray beams along the
beam path is invariant to direction reversal. This is the reason why projection data
must generally only be acquired over an angle interval of � in parallel-beam
geometry. This means that with each measured projection profile pγ(ξ), one also
knows pγ+�(ξ). With this idea, a second helix is obtained, which, compared with
the basic helix, has been shifted by �. This supplementary helix is shown in
Fig. ..
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Fig. ..Principle of slice interpolation in spiral CT. Due to the invariance of the attenuation
to the reversal of the beam path, one obtains a supplementary helix, which is shifted by �

compared with the basic helix. a Simple spiral with pitch p = , b supplementary helix filling
the gap, and c interpolation with data from the supplementary helix. The complementary
trajectory is indicated with a dashed line

The supplementary helix is generated regardless of whether parallel-beam
geometry is considered or the fan-beam geometry of the third-generation tomo-
graphs, which are used mostly nowadays. In � Sect. .., it has already been men-
tioned that an inverse fan can be synthesized by complementary rebinning, which
also describes a supplementary helix.

The benefit of the complementary helix is easy to understand. The data points
for the interpolation are much closer to each other without increasing the radiation
dose. Figure .c illustrates that now the points zi and z j + s are the nearest points
for the approximation of the projection data point zr.The frequently applied �LI
method uses the supplementary helix in a linear interpolation scheme. Overall, raw
projection data from an acquisition interval of (�+φ) are required to carry out
the interpolation in a fan-beam systemwith the � LI method. In � Sect. ., it has
already been discussed that one has to measure by the aperture angle φ of the fan
beam beyond � if fan-beam geometry is used instead of parallel-beam geometry
to acquire a complete Radon space.

In addition, one may carry out a higher order interpolation if the points z j and
zi + s indicated in Fig. .c are considered as well. However, this issue will not
be discussed in detail here. A survey of the interpolation algorithms used in CT
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today is available inKalender ().There, the advantages and disadvantages of the
corresponding interpolations are discussed in detail. This particularly also applies
to devices with multi-line detectors and to methods with ECG triggering.

The specific scan protocol parameters of these methods will be briefly discussed
in the following paragraphs. Contrary to conventional CT, one has to consider the
table speed vt as a function of the rotation frequency �Trot of the sampling unit.
This yields the table feed per rotation or the helical rise:

s = vtTrot . (.)

If one includes the width or thickness of the X-ray fan d defined by the collima-
tor, then these parameters are usually combined to define the new scan protocol
parameter pitch

p = s
d
. (.)

Here, this parameter is defined for a system with a single detector array. Figure .
illustrates the importance of the dimensionless pitch factor, which describes the
table feed per rotation as a function of the slice collimation. Spiral acquisition tra-
jectories with the pitch factors p = , p = ., and p =  (from left to right) are
shown.The table feed per rotation can obviously exceed the value of the slice thick-
ness. Correspondingly, it has to be discussed whether or not the sampling theorem
is violated in this situation.

In order to ensure that Shannon’s sampling theorem is not violated, overlapping
slices have to be acquired for the three-dimensional reconstruction in conventional
CT as already described in the previous section. This requirement does not neces-
sarily have to be met in spiral CT scanners because – in principle – a sequence of
arbitrarily fine slices can be reconstructed from the spiral. Overlapping slices can
therefore also be reconstructed retrospectively with this method. Figure . shows

Fig. .. Impact of the dimensionless pitch factor (table feed per rotation in units of the slice
thickness) in spiral CT. Different pitch factors p (p = , p = ., and p = ) are illustrated
from left to right. A pitch factor p �  reduces the acquisition time since a larger volume in
units of the slice thickness can be measured. The dose is obviously smaller for p =  than for
p = 
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Fig. .. A closer sequence of the images in the slice stack can be achieved by retrospect-
ive computation of the single slices with spiral CT (M % N). Therefore, staircase artifacts
(cf. 
 Sect. ..) can be reduced within the three-dimensional representation (adapted from
Kalender [])

schematically the number of slices in spiral CT compared with conventional CT. In
this context, one should take into account the fact that the slices are getting closer
to each other, but that, on the other hand, the thickness measured for each slice is
still determined by the slice thickness selected with the collimator.

Nevertheless, there are still some restrictions concerning the selection of the
pitch factor. The pitch factor, p, typically ranges from  to . First of all, it should
be clarified why the method actually works for p = . As discussed above, the pro-
jection data are, according to (.), interpolated from neighboring real projections
on the helix. If one assumes that a very small, δ-shaped object has to be measured,
and if one further assumes that a theoretical slice thickness can be adjusted with
the sampling unit having a δ-shaped sensitivity profile, then the spiral CT method
would not be successful at all. This is because the object would actually only be vis-
ible as a projection under a single angle. As a consequence, the Radon space for
this object, approximated with the spiral CT interpolation scheme, would include
inconsistent projection data, since no projection outside of the source orbit point
at zr contains information of the δ-object.

However, in real systems one neither measures such small objects nor is the
sampling unit provided with a δ-shaped sensitivity profile. As long as a real object
is located inside the profile of one slice thickness while the patient table moves for-
ward, the corresponding neighboring projections also provide information on this
object. Therefore, an interpolation finally makes sense. But why does a pitch fac-
tor p �  actually work? In order to answer this question one may once again have
a look at Fig. .. Due to the virtual supplementary helix, which has been shifted
by �, it is theoretically possible to track all object points for a sufficiently long
sampling period in the projections even with a pitch factor of up to p = . Data loss
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Fig. ..Advantage of spiral CT regarding imaging of small structures.The slice sensitivity
profiles (SSP) for conventional and spiral CT are represented versus the axial z-axis. If very
small details are located exactly on the border of the conventional slices, then the image
intensity may be very small due to the steeply descending sensitivity profile. In spiral CT, the
maximumvalue of the slice sensitivity profile is generally smaller, but, on the other hand, also
softer and wider. As arbitrarily selected slice positions can be reconstructed retrospectively,
the structure detail can subsequently be positioned exactly in the area of themaximum value
of the spiral sensitivity profile (adapted from Bushberg et al. [])

resulting in artifacts may arise for a pitch factor of p � , especially if rather small
structures are scanned. The pitch factors selected in practice range from  < p < ..

Figure . schematically illustrates why conventional CT may under certain
circumstances result in poorer image quality for small details than spiral CT. If
a small structure is located exactly on the edge of twoneighboring slices in a conven-
tional tomogram with non-overlapping, densely arranged slices, then the intensity
is equally distributed between the two slices even with a perfectly rectangular slice
sensitivity profile (SSP). Unfortunately, in practice, the SSP is only approximately
rectangular so that the measured response of the system is further weakened as
a function of the steepness of the profile at the slice border.

On the other hand, a single-slice sensitivity profile of each reconstructed slice
is broader and flatter in spiral CT than in conventional CT. This is due to the con-
volution of the conventional profile with the table feed function. The higher the
pitch factor the broader and flatter the slice sensitivity profile. Contrary to conven-
tional tomography, in which the spatial location of the structure details in relation
to the location of the slices is random and can only be corrected by a supplemen-
tary measurement with an additional radiation dose, it is possible to position the
structure detail exactly in the center of the SSP in spiral CT. This can be achieved
by computing the slices at any slice position retrospectively.
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It should be emphasized that the potential of the spiral CT method to com-
pute arbitrarily dense overlapping slices does not mean that the spatial resolution
in the axial direction can be increased arbitrarily. The axial resolution is always de-
termined by the slice thickness given by the collimator (cf. Fig. .). However, it is
of course possible to reconstruct images every  mm for a helix scanned with a fan-
beam thickness of mm. But this does not finally result in a resolution of mm. In
analogy to Bushberg et al. (), one should therefore distinguish between a -mm
sampling pitch and -mm sampling aperture.

The demand for ever faster CT scanners has accelerated the development of
multi-line detector arrays, which also run along a helical path. Figure . schemat-

Fig. .. aHelical orbits of a -line X-ray detector system. bDue to the concept of the inverse
fan corresponding supplementary helices are shifted by � for each real orbit. These are
shown with dashed lines
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ically shows the corresponding paths of the actual detector lines as well as the cor-
responding supplementary helical paths for a -line detector array shifted by �.
In this context, it is remarkable that only a single X-ray focus is used resulting in an
X-ray cone wheremathematical analysis is computationally expensive, especially in
the case of a large cone aperture angle. However, good results can be achieved with
an approximate reconstruction method for small apertures in the axial direction(< �). A discussion of the cone-beam reconstruction method will be the subject
of the following sections of this chapter.

Figure . exemplarily illustrates that the neighboring points used to interpo-
late the projection data for the slice at the axial position, zr, are even closer to each
other than in the geometrical situation shown in Fig. .. In order to evaluate this
fact with respect to image quality and radiation dose, one has to consider the num-
ber of lines M of the detector array related to the pitch factor so that

p = s
Md

. (.)

Both the increased data acquisition speed and the reduction of radiation dose for
pitch factors larger than one play a very important role in this context.

The main advantages of the spiral CT method can be summarized as listed in
the following (Gay and Matthews ; Seeram ):

• Due to the continuous data acquisition synchronized with the table feed
into the gantry it is possible tomeasure complete organs and larger volumes
on a short time scale. Shorter acquisition times result from both, a pitch
factor, p � , and, of course, the elimination of the table feed stop points
that are characteristic of conventional CT.• Due to the higher acquisition speed the number of artifacts associated with
patient motion is reduced.• Contrary to conventional CT, a complete data set can be acquired. Staircas-
ing artifacts (cf. � Sect. ..) in the three-dimensional reconstruction can
thus be eliminated.• Slices can be reconstructed retrospectively at any axial position. Very small
structures can also be visualized in this way.

However, it must be taken into account that the X-ray tube is subjected to an
extreme load due to this continuous acquisition process.This particularly applies to
the thermal stress. The reader of this book can finally evaluate the imaging quality
of the spiral method by comparing the reconstructions shown in Figs. . and ..
Figure . shows isotropic voxels with an edge length of .mm.
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Fig. ..Thesuccess of the spiral CTmethod can be readily understood if again the vertebral
phantom shown in Fig. . is used for evaluation. A uniform, i.e., the isotropic resolution of
.mm has been computed retrospectively. Staircasing artifacts, as occurring in Fig. ., are
considerably reduced here

8.4
Exact 3D Reconstruction in Parallel-BeamGeometry

The following sections will no longer deal with secondary reconstructions based on
slice stacks, but rather with “true” three-dimensional reconstruction methods.

8.4.1
3D Radon Transform and the Fourier Slice Theorem

To define the Radon transform in the three-dimensional space corresponding to
(.), one first has to study how the D integration line defined along the X-ray
beam is now converted into a D surface. The projection integrals are thus con-
verted into surface integrals. This means that a three-dimensional Radon value is
a surface integral in the three-dimensional object space.
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In analogy to the definition of the unit vector

nξ = 
 cos(γ)sin(γ) � , (.)

determining the corresponding projection angle γ for the two-dimensional recon-
struction method (cf. Fig. .a), the vector

nξ = �� 
cos(γ) sin(ϑ)
sin(γ) sin(ϑ)
cos(ϑ)

!"# (.)

suitably describes the analog “projection surface” in the three-dimensional space.
Each surface A can in fact be unambiguously determined by a point in the Radon
space if one interprets this point as the root point of the surface normal of A, the
prolongation of which runs through the origin of the Radon space. Figure .b
shows the surface A, which is the key element of the Radon transform in the three-
dimensional description. Analogous to the description in the two-dimensional
space, the vector

ξ = �� 
ξx
ξy
ξz

!"# = ξ ċ nξ = �� 
ξ cos(γ) sin(ϑ)
ξ sin(γ) sin(ϑ)
ξ cos(ϑ)

!"# (.)

can be defined, which unambiguously determines the Radon value.

Fig. .. a Geometrical description of the path of integration along a line L for the two-
dimensional reconstruction problem. b Description of an analog integration surface A for
the three-dimensional reconstruction problem
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A point r = (x , y, z)T is located in the plane A, if the inner product

ξ = (rT ċ nξ) = x cos(γ) sin(ϑ) + y sin(γ) sin(ϑ) + z cos(ϑ) (.)

is constant. If A is a surface in the object space, then the sampling process can be
described by

f (x , y, z) > δ(A) = ∫
R

f (r)δ(r−A)dr (.)

i.e., in full analogy to (.) or

f > δ(A) = ∫
r �A

f (r)dr . (.)

Due to the sift property of the δ-distribution, (.) yields all points r of the object
space located on the surface A. As the surface A is determined by (rTnξ) = ξ, the
projection integral may again be expressed by

f > δ(A) = ∫ f (r)δ((rT ċ nξ) − ξ)dr
= �

∫
−�

�

∫
−�

�

∫
−�

f (x , y, z)δ(x cos(γ) sin(ϑ)
+ y sin(γ) sin(ϑ) + z cos(ϑ) − ξ)dx dydz= p(ξ)

(.)

i.e., in full analogy to (.). If the two-dimensional notation is consequently ex-
tended, the projection now changes with the two projection angles, γ and ϑ, so that

p = p(ξ, γ, ϑ) = pγ ,ϑ(ξ) . (.)

pγ ,ϑ(ξ) is called the Radon transform of the three-dimensional object. One may
write

f (x , y, z) A—R——• f > δ(A) = pγ ,ϑ(ξ) (.)

or

pγ ,ϑ(ξ) = R� f (x , y, z)� . (.)

The three-dimensional Radon space consists of the surface integral values at the
points (ξ, γ, ϑ) indicated by their spherical coordinates. The Fourier-slice theorem,
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which has already played a key role when we discussed the inversion of the Radon
transform in � Sect. . may also be formulated in three dimensions. For this pur-
pose, one initially computes the Fourier transform of the Radon space again for all ξ
of the corresponding projection angles γ and ϑ

Pγ ,ϑ(q) = �

∫
−�

pγ ,ϑ(ξ)e−πiqξ dξ , (.)

where the projection values pγ ,ϑ(ξ) in (.) result from the projection integral
extended into the two-dimensional space (cf. (.)), i.e.,

Pγ ,ϑ(q) = �

∫
−�

-../..0
�

∫
−�

�

∫
−�

μ(η, σ, ξ)dσdηB..C..D e−π iqξ dξ

= �

∫
−�

�

∫
−�

�

∫
−�

μ(η, σ, ξ)e−π iqξ dξdσdη .

(.)

Figure . shows the relationship between the fixed patient coordinate system and
the rotating sampling system – consisting of the integration surfaceA – used for the
description of the attenuation coefficients in the three-dimensional object space.

In the (x , y, z)-patient coordinate system, which still is a Cartesian but never-
theless a fixed system that has been rotated by γ and ϑ and shifted by the distance ξ

Fig. .. Relation between the fixed (x, y, z) patient coordinate system and the coordinate
system (ξ, η, σ) of the rotating surface A
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one may write

Pγ ,ϑ(q) = �

∫
−�

�

∫
−�

�

∫
−�

μ(η(x , y, z), σ(x , y, z), ξ(x , y, z))e−π iq(rT ċnξ)dx dydz

= �

∫
−�

�

∫
−�

�

∫
−�

f (x , y, z)e−π iq(rT ċnξ)dx dydz . (.)

Since both systems are of Cartesian nature, the integration element dξdσdη can be
directly replaced by dx dydz, because the corresponding Jacobian is equal to one.

On the other hand, the Cartesian formulation of the Fourier transform of the
three-dimensional object in the fixed (x , y, z)-patient coordinate system is deter-
mined by

F(u, v,w) = �

∫
−�

�

∫
−�

�

∫
−�

f (x , y, z)e−π i(xu+yv+zw)dx dydz . (.)

Regarding the changes in the coordinate systems it should be recalled here that
a point in the frequency domain with the spherical coordinates (q, γ, ϑ) is charac-
terized by the Cartesian frequency coordinates

u = q cos(γ) sin(ϑ)
v = q sin(γ) sin(ϑ)
w = q cos(ϑ) . (.)

Therefore, the exponent in (.) may read

F(u, v,w) =
= �

∫
−�

�

∫
−�

�

∫
−�

f (x , y, z)e−π i(xq cos(γ) sin(ϑ)+yq sin(γ) sin(ϑ)+zq cos(ϑ))dx dydz

= �

∫
−�

�

∫
−�

�

∫
−�

f (x , y, z)e−π iq(x cos(γ) sin(ϑ)+y sin(γ) sin(ϑ)+z cos(ϑ))dx dydz

= �

∫
−�

�

∫
−�

�

∫
−�

f (x , y, z)e−π iq(rT ċnξ)dx dydz . (.)
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The integrand in the last line of (.) corresponds to the integrand of (.) so that
the three-dimensional version of the Fourier-slice theoremcan be summarizedwith

F(u(q, γ, ϑ), v(q, γ, ϑ),w(q, γ, ϑ))= F(q cos(γ) sin(ϑ), q sin(γ) sin(ϑ), q cos(ϑ))= Fspherical(q, γ, ϑ)= Pγ ,ϑ(q) .
(.)

8.4.2
Three-Dimensional Filtered Backprojection

Starting from the inverse three-dimensional Fourier transform of the object spec-
trum

f (x , y, z) = �

∫
−�

�

∫
−�

�

∫
−�

F(u, v,w)eπ i(xu+yv+zw)dudvdw , (.)

spherical coordinates given by the system (.) are introduced here. As already
indicated in the previous chapters, the infinitesimal volume element dudvdw must
be replaced by Jdqdγdϑ. The Jacobian J is here determined by

J � det
 ∂(u, v,w)
∂(q, γ, ϑ) � =

HHHHHHHHHHHHHHHHHHHHHHHHHHHHH

∂u
∂q

∂v
∂q

∂w
∂q

∂u
∂γ

∂v
∂γ

∂w
∂γ

∂u
∂ϑ

∂v
∂ϑ

∂w
∂ϑ

HHHHHHHHHHHHHHHHHHHHHHHHHHHHH
= HHHHHHHHHHHHHHHHH

cos(γ) sin(ϑ) sin(γ) sin(ϑ) cos(ϑ)−q sin(γ) sin(ϑ) q cos(γ) sin(ϑ) 

q cos(γ) cos(ϑ) q sin(γ) cos(ϑ) −q sin(ϑ)
HHHHHHHHHHHHHHHHH = q sin(ϑ) .

(.)

If one substitutes the new infinitesimal volume element in spherical coordinates one
finds the inverse Fourier transform

f (x , y, z) = π

∫
ϑ = 

π

∫
γ = 

�

∫
q = 

F(q cos(γ) sin(ϑ), q sin(γ) sin(ϑ), q cos(ϑ)) ċ . . .
. . . ċ eπ iq(x cos(γ) sin(ϑ)+y sin(γ) sin(ϑ)+z cos(ϑ))q sin(ϑ)dqdγdϑ .

(.)
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According to the Fourier slice theorem (.) it holds that

F(q cos(γ) sin(ϑ), q sin(γ) sin(ϑ), q cos (ϑ)) = Pγ ,ϑ(q) , (.)

so that

f (x , y, z) = π

∫
ϑ = 

π

∫
γ = 

�

∫
q = 

q sin(ϑ)Pγ ,ϑ(q)
ċ eπ iq(x cos(γ) sin(ϑ)+y sin(γ) sin(ϑ)+z cos(ϑ))dqdγdϑ .

(.)

For the inner integral, i.e., integration with respect to the frequency variable q, one
may find the abbreviated expression

f (x , y, z) = π

∫
γ=

π

∫
ϑ = 

-.../...0
�

∫
q = 

qPγ ,ϑ(q)eπ iqξ dq
B...C...D sin(ϑ)dϑ dγ

= 


π

∫
γ = 

π

∫
ϑ = 

-.../...0
�

∫
q =−�

qPγ ,ϑ(q)eπ iqξ dq
B...C...D sin(ϑ)dϑ dγ

= 


π

∫
γ = 

π

∫
ϑ = 

hγ ,ϑ(ξ) sin(ϑ)dϑ dγ .

(.)

As mentioned above, for a fixed point r = (x , y, z)T and fixed projection angles γ
and ϑ the projection surface A is determined by ξ. Obviously, in three dimensions,

hγ ,ϑ(ξ) = �

∫
−�

qPγ ,ϑ(q)eπ iqξ dq (.)

is the filtered projection signal obtained by multiplying the Fourier transform of
pγ ,ϑ(ξ) with q in the frequency domain. The backprojection, i.e., smearing back
the filtered projection in a reverse direction, is given in the last line of (.).

8.4.3
Filtered Backprojection and Radon’s Solution

Similar to� Sect. . it can also be shownhere that the filtered backprojection using
hγ ,ϑ(ξ) of (.) can be expressed in terms of the original solution by Johann Radon
in  (cf. introduction of �Chap. ). Radon’s solution can be obtained even more
easily than demonstrated in � Sect. . because, thanks to the square of q in (.),
the complicated Fourier transform of the absolute value function is not involved
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here. If one starts from (.) and takes the generalization of rule (.) for the
inverse Fourier transform of the nth derivative of the spatial function f (x)

+�

∫
−�

(iπu)nF(u)eiπux du = dn f (x)
dxn , (.)

into account, then (.) reads

hγ ,ϑ(ξ) = − 
π

�

∫
−�

(iπq)Pγ ,ϑ(q)eπ iqξ dq

= − 
π

∂pγ ,ϑ(ξ)
∂ξ

,

(.)

whereby the partial derivative indicates that the projection integral is a variable de-
pending on ξ and the projection angles γ and ϑ. The reconstruction formula can
then be derived from (.) into which (.) is substituted, so that

f (x , y, z) = 


π

∫
γ = 

π

∫
ϑ = 

-.../...0
�

∫
q =−�

qPγ ,ϑ(q)eπ iqξ dq
B...C...D sin(ϑ)dϑ dγ

= 


π

∫
γ = 

π

∫
ϑ = 

& −π

∂pγ ,ϑ(ξ)
∂ξ

' sin(ϑ)dϑ dγ
= − 

π

π

∫
γ = 

π

∫
ϑ = 

∂pγ ,ϑ(ξ)
∂ξ

sin(ϑ)dϑ dγ .

(.)

Here, it has to be integrated over the entire unit sphere S, since the infinitesimal
surface element of the unit sphere is, as outlined in Fig. .,

dS = sin(ϑ)dϑ dγ ; (.)

thus, the Radon inversion equation can be given in the compact form

f (x , y, z) = − 
π ∫∫

S

∂pγ ,ϑ(ξ)
∂ξ

dS. (.)

Because one integrates over all directions nξ a more formal expression, is given by

f (x , y, z) = − 
π ∫∫

S

∂pγ ,ϑ(ξ)
∂ξ

dnξ (.)
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Fig. .. The infinitesimal surface element dS of the unit sphere S depends on the polar
angle ϑ with dS = sin(ϑ)dϑ dγ. Formally, the surface can be described by the infinitesi-
mal surface normal in the direction of nξ so that one has to integrate over all infinitesimal
directions dnξ

(Deans ;Natterer andWübbeling ). Natterer andWübbeling () pointed
out that the use of the three-dimensional inversion formula (.) must be seen as
local tomography, because the calculation of f at the point (x , y, z)T only requires
the surface integration in a rather close neighborhood of the point (x , y, z)T. More
detailed considerations concerning the mathematics of local tomography are avail-
able in Ramm and Katsevich ().

8.4.4
Central Section Theorem

A variant of the Fourier slice theorem is called the central section theorem. This
modification assumes that two-dimensional parallel projections pα ,θ(a, b) of the
three-dimensional object f (x , y, z) are available. Figure . outlines the underly-
ing projection geometry.

In order to be able to describe the projection of the point r, assigned with the
attenuation value f (r), along the straight lines defined by the actual paths of the
X-ray beams in the three-dimensional space, it will be referred to here as the vec-
torial point slope form

r = ξ + ηnη (.)

of a straight line. The vector ξ is a distance vector, perpendicular to the detector
normal nη , pointing to the projection line.Thismeans that ξ lies within the detector
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Fig. .. a Orientation of the detector surface in the three-dimensional space using the
detector surface normal nη , running parallel to the direction of the X-ray beams. The ro-
tational degree of freedom around the detector normal is restricted by the unit vectors na

and nb along the orthogonal principal axes of the detector. It is important that na is always
positioned such that z = . b Projection of a point r = (x, y, z)T in the three-dimensional
space along a line parallel to the detector surface normal nη (i.e., along the actual direction
of the X-ray beams) onto the detector surface. Here, the orientation in space is determined
by the unit vectors na and nb . pα ,θ(a, b) denotes the projection values, i.e., the line integrals
along the X-ray projection paths, which are measured at the point of intersection (a, b) on
the detector plane

plane, i.e.,

ξ = ana + bnb , (.)

such that the vector

r = ana + bnb + ηnη (.)

describes in its parameterized form the points on the projection line, which is per-
pendicular to the detector surface. The detector surface normal

nη = �� 
cos(α) sin(θ)
sin(α) sin(θ)

cos(θ)
!"# (.)

is unambiguously determined by the spherical angles α and θ. Figure .a shows
the position of the surface normal nη in the fixed (x , y, z) coordinate system.

With the definition introduced above, the detector plane still has a rotational de-
gree of freedom around the detector normal. Uniqueness is achieved by positioning
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the detector vectorna into the plane spanned by x and y, i.e., so that its z component
is zero; thus,

na = �� 
− sin(α)
cos(α)



!"# . (.)

This means, that

nb = �� 
− cos(α) cos(θ)− sin(α) cos(θ)

sin(θ)
!"# (.)

is also uniquely determined.
Using the parametric representation (.) the X-ray projection can now be for-

mulated as the line integral

pα ,θ(a, b) = �

∫
−�

f (ana + bnb + ηnη)dη . (.)

As illustrated in Fig. .b, pα ,θ(a, b) is the measured X-ray projection value on
the detector plane. Toft () designates (.) as a hybrid or generalized Radon
transform for lines in the three-dimensional space, although – strictly speaking –
pα ,θ(a, b) does not represent a Radon value (cf. � Sect. ..). Similar to the two-
dimensional situation, the hybrid Radon transform can be represented as a convo-
lution with δ-distributions. This means

pα ,θ(a, b) = �

∫
η′ =−�

�

∫
b′ =−�

�

∫
a′ =−�

f (a′na + b′nb + η′nη)
ċ δ(a − a′)δ(b − b′)da′db′dη′

= �

∫
η′ =−�

f (ana + bnb + η′nη)dη′ .
(.)

The central section theorem – just like the Fourier slice theorem – actually relates
the Fourier transform of the projection to the Fourier transform of subspaces of the
three-dimensional space. The Fourier transform of pα ,θ(a, b) can be expressed as

Pα ,θ(q, p) = �

∫
−�

�

∫
−�

pα ,θ(a, b)e−π i(aq+bp)dadb , (.)

where q and p are the frequency variables belonging to the spatial detector coord-
inates a and b respectively. Taking into account the definition of the hybrid Radon
transform from (.), one may write

Pα ,θ(q, p) = �

∫
−�

�

∫
−�

�

∫
−�

f (ana + bnb + ηnη)e−π i(aq+bp)dadbdη . (.)
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As in the two-dimensional case, the expression has to be transformed to the fixed
patient coordinate system, i.e.,

(a, b, η)T � (x , y, z)T . (.)

This is feasible with a single rotation, since

r = �� 
x
y
z

!"# = (na nb nη)�� 
a
b
η

!"# (.)

(cf. (.)) can be expressed by substituting (.), (.), and (.) into (.).
This yields

r = �� 
− sin(α) − cos(α) cos(θ) cos(α) sin(θ)
cos(α) − sin(α) cos(θ) sin(α) sin(θ)

 sin(θ) cos(θ)
!"#
�� 

a
b
η

!"# = Qη , (.)

whereQ is an orthogonal matrix, so that

�� 
a
b
η

!"# = Q−r = QTr

= �� 
− sin(α) cos(α) − cos(α) cos(θ) − sin(α) cos(θ) sin(θ)

cos(α) sin(θ) sin(α) sin(θ) cos(α)
!"#
�� 

x
y
z

!"# .

(.)

The Jacobian is thus J =  and the infinitesimal volume element is to be transformed
into

dadbdη � dxdydz . (.)

According to (.) the three components of the vector (a, b, η)T obey

a = −x sin(α) + y cos(α) , (.)
b = −x cos(α) cos(θ) − y sin(α) cos(θ) + z sin(θ) (.)

and

η = x cos(α) sin(θ) + y sin(α) sin(θ) + z cos(θ) . (.)

Using the unit vectors (.) through (.), one may write in short

a = rT ċ na , b = rT ċ nb and η = rT ċ nη . (.)
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(.) thus reads in the fixed patient coordinate system

Pα ,θ(q, p) = �

∫
−�

�

∫
−�

�

∫
−�

f (x , y, z)e−π irT ċ(na q+nb p)dx dydz . (.)

Obviously, the frequency vector

q = qna + pnb (.)

in the three-dimensional frequency domain with the Cartesian representation ν =(u, v,w)T has the same orientation as

ξ = ana + bnb , (.)

in the three-dimensional spatial domain with the Cartesian representation r =(x , y, z)T.
Figure .a shows how the distance vector ξ defined in (.) can be identified

with the Radon variable. The vector ξ is expressed with its spherical coordinates
by the distance ξ and the angles γ and ϑ with respect to the fixed (x , y, z) patient
coordinate system, exactly as described above in � Sect. ... Figure .b illustrates
the corresponding integration surface A of the Fourier slice theorem. This surface
is perpendicular to the detector plane because the distance vector ξ lies in this very
plane.

Fig. .. aThedistance vector in (.) can be identifiedwith the Radon coordinates ξ, which
are determined by the distance ξ and the angles γ and ϑ in their spherical coordinates. The
corresponding integration surfaceA is shown in b. Obviously, the surfaceA is perpendicular
to the detector
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(.) means that a (q, p) plane in the three-dimensional frequency domain
(with the Cartesian coordinates u, v, and w) of the object f (x , y, z) to be recon-
structed, is identical with the two-dimensional Fourier transform Pα ,θ(q, p) of the
corresponding projection value or hybrid Radon transform pα ,θ(a, b) on the (a, b)
detector plane.The orientation of the detector plane corresponds to the orientation
of the plane in the frequency domain, since the Fourier transform is rotationally
variant. In compact form, one may write

F �pα ,θ(a, b)� = Pα ,θ(q, p) = F(qna + pnb) = F � f (r)��r = ξ= ana+bnb
. (.)

Figure . shows the central section theorem schematically. On the lower left side,
the vertical projection of a single point f (x , y, z) onto an arbitrarily angulated de-
tector plane can be seen in relation to a fixed (x , y, z) patient coordinate system. As
mentioned above, the plane of all line integrals perpendicular to the detector plane
is the hybrid Radon transform pα ,θ(a, b). A two-dimensional Fourier transform
then yields Pα ,θ(q, p). Due to the rotational variance of the Fourier transform, this
plane is to be sorted into a fixed (u, v,w) frequency space under the angulation of

Fig. .. Central section theorem. If all two-dimensional Fourier transforms (upper left)
of three-dimensional parallel projections (lower left) are correctly sorted into the three-
dimensional Fourier space (upper right), then a three-dimensional inverse Fourier transform
yields the original object (lower right)
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the measurement. If the projections have been measured for all angulations, then
the object can finally be reconstructed by means of the inverse three-dimensional
Fourier transform

f (x , y, z) = �

∫
−�

�

∫
−�

�

∫
−�

F(u, v,w)eπ i(xu+yv+zw)dudvdw . (.)

8.4.5
Orlov’s Sufficiency Condition

In the mid-s, Orlov () had already answered the question as to how many
parallel projections must be measured in order to reliably reconstruct the object – it
must be noted that this question initially was answered in the field of crystallog-
raphy (cf. Orlov []). According to (.) a set of parallel projections must be
described by the hybrid Radon transform

pα ,θ(a, b) = �

∫
−�

f (r)dη = �

∫
−�

f (ξ + ηnη)dη , (.)

where nη ; Ω ⊂ S and Ω is the set of directions for which the parallel projec-
tions are actually measured. S again is the unit sphere of all directions and ξ is
located in the projection plane described by the surface normal vector nη ; there-
fore, obviously, (ξTnη) = . According to Orlov’s sufficiency condition, F(ν), with
ν = (u, v,w)T ; R

, can be computed, if there is at least one projection direction
nη ; Ω according to (.) for which (νTnη) = . Figure . shows a data acquisi-
tion situation in which the vector ν cannot be reconstructed.

Fig. .. Orlov’s sufficiency condition. A requirement to be fulfilled by the measurement of
parallel projections of all directionsΩ (left) is that at least one directionmust be perpendicu-
lar to the frequency vector ν. The whole frequency domain can actually be reconstructed if
it is not possible to find a great circle on the directional unit sphere S that does not intersect
the area of the measured projections, Ω. The picture on the right side shows a great circle,
which does not touch Ω. The values F(ν) at the single frequency coordinate ν cannot be
reconstructed with this measurement
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Fig. .. The requirements stipulated in Orlov’s sufficiency condition are met in the case
of the continuous π rotation of the detector surface. This is due to the fact that the set of
all directions, Ω, in which the parallel projections were measured, forms a great circle of the
directional unit sphere S. Therefore, any other great circle on S intersectsΩ

This condition finally implies that the object f (r) can only be reconstructed
if the set Ω of the measured directions of the parallel projections is intersected by
any great circle on the unit sphere, S. For Fig. ., illustrating the central section
theorem, now the question can be answered as to whether the continuous rotation
of the projection direction nη around the vector na is a complete measurement in
terms of Orlov’s sufficiency condition.

This is obviously the case, since the vector of the projection direction nη de-
scribes a great circle on the directional unit sphere S with this rotation. It thus is
impossible to find another great circle on S that does not intersectΩ. Due toOrlov’s
sufficiency condition, it is in fact obvious why the whole object cannot be reliably
reconstructed with the tomosynthesis method described in � Sect. ..
8.5
Exact 3D Reconstruction in Cone-Beam Geometry

Thedevelopment step fromparallel-beam to fan-beam tomography, which was dis-
cussed at the beginning of �Chap. , resulted in two major advantages. First, the
increase in acquisition speed that resulted from the fact that it was no longer nec-
essary to stop for the parallel shift of the detector system while the sampling unit
was rotating around the patient. The second advantage was better utilization of the
tube heat capacity (cf. � Sect. ..). Using only a fine pencil X-ray beam by pin-
hole collimation represents an enormous waste of the generated radiation. As the
limited thermal capacity of the X-ray tubes to date still is amajor technical problem,
the measurements could be carried out much more effectively by using fan-beam
technology.



8.5 Exact 3D Reconstruction in Cone-Beam Geometry 

Fig. ..Cone-beam illumination of a flat-panel detector. Such arrangements are frequently
used in technical applications such as material testing in micro-CT. Medical applications
more frequently employ cylindrical detector arrays. However, there are already a few proto-
types working with flat-panel detectors in clinical applications

If one consequently follows the reasoning for fan-beam geometry, it seems to
be useful not to employ only a collimated fan, but the entire cone beam generated
by the X-ray source. This could technically not be realized for a long time, because
a fast, high-quality, flat-panel detector system was not available . However, two-
dimensional detector systems for CT scanners have recently been developed so that
nowadays all manufacturers of CT scanners offer multi-slice CT (MSCT) systems.

Figure . schematically shows the cone-beam geometry of an imaging sys-
temwith a planar detector (flat-panel detector, cf. � Sect. ..).The planar detector
geometry was first of all applied for technical applications in micro-CT, since the
required CCD chips were only available for this geometry. Anyway, Fig. . shows
a prototype of a so-called volume CT (VCT) developed by General Electric Medical
Systems.

This type of CT scanner provides spatial resolutions, which were never attained
before and were rather associated with micro-CTs. However, this improvement in
image quality is achieved at the expense of demanding reconstruction mathemat-
ics, which will be described in the following sections. Figure . shows cone-beam
projections over an angular interval of �. The image actually shows the three-
dimensional projection data of a wasp, which was scanned using micro-CT. Con-

 A major technical problem arises from the fact that the immense quantity of data must
quickly be transferred from the rotating sampling unit to the processing system on the
gantry or the scanner backend.These datamust be transmitted via an interfacewith a large
bandwidth. For this purpose optical slip-rings are used in modern scanners.
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Fig. .. Prototype of so-called volume CT in the GE research laboratories. A flat-panel
detectormeasuring approximately  cm	  cm with a total number of ,	 , pixels
is arranged opposite to the X-ray tube on the sampling unit. This detector technology is de-
scribed in 
 Sect. ..

Fig. .. Three-dimensional sinogram of cone-beam micro-CT. The raw projection data
of a wasp are shown over an angle interval of θ = [�, �]. The detector coordinates are
denoted (a, b). Single projections are displayed in steps of �
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trary to two-dimensional CT, the three-dimensional sinogram does not represent
a Radon space. This problem will be discussed in detail in the following section.

8.5.1
Key Problem of Cone-Beam Geometry

As already shown in Fig. ., three-dimensional reconstruction methods require
integration over two-dimensional surfaces to obtain the required data pγ ,ϑ(ξ) in
the Radon space (ξ, γ, ϑ).

If one has to deal with parallel-beam geometry, the surface integration can be
split into two line integrals, the first of which is along the X-ray beams

Xp Tμγ ,ϑ(σ, ξ)U = �

∫
−�

μ(η, σ, ξ)dη . (.)

This equation is called the X-ray transform. Subsequently, the second integration
is along the direction of the detector, σ:

pγ ,ϑ(ξ) = �

∫
−�

Xp Tμγ ,ϑ(σ, ξ)U dσ
= �

∫
−�

�

∫
−�

μ(η, σ, ξ)dηdσ .

(.)

(.) can readily be understood with Fig. .a.
Unfortunately, the simple separation of the surface integral into two line inte-

grals makes it impossible to find the required Radon values for the diverging X-ray
beams, which almost always occur in practice.

If one first integrates along the direction of the X-ray beams for the case illus-
trated in Fig. .b, i.e., if the X-ray transform, X�ċ�, is carried out in a first step,
then the adaptation to the geometrical situation requires the introduction of polar
coordinates (r, φ). On the detector this yields the projection values

Xc Tμγ ,ϑ(φ, ξ)U = �

∫
−�

μ(r, φ, ξ)dr . (.)

 Indexing ofX�ċ�with p or c denotes the X-ray parallel- or cone-beam transform respect-
ively.
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Fig. .. Difference between parallel-beam and cone-beam geometry. a The parallel line
integrals can easily be converted into a surface integral. bThis cannot so easily be done with
cone-beam geometry

If these projection values are integrated along the detector, this results in the second
integration

p̃γ ,ϑ(ξ) = π�

∫
−π�

Xc Tμγ ,ϑ(φ, ξ)U dφ
= π�

∫
−π�

�

∫
−�

μ(r, φ, ξ)drdφ .

(.)

To compare the result of parallel-beam geometry (.) with the result of cone-
beam geometry (.), (.) must also be transformed into the polar coordinates,
i.e.,

pγ ,ϑ(ξ) = �

∫
−�

�

∫
−�

μ(η, σ, ξ)dηdσ
= π�

∫
−π�

�

∫
−�

μ(r, φ, ξ)rdrdφ ,

(.)

where the Jacobian yields the variable r in the new infinitesimal area element rdrdφ.
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This means that the X-ray transforms

Xc Tμγ ,ϑ(φ, ξ)U 8 Xp Tμγ ,ϑ(σ, ξ)U (.)

of the two geometries are not in line with each other; therefore, the data p̃γ ,ϑ(ξ)
do not represent the Radon values required for the reconstruction process in cone-
beam geometry. This means

p̃γ ,ϑ(ξ) 8 pγ ,ϑ(ξ) . (.)

8.5.2
Method of Grangeat

As shown in the previous section, there is no direct way to obtain the Radon trans-
form in cone-beam systems. However, Grangeat () has found a technique to
compute a derivative of the Radon transform from the X-ray transform. One vari-
ation of the results will be discussed here. Themain issues discussed in this section
are adapted from a presentation by Jacobson ().

In a first step, the Radon transform is differentiated with respect to the direction
of ξ, so that the expression

∂
∂ξ

pγ ,ϑ(ξ) = ∂
∂ξ

π�

∫
−π�

�

∫
−�

μ(r, φ, ξ)rdrdφ (.)

can be obtained. Here, the order of the differentiation and the integration may be
changed, since one does not integrate over the radial Radon component ξ. This
results in

∂
∂ξ

pγ ,ϑ(ξ) = π�

∫
−π�

�

∫
−�

∂
∂ξ

μ(r, φ, ξ)rdrdφ . (.)

To understand the meaning of the derivative ∂�∂ξ, one has to study the geomet-
rical conditions in the cone-beam projection. Figure . shows the corresponding
three-dimensional geometry. In fact, one does not refer to a special source trajec-
tory. Initially, the Radon data should be computed for an arbitrarily selected source
detector situation from the projection data on the detector, which means from the
cone-beam X-ray transform (.).

O denotes the detector origin and S denotes the X-ray source position. One now
considers the use of a virtual detector situated in the iso-center of the measurement
field in order to simplify the geometrical approach. The results for other detector
positions, especially those for situations found in practice, can then easily be derived
from the intercept theorem.

The Radon sphere of the point S has the diameter FCD = eS − Oe and the
detector surface is the tangential surface of the Radon sphere at the point O. That
means that the vector S–O points in the direction of the detector normal.
 A literature survey dealing with the three-dimensional cone-beamreconstruction is avail-
able in (Grangeat ).
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Fig. .. For an arbitrary trajectory of the X-ray source S, the derivative of the X-ray trans-
formmust be calculated from the detector data. For this purpose, a virtual detector is placed
in the iso-center O of the measurement field. An arbitrary fan of the X-ray cone-beam is
shown shaded in red

As described in � Sect. ..,
ξ = �� 

ξx
ξy
ξz

!"# = ξ ċ nξ = �� 
ξ cos(γ) sin(ϑ)
ξ sin(γ) sin(ϑ)
ξ cos(ϑ)

!"# (.)

unequivocally determines the Radon value pγ ,ϑ(ξ) = R� f (x , y, z)�, which is re-
quired for the reconstruction process.This is due to the fact that the X-ray fan – i.e.,
the integration surface through the point r to be reconstructed – as described in� Sect. .., is unambiguously determined by the vector ξ. ξ is perpendicular to this
X-ray fan, as illustrated with red color in Fig. . and it has its origin in O.

The foot-point of ξ on the X-ray fan and the points O and S form a rectangular
triangle on a great circle of theRadon sphere of S according to the theoremofThales.
The central beam of the fan is tilted off the detector normal direction S–O by the
angle κ. The vector r and the detector normal enclose the angle β.

The central beam of the fan, which is perpendicular to ξ, hits the detector at
point R. The whole fan beam intersects the detector surface along the σ-axis. The
intersection point P of the beam through the point r to be reconstructed can there-
fore be found on the σ-axis. The line connecting the detector origin O and point

 In this consideration the vector r has its foot-point in the X-ray source.
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R defines a radial detector τ-axis through O, which is always perpendicular to the
X-ray fan-detector cutting line, σ. Figure . once again illustrates the described
geometrical situation with a different perspective from that shown in Fig. ..

The derivative ∂�∂ξ of the Radon transform proposed in (.) appears in the
projection on the virtual flat-panel detector as a radial derivative. As the detector
data comprise the only physically measured reconstruction data basis, one thus first
has to study the consequences related to the variation of ξ with regard to the radial
component ξ in (.) on the detector. The infinitesimal change of the vector, ξ, by
dξ results in a parallel shift of the σ-axis by dτ on the detector. However, the exact
size of the infinitesimal shift must be computed here. Figures .a and b illustrate
the geometrical conditions in the X-ray fan plane (a) or perpendicular to this plane,
respectively, i.e., in the plane (b) defined by τ and S–O.

Thepoint r to be reconstructed has the polar coordinates (r, φ) for a pre-defined
fixed Radon vector ξ in the corresponding X-ray fan. As illustrated in Fig. .a the
projection of the radius r onto the central beam of the X-ray fan is thus r cos(φ).
This projection appears again in Fig. .b, which is a perpendicular view to the
above figure.

Fig. .. A planar X-ray fan from the cone-beam is represented as a linear line of intersec-
tion along the σ-axis on the virtual detector in the iso-centerO of the measuring field. The
projection of the Radon vector ξ on the detector defines a radial τ-axis throughO, which is
perpendicular to the σ-axis

 As – by definition – the vector of ξ always ends on the Radon sphere, a change in the
length with constant angles γ and ϑ results in the fact that the new vector points to the
Radon data of other detector positions in space. This has to be accounted for in the case
of the outline for an algorithmic implementation.
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Fig. ..To compute the derivative of the Radon transform from the detector data, i.e., from
the X-ray transform, the geometric situation inside a an arbitrary X-ray fan of the X-ray
cone-beam and b the geometry within the surface that is perpendicular to this X-ray fan are
illustrated

The variation dξ of ξ in the direction of the radial Radon coordinate ξ, which
was proposed in the first equation of this section, yields an infinitesimally small
vector, which can be shifted in parallel along a line R − S. This actually defines the
infinitesimal change of the fan tilt angle κ by dκ in the rectangular triangle defined
by the catheti dξ and r cos(φ) respectively. That means, the shorter the vector r, the
larger the infinitesimal angular change dκ related to dξ. This, in fact, determines
the infinitesimal parallel shift of the σ-axis by dτ.

Furthermore, Fig. .b also illustrates that

sin(dκ) = tan(dκ) = dξ
r cos(φ) (.)

or, because dκ is infinitesimally small, that

dκ = dξ
r cos(φ) . (.)

Additionally, Fig. .b shows that κ depends on ξ. Therefore, if a function v(κ(ξ))
is differentiated with respect to ξ, the chain rule

∂v
∂ξ

= ∂v
∂κ

∂κ
∂ξ

(.)
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must be applied. The derivation of κ with respect to ξ can be replaced by an adap-
tation of (.)

∂κ
∂ξ

= 
r cos(φ) , (.)

so that

∂v
∂ξ

= ∂v
∂κ


r cos(φ) . (.)

For convenience, the function v is defined as the integrand in (.), i.e., the attenu-
ation values weighted by the distance to the X-ray source

v = μ(r, φ, ξ) ċ r . (.)

Then, (.) and (.) can be substituted into (.) to find the expression

∂
∂ξ

pγ ,ϑ(ξ) = π�

∫
−π�

�

∫
−�

∂
∂κ


cos(φ) μ(r, φ, ξ)drdφ , (.)

in which the order of integration and differentiation can again be changed so that
one finds

∂
∂ξ

pγ ,ϑ(ξ) = ∂
∂κ

π�

∫
−π�


cos(φ)

fggggh
�

∫
−�

μ(r, φ, ξ)drijjjjk dφ . (.)

The integration along all X-ray beams yields the X-ray transform from (.) in the
brackets of (.), i.e., we can finally find the expression

∂
∂ξ

pγ ,ϑ(ξ) = ∂
∂κ

π�

∫
−π�


cos(φ)Xc Tμγ ,ϑ(φ, ξ)U dφ , (.)

which is the main result of Grangeat ().
In fact, (.) represents a fundamental relationship between the first derivative

of the Radon transform and the X-ray transform within cone-beam geometry. The
key step is the substitution (.) because the right-hand side of (.) is relieved
from the explicit r dependence. This is the only way to represent the integration
over r – the bracketed term in (.) – as an X-ray transform, which has actually
been measured.

However, the differentiation with respect to the tilt angle κ is rather inconveni-
ent, because in practice one actually has to deal with the principal axes a and b of
the flat-panel detector, which is shown in Fig. .. From Fig. .b, it can be read
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that

τ = eS −Oe tan(κ) = FCD tan(κ) . (.)

The differentiation with respect to the tilt angle κ yields

dτ
dκ

= FCD
cos(κ) . (.)

If one substitutes relationship (.) into (.), one obtains

∂
∂ξ

pγ ,ϑ(ξ) = FCD
cos(κ) ∂

∂τ

π�

∫
−π�


cos(φ)Xc Tμγ ,ϑ(φ, τ(ξ))U dφ . (.)

For the second detector coordinate, it can be seen from Fig. .a that

σ = eS −Re tan(φ) . (.)

The differentiation with respect to the fan angle φ yields

dσ
dφ

= eS −Re
cos(φ) . (.)

Furthermore, Fig. .a shows that

cos(φ) = eS −ReeS − Pe (.)

and thus

dφ = cos(φ)eS − Pe dσ (.)

can be substituted into (.) so that, finally,

∂
∂ξ

pγ ,ϑ(ξ) = 
cos(κ) ∂

∂τ

�

∫
−�

FCDeS − PeXc Tμγ ,ϑ(σ, τ(ξ))U dσ (.)

can be found.
Figure . illustrates the meaning of the weighting introduced in (.).While

integrating along the σ-axis of the detector, each detector point must be pre-
weighted with its inverse distance to the X-ray source. This pre-weighting step can
be expressed by β, i.e., the angle with respect to the detector normal direction S–O,
so that

∂
∂ξ

pγ ,ϑ(ξ) = 
cos(κ) ∂

∂τ

�

∫
−�

cos(β)Xc Tμγ ,ϑ(σ, τ(ξ))U dσ . (.)

In fact, the detector data can be pre-weighted for all detector positions before
the integration is carried out. Of course, (.) only makes sense if the surfaces,
defined by the Radon coordinates ξ, actually contain the X-ray source. Otherwise,
the distances eS − Pe are not defined. This is the so-called Tuy–Smith condition,
which will be discussed in detail in � Sect. ...



8.5 Exact 3D Reconstruction in Cone-Beam Geometry 

8.5.3
Computation of the First Derivative on the Detector

(.) means that it has to be integrated along the straight lines in the direction of
the detector σ coordinate, namely, the detector values differentiated in the direction
of the detector τ coordinate. Here, the approach proposed byGrangeatwill be used,
which starts from the fact that the order of integration and differentiation may be
changed in (.). This leads to

∂
∂ξ

pγ ,ϑ(ξ) = 
cos(κ)

�

∫
−�

∂
∂τ

Xc
w Tμγ ,ϑ(σ, τ(ξ))U dσ , (.)

where

Xc
w Tμγ ,ϑ(σ, τ(ξ))U = cos(β)Xc Tμγ ,ϑ(σ, τ(ξ))U (.)

denotes the weighted X-ray projection.
Figure . illustrates that the (σ, τ) coordinate system is rotated by the angle δ

with respect to the (a, b) principal detector axis system.
The radial differentiation, which means the partial derivation of the weighted

detector values in the direction of the τ coordinate, can be split into two terms.This
can be done when using a description in components of the principal coordinate
system, i.e.,

∂
∂τ

Xc
w Tμγ ,ϑ(σ, τ(ξ))U = Ga(σ, τ) sin(δ) + Gb(σ, τ) cos(δ) , (.)

where the partial derivation in the direction of the principal detector axes reads

Ga(σ, τ) = ∂
∂a

Xc
w Tμγ ,ϑ(σ, τ(ξ))U and Gb(σ, τ) = ∂

∂b
Xc

w Tμγ ,ϑ(σ, τ(ξ))U .

(.)

Fig. .. The (σ , τ) system is rotated by the angle δ with respect to the coordinate system
of the detector principal axes a and b
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8.5.4
Reconstruction with the Derivative of the Radon Transform

(.) provides an interesting relationship between the integration along radial
derivatives on the flat-panel detector and the first derivative of the Radon trans-
form with respect to the radial Radon coordinate. However, which advantage one
may derive from this relationship with regard to object reconstruction remains to
be clarified. For this purpose, the geometrical situation will once again be studied
in Fig. ..

The key idea of Grangeat is that (.) yields a value on the Radon sphere of
the parallel projection, which is actually located at the point ξ = (ξ, γ, ϑ). However,
this approach does not enable direct access to the Radon values, only to their first
radial derivative. These values are assembled on a meridian surface Vγ . The polar
orientation of Vγ just corresponds to the two Radon coordinates (ξ, ϑ).

All values ∂pγ ,ϑ(ξ)�∂ξ are thus collected on different meridian surfaces, Vγ ,
which are inclined by the corresponding angle γ. For the complete object recon-
struction

f (x , y, z) = − 
π ∫∫

S

∂pγ ,ϑ(ξ)
∂ξ

dS , (.)

Fig. ..The cone-beamprojection does not provide a direct access to the Radon transform
required for the reconstruction process. However, (.) yields a radially differentiated value
of the Radon transform on the corresponding point situated on the Radon sphere. These
values are collected on a meridian surfaceVγ , which includes the radial vector of the Radon
point
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Fig. .. Summary of the three-dimensional reconstruction method proposed by Pierre
Grangeat

these values must once again be radially differentiated and then azimuthally and
polarly backprojected, as required by (.).

Figure . illustrates the individual reconstruction steps schematically. Start-
ing with the cone-beam projection data on the flat-panel detector (center left), the
data are pre-weighted in a first step. Next, the horizontal and vertical derivative may
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be considered separately. Thanks to the linearity of the integration operation in the
derivative images, one may now form the line integrals with respect to σ separately.

Both results are added after the sine and cosine weighting step have been car-
ried out. By interpolation, this value can be sorted into a virtual meridian detector
surface in the Radon space ξ = (ξ, γ, ϑ). Another weighting step finally yields the
radial derivative of the Radon transform.

If another differentiation is carried out once again in a radial ξ direction, one
actually finds the integrand that appears in the Radon inversion formula (.).
These values are schematically shown in the form of a Cartesian sinogram on the
lower right side of Fig. ..

The integration with respect to the infinitesimal surface element dS introduced
in (.) corresponds to two consecutive backprojections: One in a polar direc-
tion, ϑ, i.e., inside the interpolated, meridian Radon surfaces, and the other in an
azimuthal direction γ, i.e., in parallel horizontal planes around the spatial z-axis.

Filtering of the data prior to backprojection, which is necessary for the recon-
struction process, is not readily visible within this method. However, the filtering
step takes effect in the penultimate step, because the Radon values, which have been
weighted with sin(ϑ) and twice radially differentiated, will be backprojected here.
This actually corresponds exactly to the required filtering step.

8.5.5
Central Section Theorem and Grangeat’s Solution

In this section the second reconstruction phase according to the Grangeat method
is interpreted in terms of the central section theorem so that the backprojection
instruction may better be understood. For this purpose, the parallel projection of
the object to be reconstructed

Xp Tμγ ,ϑ(σ, ξ)U = �

∫
−�

μ(η, σ, ξ)dη , (.)

must be considered. Figure . outlines that this parallel projection is measured
with vertical, perpendicular detector planes. nη denotes the detector surface normal
vector and, as used in the previous sections, na and nb denote the principal detector
axes.Thedetector surface normal vector determines the orientation of the flat-panel
detector, which is unequivocally described by the angle γ. The detector surface also
represents the coordinates of the planes in the hybrid or generalized Radon space
(cf. (.)).

With this vertical definition, the unit vectors of the flat-panel detector read

nη = �� 
cos(γ)
sin(γ)



!"# , na = �� 
− sin(γ)
cos(γ)



!"# and nb = �� 




!"# . (.)
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Fig. .. Vertically arranged planar detector surfaces with the unit vectors pointing in dir-
ection of the principal detector axes na and nb . The surface normal of the detector is rotated
by the angle α = � − γ with respect to the x-axis of the fixed patient coordinate system.
The X-ray beams vertically pass through the corresponding flat-panel detector surfaces.The
measured projection values on the detector represent the values of the hybrid or generalized
Radon transform

This constricted detector orientation is obviously the special case, θ = �, of the
definition of the unit vectors (.) through (.). The parallel projection Xp�ċ�
thus also obeys the parameter representation of (.), i.e.,

pα(a, b) = pα ,θ=�(a, b) = Xp Tμγ ,ϑ(σ, ξ)U = �

∫
−�

f (ana + bnb + ηnη)dη .
(.)

The central section theoremmentioned in � Sect. .. ensures that the two-dimen-
sional Fourier transform of the parallel projection is also available on a flat plane in
the three-dimensional Fourier space of the object. In this context, the orientation of
the detector plane corresponds to the orientation of the flat plane in the frequency
domain, since the Fourier transform is rotationally variant.Onemay therefore write

F �pα(a, b)� = Pγ(q, p) = F(qna + pnb) = F � f (r)��r = ξ= ana+bnb
. (.)
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The inverse Fourier transform of Pα(q, p) thus just yields the parallel projection
Xp�ċ� of the object to be reconstructed, i.e.,
Xp Tμγ ,ϑ(σ, ξ)U = pα(a, b) = �

∫
−�

�

∫
−�

F(qna + pnb)eπ irT ċ(qna+pnb)dqdp . (.)

Expressed with polar coordinates, the inverse two-dimensional Fourier transform
(.) thus reads

Xp Tμγ ,ϑ(σ, ξ)U = pα(a, b) = π�

∫
−π�

�

∫
−�

F(ν)eπ i(rT ċν) �ν� dνdϑ , (.)

where

q = qna , p = pnb and ν = q + p . (.)

If, on the other hand, the Fourier-slice theorem described in � Sect. .. is consid-
ered here, one may recall that

F � f (x , y, z)� = F(u, v,w) = �

∫
−�

�

∫
−�

�

∫
−�

f (x , y, z)e−π iq(rT ċnξ)dx dydz

= Fspherical(q, γ, ϑ)
= Pγ ,ϑ(q) = �

∫
−�

pγ ,ϑ(ξ)e−π iqξ dξ

= F �R � f (x , y, z)�� .

(.)

(.) means that the one-dimensional radial Fourier transform of the three-di-
mensional Radon transform is again available as a radial line in the three-dimen-
sional Fourier transform of the object.

(.) on the other hand ensures that the radial lines of the three-dimensional
Fourier transform of the object located in the Fourier plane of the vertical flat-panel
detector correspond to the two-dimensional hybrid Radon transform. One thus
finally finds

F � f (x , y, z)� = F �pα(a, b)� = F �R � f (x , y, z)�� (.)

so that the object to be reconstructed obeys

f (x , y, z) = F− �F �R � f (x , y, z)��� . (.)

Figure . summarizes (.) schematically.
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Fig. .. Illustration showing the relation worked out in (.). The one-dimensional, ra-
dial Fourier transform of surface integrals is identical with the radial line with the same
orientation of the two-dimensional Fourier transform of the surface of the line integrals.
Both frequency points are also available in the three-dimensional Fourier transform of the
object

With this identity one may also write (.) as follows,

Xp Tμγ ,ϑ(σ, ξ)U = pα=�−γ(a, b) = π�

∫
−π�

�

∫
−�

Pγ ,ϑ(q)eπ i(ξT ċq) �q� dqdϑ . (.)

As (.) is consistent with (.), it obviously describes the simple two-dimen-
sional filtered backprojection. This means that a parallel projection Xp�ċ� or the
corresponding hybrid Radon transform of the object to be reconstructed respect-
ively may be computed by a two-dimensional filtered backprojection of the radial
three-dimensional Radon values in vertical planes.

To understand the benefit of (.), one should look once again at the three-
dimensional Radon inversion formula

f (x , y, z) = − 
π ∫∫

S

∂pγ ,ϑ(ξ)
∂ξ

dS (.)
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whereby the infinitesimal surface element dS on the unit sphere S is determined by
(.). Correspondingly, one may substitute the surface element to find

f (x , y, z) = − 
π

π

∫
γ=

π�

∫
ϑ=−π�

∂pγ ,ϑ(ξ)
∂ξ

sin(ϑ)dϑ dγ . (.)

The voxel (x , y, z) is reconstructed by the backprojection of the filtered parallel
projection. This can be represented by

f (x , y, z) = 


π

∫
γ=

h PXp Tμγ ,ϑ(σ, ξ)UQdγ , (.)

where

h PXp Tμγ ,ϑ(σ, ξ)UQ = π�

∫
−π�

�

∫
−�

Pγ ,ϑ(q)eπ iξqq dq sin(ϑ)dϑ
= − 

π

π�

∫
−π�

∂pγ ,ϑ(ξ)
∂ξ

sin(ϑ)dϑ .

(.)

The method proposed by Grangeat is summarized in Scheme .. Artifacts related
to practical implementation are discussed in Lee et al. ().

A comparison of (.) with (.) reveals that the filtered parallel projec-
tion differs from the simple parallel projection by a supplementary weighting fac-
tor sin(ϑ) and that it is filtered with the linear frequency ramp q in the frequency
domain. (.) and (.) correspond exactly to the two final steps in Fig. ..
(.) can be related to the parallel projection or the hybrid Radon transform
pα(a, b) respectively, by using the central section theorem.

8.5.6
Direct 3D Fourier Reconstruction with the Cone-Beam Geometry

In � Sect. . the method of direct inverse Radon transform based on the inverse
Fourier transform for the two-dimensional case has been discussed. In theory, this
approach is straightforward. However, problems related to the radially decreasing
density of the sample points in the Fourier space of the Radon transform arise when
this approach is implemented in practice. The linogram method (Jacobson ),
which is described in � Sect. ., was proposed as a countermeasure to these prob-
lems. It should be concisely discussed here that it is also possible to reconstruct suc-
cessfully with a properly adapted linogrammethod in the case of three-dimensional
cone-beam geometry.
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Scheme . Reconstruction with cone-beam geometry according to Grangeat

. Pre-weighting of the detector data

Xc
w &μγ ,ϑ(σ , τ(ξ))' = cos(β)Xc &μγ ,ϑ(σ , τ(ξ))' (.)

. Computation of partial derivatives in the direction of the principal flat-panel de-
tector axes

Ga(σ , τ) = ∂
∂a

Xc
w &μγ ,ϑ(σ , τ(ξ))' and Gb(σ , τ) = ∂

∂b
Xc

w &μγ ,ϑ(σ , τ(ξ))'
(.)

. Computation of line integrals on the detector and weighting of the results with the
factor � cos(κ) yields the radial derivative of the Radon transform, i.e.,

∂
∂ξ

pγ ,ϑ(ξ) = 
cos(κ)

�

∫
−�

�Ga(σ , τ) sin(δ) +Gb(σ , τ) cos(δ)� dσ (.)

. Interpolation of the data located on the Radon sphere given by (.) into vertical,
meridian Radon surfaces.

. Filtered backprojection within the vertical, meridian Radon surfaces, i.e.,

h *Xp &μγ ,ϑ(σ , ξ)', = − 
π

π�

∫
−π�

∂ pγ ,ϑ(ξ)
∂ξ

sin(ϑ)dϑ . (.)

. Backprojection within horizontal planes by integration over the plane rotation
angle, γ, i.e.,

f (x, y, z) = 


π

∫
γ = 

h *Xp &μγ ,ϑ(σ , ξ)',dγ . (.)

In � Sect. .., equation
F(u(q, γ, ϑ),v(q, γ, ϑ),w(q, γ, ϑ))= F(q cos(γ) sin(ϑ), q sin(γ) sin(ϑ), q cos(ϑ))= Fspherical(q, γ, ϑ)= Pγ ,ϑ(q)

(.)

summarized the applicability of the Fourier slice theorem to the three-dimensional
reconstruction problem. In this context, it should be recalled here that the Fourier
transform of the Radon transform is in line with the Fourier transform of the object
on radial lines passing through the origin of the frequency domain. However, the
previous sections have shown that direct access to the Radon transform pγ ,ϑ(ξ) is
not available within cone-beam geometry.
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The approach proposed by Grangeat only yields the radial derivative of the
Radon transform, i.e., ∂pγ ,ϑ(ξ)�∂ξ. But Grangeat also verified that the derivative
is at least half the way to the filtered backprojection. Unfortunately, within the dir-
ect Fourier-based reconstruction approach one does not need filtered Radon data,
but rather the native Radon transform pγ ,ϑ(ξ). The following considerations will
show how the expression ∂pγ ,ϑ(ξ)�∂ξ can be integrated into the direct reconstruc-
tion approach.

In a first step, the Fourier differentiation property given in (.) has to be con-
sidered again. Due to this rule, the Fourier transform of the radial derivative of the
Radon transform is given by

F M ∂
∂ξ

pγ ,ϑ(ξ)O = iπqPγ ,ϑ(q) . (.)

The Fourier transform of the Radon transform thus obeys

F Tpγ ,ϑ(ξ)U = 
iπq

F M ∂
∂ξ

pγ ,ϑ(ξ)O . (.)

The inverse Fourier transform then yields

pγ ,ϑ(ξ) = F− & 
iπq

F M ∂
∂ξ

pγ ,ϑ(ξ)O' . (.)

If one takes into account the Fourier result of the signum function mentioned in� Sect. ., i.e.,
sign(ξ) A———• 

iπq
, (.)

the convolution theorem (cf. � Sect. .)
pγ ,ϑ(ξ) = F− & 

iπq
F M ∂

∂ξ
pγ ,ϑ(ξ)O' = F− & 

iπq
' > F− MF M ∂

∂ξ
pγ ,ϑ(ξ)OO

(.)

can be applied to find the normal Radon transform by a convolution between the
signum function and the radial derivative of the Radon transform, i.e.,

pγ ,ϑ(ξ) = 

sign(ξ) > ∂

∂ξ
pγ ,ϑ(ξ) . (.)

With (.), it is found that

f (x , y, z) = F− �F �R � f (x , y, z)���= F− TF Tpγ ,ϑ(ξ)UU
= F− MF M sign(ξ) > ∂

∂ξ
pγ ,ϑ(ξ)OO .

(.)
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However – similar to the two-dimensional case – the problem that the sampling
density decreases with an increasing distance to the origin of the frequency domain
still has to be solved. In Jacobson (), it has been shown that the linogram sam-
pling method is also helpful here.

8.5.7
Exact Reconstruction using Filtered Backprojection

Kudo and Saito () as well as Defrise and Clack (Defrise and Clack ; Clack
and Defrise ) proposed an initial formulation for a filtered backprojection
based on the ideas proposed by Grangeat that have been described in the sections
above. In order to illustrate the strategy within this approach the following section,
similar to Yang and Horn (), is based on the general three-dimensional inverse
Radon transform

f (x , y, z) = − 
π ∫∫

S

∂pγ ,ϑ(ξ)
∂ξ

dnξ . (.)

Since a backprojection method should be established, a defined, fixed source loca-
tion does not have to be assumed. Rather, this section deals with an X-ray source
trajectory S(λ), parameterized by the continuous variable λ. This is necessary be-
cause – similar to all backprojection methods – each backprojection is carried out
immediately after the projection has been acquired. Therefore, is not necessary to
wait for the complete set of data of the Radon space before the reconstruction can
take place.This principle is essentially the reason for the efficiency of backprojection
methods.

Thus, it holds that

ξ = S(λ)T ċ nξ , (.)

since this expression describes the great circle on the Radon sphere for the source
position. Figure . illustrates the geometrical situation. To be able to reconstruct
the point r, the contribution of the detector point P in the backprojection has to be
found.

Taking into account the sifting property of the δ-distribution mentioned in� Sect. ., one may write (.) as a convolution

f (r) = − 
π ∫∫

S

fggggh
�

∫
−�

∂pγ ,ϑ(ξ)
∂ξ

δ(ξ − rT ċ nξ)dξijjjjkdnξ , (.)

which even better indicates that the differentiation takes place at all points r, which
obey

ξ = rT ċ nξ . (.)
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Fig. ..Geometric situation of the cone-beambackprojection.Thevector S(λ)has the same
direction as the detector surface normal vector and the length of the distance between the
detector and source -S −O-. The contribution of the detector value at the point P must be
found in order to reconstruct the point r.A is the integration surface of the Radon transform.
This plane is unequivocally determined by ξ = ξnξ

(.) determines the integration surface A of the Radon transform shown in
Fig. .. As the X-ray source must also be located in this plane, (.) must obvi-
ously be considered as a special case of (.).

Here, one actually does not want to consider a movement in the Radon space,
but rather amovement of the X-ray source in the spatial domain for the backprojec-
tion.Therefore, it must be analyzed how the radial distance, ξ, in the Radon space is
changed, in case the motion parameter λ of the X-ray source is varied. The amount
of this change is determined by the variation of λ in (.), i.e.,

dξ
dλ

= SS′(λ)T ċ nξS , (.)

where S′(λ) is a tangential vector of the source trajectory at the orbit point S(λ). If
one writes (.) as

dξ = SS′(λ)T ċ nξ S dλ , (.)

it is revealed that the radial sampling density along ξ depends on the trajectory dir-
ection. The factor can be understood as a compensation for the generally appearing
irregular sampling of the trajectory.

To replace ξ and dξ, (.) and (.) are substituted into (.), whichmeans
the trajectory parameter λ of the X-ray source replaces the radial Radon variable.
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One finds

f (r) = − 
π ∫∫

S

fggggh ∫Λ
∂pγ ,ϑ(ξ, λ)

∂ξ
9
ξ=S(λ)T ċnξ

ċ . . .
. . . δ(S(λ)T ċ nξ − rT ċ nξ)M(λ,nξ) SS′(λ)T ċ nξS dλijjjjk dnξ .

(.)

In addition, the correction function

M(λ,nξ) = 
n(λ,nξ) (.)

has been introduced, which acts as a compensation function for redundant meas-
urements of points in the Radon space. This is necessary because (.) may have
several solutions for arbitrary source trajectories. The function n(λ,nξ) describes
the number of points of intersection of the source trajectory S(λ) with the integra-
tion surfaceA of theRadon transform.That is, a particular Radonpoint pγ ,ϑ (ξ, λ) is
measured for an arbitrary source trajectory generally at n(λ,nξ) source positions,
or, in other words, the integration surface A is illuminated at n(λ,nξ) positions.
As the compensation function M(λ,nξ) obviously varies for different points in the
Radon space, it is used as a scaling function to prevent some Radon points from ex-
cessively contributing to the reconstruction of the object. As long as the sufficiency
condition is fulfilled during data acquisition (cf. � Sects. .. and ..), n(λ,nξ)
does not vanish.

An important issue in (.) is the integration in the domain of Λ, i.e., the
set of source trajectory points. In this way, the integration over the radial Radon
component is substituted here by amore convenient integration direction, required
for the backprojection procedure. The order of integration may be changed such
that

f (r) = − 
π ∫

Λ

fgggggh ∫∫
S

∂pγ ,ϑ(ξ, λ)
∂ξ

HHHHHHHHHHHHHξ=S(λ)T ċnξ

ċ . . .
. . . δ �(S(λ) − r)T ċ nξ�M(λ,nξ) SS′(λ)T ċ nξS dnξ

ijjjjjk dλ
(.)

is obtained to compute the backprojection instantaneously for each projection
measurement.

According to Grangeat the first-order derivative of the Radon transform is
achieved by a differentiation of the flat-panel detector data. However, in (.) the
second-order derivative is required. Therefore, it should be analyzed whether one
of the two differentiations may be replaced by an appropriate convolution. The re-
quired convolution kernel can be obtained by means of the Fourier representation
of the first derivative (.), which has frequently beenused in the previous sections.
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The inverse formulation of (.) actually reads

∂
∂ξ

pγ ,ϑ(ξ, λ) = F− TiπqPγ ,ϑ(q, λ)U , (.)

so that the convolution theorem (cf. � Sect. .) yields
∂
∂ξ

pγ ,ϑ(ξ, λ) = F− �iπq� > F− TPγ ,ϑ(q, λ)U= g(ξ) > pγ ,ϑ(ξ, λ) , (.)

where the convolution kernel obviously reads

g(ξ) = �

∫
−�

iπqeiπqξ dq . (.)

Substituting (.) in (.) one finds

f (r) = − 
π ∫

Λ

fgggggggh
∫∫
S

+�

∫
ξ′=−�

g(ξ′ − ξ)∂pγ ,ϑ(ξ′ , λ)
∂ξ′

δ �(S(λ) − r)T ċ nξ� ċ . . .
. . . ċM(λ,nξ) SS′(λ)T ċ nξ S dξ′dnξ

ijjjjjjjk
dλ .

(.)

Since ξ is the radial Radon coordinate, the convolution in (.)means that numer-
ous parallel Radon integration surfaces (ξ′ , γ, ϑ) are needed from different source
positions. This, however, jeopardizes the fundamental idea of backprojection, the
advantage of which – compared with the Fourier method – is in fact the exclusive
and self-contained treatment of each X-ray source position. For a particular λ, the
integration surfaces described by ξ and ξ′ in the convolution in (.) cannot both
contain the X-ray source.

On the other hand, for a particular λ on the Radon sphere of the X-ray source
position S(λ), the theorem of Thales implies that (.) also applies to all other
integration surface vectors that describe a great circle on this Radon sphere. For
instance, one may also write

ξ′ = S(λ)T ċ nξ . (.)

(.) thus reads

f (r) = − 
π ∫

Λ

fgggggggh
∫∫
S

+�

∫
ξ′=−�

g(ξ′ − ξ)∂pγ ,ϑ(ξ′ , λ)
∂ξ′

δ �(S(λ) − r)T ċ nξ� ċ . . .
. . . ċM(λ,nξ) SS′(λ)T ċ nξ S dξ′ dnξ

ijjjjjjjk
dλ .

(.)

Figure . illustrates the geometrical situation of the new integration surface A′.
Now, the integration surface actually runs through the source as desired, but, un-
fortunately, the point r to be reconstructed is no longer included in the surface A′.
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Fig. ..Geometrical situation of the cone-beam backprojection. If one varies the integra-
tion surface A by a variation of the integration surface vector ξ � ξ′ on the great circle of
the Radon sphere of S(λ), then the new integration surfaceA′ in fact still includes the X-ray
source, but, unfortunately, does no longer include the point to be reconstructed

However, the convolution in (.) is a parallel displacement of the surface A′.
Fortunately, it can be shown that the undesired shift of the Radon variable ξ can
be transformed into a shift of the radial detector variable, τ.

This transformation of the Radon variable into a detector variable is illustrated
in Fig. .. From Fig. .a it can be deduced that

ξ′ − ξ = (τ′ − τ) cos(κ′) U
FCD

. (.)

The infinitesimal variation of the Radon variable must also be converted into an
infinitesimal variation of the detector variable. For this purpose, (.) has to be
differentiated, i.e.,

dξ′
dτ′

= cos(κ′) U
FCD

. (.)

Analyzing Fig. .b by means of the intercept theorem, the ratio

U
FCD

= τ′ cos(κ′)
τ′

(.)

can be obtained so that the substitution reads

dξ′ = cos(κ′)dτ′ . (.)
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Fig. .. a Intercept theorems in the geometry of the cone-beam backprojection for the two
cases ξ′ = S(λ)T ċnξ and ξ = S(λ)T ċnξ , as well as b for the infinitesimal change of the radial
Radon component ξ′

(.) and (.) are substituted into (.) so that one finds

f (r) = − 
π ∫

Λ

fgggggggggggggh

∫∫
S

+�

∫
τ′=−�

g �(τ′ − τ) cos(κ′) U
FCD

� ċ . . .
. . . ċ ∂pγ ,ϑ(ξ′ , λ)

∂ξ′
δ �(S(λ) − r)T ċ nξ� ċ . . .

. . . ċM(λ,nξ) SS′(λ)T ċ nξ S cos(κ′)dτ′ dnξ

ijjjjjjjjjjjjjk
dλ . (.)

The scaling property of the convolution kernel (.) with the argument of (.),

g �τ cos(κ′) U
FCD

� = �

∫
−�

iπqeiπq�τ cos(κ′) U
FCD �dq , (.)

can be found by the substitution

q′ = q cos(κ′) U
FCD

. (.)
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The following can be obtained:

g �τ cos(κ′) U
FCD

� = �cos(κ′) U
FCD�

�

∫
−�

iπq′ eiπq′τ dq′

= FCD

U cos(κ′) g (τ)
(.)

and thus finally for (.)

f (r) = − 
π ∫

Λ

fggggggggggggh

∫∫
S

+�

∫
τ′=−�

FCD

U g (τ′ − τ)∂pγ ,ϑ(ξ′ , λ)
∂ξ′

ċ . . .
. . . ċ δ �(S(λ) − r)T ċ nξ� ċ . . .
. . . ċM(λ,nξ) SS′(λ)T ċ nξ S cos(κ′)dτ′ dnξ

ijjjjjjjjjjjjk
dλ . (.)

For a particular source position, (.) applies not only to the point (.), but
also to all points on the great circle of the Radon sphere of S(λ); thus, one may
substitute back ξ′ � ξ.

The shift

ξ′ = S(λ)T ċ nξ � ξ = S(λ)T ċ nξ (.)

yields

f (r) = − 
π ∫

Λ

FCD

U

fggggggh
∫∫
S

∂
∂τ

∂pγ ,ϑ(ξ, λ)
∂ξ

δ �(S(λ) − r)T ċ nξ� ċ . . .
. . . ċM(λ,nξ) SS′(λ)T ċ nξ S cos(κ)dnξ

ijjjjjjkdλ ,

(.)

where the convolution of the radial detector variable τ yields the differentiation
operator in analogy to the rules (.) through (.). The sift property of the δ-
distribution may be replaced by changing the integration interval so that (.)
becomes

f (r) = − 
π ∫

Λ

FCD

U

fggggggh
∫∫

(S(λ)−r)�nξ

∂
∂τ

∂pγ ,ϑ(ξ, λ)
∂ξ

M �λ,nξ�
SS′(λ)T ċ nξS cos(κ)dnξ

ijjjjjjk dλ . (.)

To understand along which directions it must be integrated in the inner integral on
the surface of the Radon sphere, Fig. .a also illustrates that the points obeying(S(λ) − r)T ċ nξ =  are located on a circle on this surface.

All points of the circle contribute to the reconstruction of the object point r in
the backprojections, since these are all fan surfaces inside the cone beam, which
include the beam (S(λ) − r). All directions nξ perpendicular to this beam, define
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Fig. ..The contributions to the detector backprojection point P are collected on a circle
within the Radon sphere of S(λ). The δ-distribution in equation (.) indicates that it
must be integrated along the directional contributions on the Radon sphere, which obey(S(λ) − r)T ċ nξ = . These are all points (S(λ) − r).nξ located on a circle of the Radon
sphere as illustrated in a. b shows that the integration over the directions nξ can be mapped
on the detector by projection. The data at the position τ will be integrated on the detector
over all angles α

a plane passing through the origin O and have the normal (S(λ) − r). The section
of this plane with the Radon sphere of S(λ) yields a circle with a radius

r = �r� = SξPnξP S . (.)

That means, only the Radon values on this very circle contribute to the reconstruc-
tion. This applies to the reconstruction of all object points located on the beam
passing through r. Moreover, this is in fact the characteristic feature of the back-
projection. The filtered projection values are “smeared” back in the direction of the
original projection.
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Scheme . Exact reconstruction by backprojection within cone-beam geometry

. Computation of the radial derivative of the Radon transform according to
Scheme .

R′( f (τ, α, λ)) = ∂
∂ξ

pγ ,ϑ(ξ, λ)
= 
cos(κ) ∂

∂τ

�

∫
−�

cos(β)Xc &μγ ,ϑ(σ , τ(ξ)), λ' dσ (.)

. Weighting of the derivative of the Radon transform

R′w( f (τ, α, λ)) = ∂pγ ,ϑ(ξ, λ)
∂ξ

M(λ, nξ) �S′(λ)T ċ nξ � cos(κ) (.)

. Differentiation in the direction of the radial detector variable τ

R′′w( f (τ, α, λ)) = ∂
∂τ
R′w( f (τ, α, λ)) (.)

. Two-dimensional filtered backprojection within the detector plane

hλ(a, b) = π

∫
α = 

R′′w( f (τ, α, λ))dα (.)

. Three-dimensional weighted backprojection

f (r) = − 
π ∫

Λ

FCD

U  hλ(a, b)dλ (.)

In a last step, the appropriate filter operator still has to be found. In this context,
Fig. .b illustrates that the projection of the circle located on the Radon sphere
onto the detector yields an ellipse, the maximum diameter of which is eP−Oe. An
arbitrary point ξnξ on the Radon sphere is projected onto the point τ located on the
detector at the angle α described in the coordinate system of the detector.Therefore,
in (.), the integration over the circle on the Radon sphere can be replaced with
an integration over the corresponding ellipse on the detector.

Doing so, the expression

f (r) = − 
π ∫

Λ

FCD

U

fggggh
π

∫
α = 

∂
∂τ

∂pγ ,ϑ(ξ, λ)
∂ξ

M �λ,nξ� ċ . . .
. . . SS′(λ)T ċ nξ S cos(κ)dαijjjjk dλ

(.)
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can be found, where the first derivative of the Radon transform must be replaced
with the substitution term

∂
∂ξ

pγ ,ϑ(ξ, λ) = 
cos(κ) ∂

∂τ

�

∫
−�

cos(β)Xc Tμγ ,ϑ(σ, τ(ξ)), λU dσ (.)

found by Grangeat.
The inner integral in (.) represents a two-dimensional filtered backprojec-

tion in the detector plane. The outer integral is a three-dimensional backprojection
of the values from the inner integral, which have been weighted with the squared
distance between the X-ray source and the point to be reconstructed. Scheme .
summarizes the exact backprojection algorithm proposed by Defrise and Clack
().

8.6
Approximate 3D Reconstructions in Cone-Beam Geometry

The exact methods described in the previous section are based on a complete set
of Radon data. However, as already mentioned in � Sect. .., complete Radon
transforms can only be acquired if certain requirements with regard to the X-ray
source trajectory are met. In the frequently used circular X-ray source orbit, one
major problem is related to the fact that there are so-called shadow zones in which
no Radon data are available.

8.6.1
Missing Data in the 3D Radon Space

In principle, the object can be reconstructed in the three-dimensional space. For
this purpose, the methods used for the two-dimensional reconstruction must just
be extended properly. In � Sect. . it has already been verified that an exact recon-
struction can be achieved with fan-beam geometry, if the coordinates are trans-
formed accordingly. In � Sect. .. the method proposed by Grangeat has been
discussed, which contributes considerably to the solution of the inverse problem
related to cone-beam geometry. However, in practice, a complete set of points in
the Radon space is difficult to measure. Therefore, the corresponding problems
of the frequently used circular acquisition protocol will be described in this sec-
tion.

Figure . schematically illustrates the cone-beam geometry in an x–y section.
For a circular trajectory of the X-ray source, located within this (x , y) plane, all ob-
ject points of the plane can be exactly reconstructed in the spatial domain. If one
considers a polar representation, the complete set of points in the Radon space be-
longing to a single point in the spatial domain is located on circles.The diameter of
these circles connects the corresponding point in the spatial domain to the origin of
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Fig. .. The circular trajectory of the X-ray source (dashed line) is located in the (x, y)
plane. Thus, the sections of the integration surfaces in space just yield the integration lines
known from the two-dimensional reconstruction problem

Fig. .. Left: As any point must have been illuminated from all directions (from � up
to �) in the reconstruction plane, circles in the Radon space according to the theorem of
Thales can be found. Right: The Radon space is shown with its polar coordinates for a tomo-
gram of the abdomen

the (x , y) plane. For a compact object in space, the Radon space is thus completely
filled with those circles.

Figure . (left) illustrates that the circles in the polar representation of the
Radon space can be geometrically derived with the theorem of Thales. Figure .
(right) exemplarily shows the polar Radon space for an abdomen tomogram slice
frequently used in the previous chapters. The corresponding circles are clearly vis-
ible.
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Fig. .. Location of the practically available Radon values in the (x, z) plane. Left: As the
set of Radon space values is complete for points in the (x, y) plane and the corresponding
Radon values for each individual point are located on a spherical surface, the sections again
result in circles. Right: Data are missing in the three-dimensional Radon space for points
above and below the (x, y) plane. The zone in which data are missing is called the shadow
zone

TheRadon spheres can also be derived according to the theorem ofThales.They
appear as rotational bodies of the circles rotating around their diameter lines be-
tween the origin at the reconstruction point in the spatial domain. Figure . (left)
shows the location of the three-dimensional Radon values of points located on the
x-axis that can be measured. The availability of the complete set of Radon values
again refers to a single cyclic trajectory of the X-ray source in the (x , y) plane.

If there are points located outside the (x , y) plane, it will no longer be possible
to measure all the points in the three-dimensional Radon space with this simple
source trajectory. However, the following requirement must be met to exactly re-
construct the point. The Radon values of all points whose corresponding integra-
tion surfaces A intersect the object must be known for an exact reconstruction.
According to the so-called Tuy–Smith sufficiency condition (Tuy ) an exact re-
construction is possible if all surfaces intersecting the object intersect the trajectory
of the X-ray source at least once.

The circles, however, have already been the result of the two-dimensional Radon
space (cf. � Sect. .). Here, the three-dimensional reconstruction problem shall be
solved. If, therefore, integration surfaces instead of integration lines are considered,
the circles in the (x , y) plane can be found as sections of corresponding spherical
surfaces in the three-dimensional Radon space.

Since the X-ray source must be located in the surface A in order to measure its
integral, this also makes sense from an intuitive point of view. Points in the Radon
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space, which cannot be measured with the planar cyclic source trajectory, are lo-
cated in the so-called shadow zone illustrated in Fig. . (right).

Figure . once again shows points that comply with the Tuy–Smith condition.
Such points are of course located in the (x , y) plane. The conical X-ray beam illu-
minates a spherical object. If only those points located within the (x , y) plane have
a complete set of Radon data, then the sphere cannot be exactly reconstructed with
this measurement. Figure . shows some outermost points with a complete set of
Radon values on the front hemisphere of the spherical object.

Figure . schematically shows the formation of a shadow zone. If points
r = (x , y, z)T are located outside the (x , y) plane, it will no longer be possible to
measure the projection pγ ,ϑ(ξ) for all projection angles γ, ϑ and distances from the
origin ξ due to obvious geometrical restrictions.

Within the shadow zone the X-ray source is in fact located underneath the hori-
zon of the integration surfaceA.This is exactly theTuy–Smith sufficiency condition.
Those points that can, in principle, be measured with geometrical parameters result
within a torus. Figure . shows the filling of the Radon space for the cyclic source
orbit in the plane. The resulting torus includes all points that can theoretically be
measured in the Radon space. But, in practice, it is not possible to measure all the
points of the Radon space inside this torus as a detector has a finite size.

Source orbits meeting the requirements stipulated by Tuy–Smith are shown in
Fig. .. Figure .a provides a comparison with the cyclic, planar trajectory of
the X-ray source, which is responsible for the above-mentioned shadow zone in the
Radon space. Figure .b shows one of the possibilities of filling up the shadow
zone with Radon data. This is possible by using two circular X-ray source trajec-

Fig. .. In cone-beamgeometry those object points for which the Radon space is complete
are located within the plane defined by the X-ray source trajectory. For a spherical object
this applies to all those points within the circle that results from a section of the trajectory
plane through the sphere. Some outermost points with a complete set of Radon values are
exemplarily shown on the front hemisphere of the spherical object
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Fig. ..There are points in the Radon space, of the cyclic source orbit in a plane, for which
the necessary integration over the surface cannot be carried out. The points assigned in the
spatial domain may then not be correctly reconstructed. The Radon values for which the
integration surface does not intersect the X-ray source orbit are missing. The missing zone
in the Radon space is again the shadow zone

Fig. .. In the Radon space of the cyclic source orbit those points that can theoretically
be measured are located within a torus. Nevertheless, it is in fact not possible to measure all
theoretically available points of the Radon space with a detector of finite size

tories located in planes that are parallel to each other and connected with a linear
trajectory . Figure .c shows two source trajectories that are perpendicular to
each other and also circular.The requirements stipulated byTuy–Smith are also met
here. However, it can readily be understood that this option is excluded in medical

 The linear movement is performed anyway, because a planning overview is always meas-
ured prior to the tomographic data acquisition (cf. 
 Sect. .).



8.6 Approximate 3D Reconstructions in Cone-Beam Geometry 

Fig. .a–d.Orbits of the cone-beam X-ray source sampling the Radon space. Apart from
the simple cyclic path shown in a, all other trajectories meet the requirements stipulated
in the sufficiency condition of Tuy–Smith. The cone-beam helical path is used in modern
medical CT scanners today

applications, because the patient is located in the source path. Practical applications
typically use cone-beam helical paths scanning the Radon space with a continuous
movement. This path is outlined in Fig. .d. The trajectories shown in this fig-
ure are not the only ones being tested at present. Another approach with a central
circular orbit and a single supplementary line is proposed by Lin (). All these
approaches are attempts to fill up the shadow zone of the Radon space as effectively
as possible.

8.6.2
FDK Cone-Beam Reconstruction for Planar Detectors

Themethods of three-dimensional reconstruction described in � Sect. . are based
on the assumption that a complete set of Radon data is available. However, as dis-
cussed in the previous section, the requirements stipulated in the Tuy–Smith suffi-
ciency condition are not met for any source trajectory. This is particularly the case
for the popular circular X-ray trajectory in cone-beam geometry used inmany tech-
nical applications, where a complete set of Radon data is therefore not available.
However, approximation methods that can also deal with incomplete Radon data
of this type are available.

The most frequently used method is the reconstruction approach proposed
by Feldkamp, Davis, and Kress (FDK) in  (Feldkamp et al. ), which is
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a derivative-free method. The so-called FDK cone-beam reconstruction is an ap-
proximation of the exact reconstruction problem developed for technical investi-
gations . As planar detectors are used for these applications, Feldkamp, Davis, and
Kress (Feldkamp et al. ) initially presented their approximation for this geom-
etry. Figure . shows the geometry of the sampling unit schematically.

The cone-beam geometry with the planar detector arrangement has a cone
angle κa at the fan angle, ψ, which is defined by the expression

κa = arctan 
 b6
a + FCD

� . (.)

With this definition, it is clear that the cone angle varies along the individual rows
(i.e. b = const.) of the planar detector. Despite this, the geometry of the planar
detector field is well adapted to the backprojection described above. This is due to
the fact that the integration over the surfaces can be realized by integrations along
straight lines on the detector.

Figure . shows a tilted fan beam of the X-ray cone beam, which intersects the
detector on a line with constant b.This geometry will have to apply to all fan beams
inside the cone beam. The contribution of the point (a, b) to the backprojection
has to be computed.

The FDK reconstruction is based on the assumption that every fan-shaped sur-
face in the cone beam defined by a detector line b and the X-ray source location
must be treated independently, as if dealing with a two-dimensional fan projection
as described in � Sect. ... Figure . shows such a surface. Just because a straight
line on the detector is assigned to an integration surface (red-shaded fan), with pla-
nar detector geometry, one may access the detector independently line by line for
the FDK reconstruction.

If the cone-beam projection system is considered under a fixed projection
angle θ, then the mathematical treatment of the individual projection fans within
the X-ray cone does not differ from the treatment of the fans in � Sect. ... Due
to the angulation κa of the fan off the (x , y) plane, only distances must be adapted
appropriately. It is therefore obvious that (.) has to be slightly extended to take
into account the new distances within the tilted fan. The filtered backprojection
may then be carried out exactly with reference to a single, fixed angle under which
the projection is considered. Similar to � Sect. .. a virtual detector is placed in
the iso-center of the system.The geometrical projection situation can then be more
easily formulated mathematically.

The results can be applied to the real detector surface by means of the intercept
theorem. Figure . illustrates that the projection of a point r = (x , y, z)T in the
X-ray cone onto the detector position (a, b) depends on the fan angle ψ via

a = FCD tan(ψ) (.)

 Feldkamp,Davis, andKress developed thismethod in the research laboratories of the Ford
Motors for material testing.
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Fig. ..Cone-beam illumination of a flat-panel detector.The X-ray source rotates on a cir-
cle with radius FCD (focus center distance). A virtual detector is positioned in the iso-center
of the rotation of the sampling unit. ϕθ(a, b) are the measured (virtual) projection values.
The angle θ between the y-axis and the central beam of the cone – or the x-axis and the
a-axis – defines the projection angle of the system

Fig. .. Cone-beam illumination of a flat-panel detector. Only fans are considered within
the cone that intersect the detector on a straight line with constant b. The contribution of the
detector value at the detector point (a, b) to the backprojection will have to be determined
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and the cone angle κa via

b = GFCD +a tan(κa) . (.)

In this system, the (a, b) detector surface rotates about the z-axis describing the
axial direction of the fixed patient coordinate system.

The small principal axis of the detector, b, has been assigned to the negative
z direction to ensure that the detector system remains a right-handed system. The
angle θ between the y-axis and the central beam of the cone – or the x-axis and
the a-axis respectively – defines the projection angle of the system. FCD once again
stands for the focus center distance. It is possible to define a new coordinate system,
where the unit vectors nσ , nη , and nξ are shown in Fig. .. Here,nσ points into the
direction of the long a-axis of the detector. nσ is rotated by the angle θ with respect
to the x-axis. This is done by means of the orthogonal matrix Σ. nη points in the
direction of the source along the central beam of the angulated fan and nξ = nσ�nη
in the direction of the fan surface normal of A. nξ is thus rotated about the angle

κ = arctan � b
FCD

� (.)

with respect to the z-axis, which means about the nσ-axis. This corresponds to
a multiplication with the orthogonal matrix Ξ.

Fig. .. Geometrical situation using a virtual detector in the iso-center of the sampling
unit. As a straight line on the detector is assigned to an integration surface (transparent plane)
for flat-panel detector geometry, the detector values can be accessed line by line in the case of
the Feldkamp, Davis, and Kress (FDK) reconstruction.The unit vectorsnσ , nη , and nξ define
the fan surface considered, where nξ = nσ 	 nη is the surface normal of A
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Finally, the transformation

�� 
r
s
t

!"# = ρ = Ξ (Σr − b) = Ξ
�� Σ

�� 
x
y
z

!"# +
�� 


b

!"#
!"# (.)

is obtained. The point to be reconstructed may thus be expressed with the new co-
ordinates as
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�� 
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 cos(κ) sin(κ)
 − sin(κ) cos(κ)

!"#
�� 
�� 

cos(θ) sin(θ) − sin(θ) cos(θ) 
  

!"#
�� 

x
y
z

!"# +
�� 


b

!"#
!"#

= �� 
  
 cos(κ) sin(κ)
 − sin(κ) cos(κ)

!"#
�� 

x cos(θ) + y sin(θ)−x sin(θ) + y cos(θ)
z + b

!"#
= �� 

x cos(θ) + y sin(θ)−x sin(θ) cos(κ) + y cos(θ) cos(κ) + (z + b) sin(κ)
x sin(θ) sin(κ) − y cos(θ) sin(κ) + (z + b) cos(κ)

!"# .

(.)

On the other hand, one finds points ρ in the original coordinate system by

r = ΣT �ΞTρ − b� , (.)

which means
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s sin(κ) + t cos(κ) − b

!"# (.b)

= �� 
r cos(θ) − sin(θ) (s cos(κ) − t sin(κ))
r sin(θ) + cos(θ) (s cos(κ) − t sin(κ))

s sin(κ) + t cos(κ) − b

!"# . (.c)

As only those points inside the integration surface A are of interest, which are
spanned by nσ and nη , t =  might be assumed here.Thus, only the fan beam plane
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has to be dealt with in which

�� 
x
y
z

!"# =
�� 
r cos(θ) − s sin(θ) cos(κ)
r sin(θ) + s cos(θ) cos(κ)

s sin(κ) − b

!"#

=
��������� 

r cos(θ) − s sin(θ) FCD6
FCD +b

r sin(θ) + s cos(θ) FCD6
FCD +b

s
b6

FCD +b − b

!""""""""#

(.)

assigns to each point (r, s)T the corresponding point (x , y, z)T patient coordinate
system.

In full analogy with the approach described in � Sect. .., an appropriate trans-
formation to parallel-beam geometry has to be found to reconstruct the point ρ
lying in the fan angulated about the angle κ. In this way, the virtual parallel pro-
jection pγ(ζ) under the projection angle γ at the detector position ζ can be cal-
culated within this fan of the X-ray cone beam. The virtual ζ coordinate is shown
in Figs. . and . by a dashed line. It runs through the origin, which has been
shifted by bwith respect to the detector coordinate systemwithin the fan, and forms
a right angle with the X-ray beam through point ρ.

The relation with the fan-beam coordinates can be – in analogy to (.) and
(.) – expressed by

ζ = a cos(φ) = a

6
FCD +b6

FCD +a + b
(.)

and

γ = θb + φ = θb + arctan
 a6
FCD +b � . (.)

The new coordinates are illustrated in Fig. .. Thus, the three-dimensional cone-
beam reconstruction problem is reduced to a problem of two-dimensional fan-
beam geometry (cf. Fig. .). One may therefore use the equations of the fil-
tered backprojection in the fan-beam plane that have already been introduced in� Sect. ... With the new coordinate notations (.) now reads

f (r, s) = 


π

∫


� 
+�

∫
−�

pγ(ζ)g(ρT ċ nζ − ζ)dζ!# dγ , (.)

whereby the relation with the x , y, and z components of r must be realized later
by (.).The same strategy that has been followed in the previous chapter applies
here. The fan-beam coordinates have to be substituted by parallel-beam coordin-
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Fig. ..Geometry within the angulated fan-beam plane illustrated in Fig. ..The projec-
tion of the fixed patient coordinate system is used as a reference system. This is an approxi-
mation only, due to the projective geometry. Nevertheless, this system can be used, because
just a fixed reference system is needed in which the sampling unit rotates about the nξ unit
vector. As the backprojection is actually carried out over the full angle interval θb = [, π]
the result does not depend on the precise starting angle. The angles φ, δ, and γ are only re-
quired as relative angles with respect to the angle θb and do not refer to the actual (x, y, z)
coordinate system. The relation between θb and θ will be explained later

ates. To do so, the coordinate transformation

(ζ , γ) � (a, θb) (.)

has to be carried out. As already shown in several other cases, the new infinites-
imal integration element must be scaled by the Jacobian. This means that the
area element dζ dγ is determined in the new coordinates by Jdadθb , where J is
given by

J � det
 ∂(ζ , γ)
∂(a, θb)� =

HHHHHHHHHHHHHHHHHHH
∂ζ
∂a

∂γ
∂a

∂ζ
∂θb

∂γ
∂θb

HHHHHHHHHHHHHHHHHHH
. (.)
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If the transformation equations (.) and (.) are directly substituted in
(.) one finds

J =
HHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHH

∂
� a

6
FCD +b6

FCD +a + b
!#

∂a

∂
θb + arctan 
 a6
FCD +b ��

∂a

∂
� a

6
FCD +b6

FCD +a + b
!#

∂θb

∂ (θb + φ)
∂θb

HHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHH
= HHHHHHHHHHHHHHHH

� 
6

FCD +b6
FCD +a + b

!#
 6

FCD +b
FCD +a + b

 

HHHHHHHHHHHHHHHH
= � 

6
FCD +b6

FCD +a + b
!#
 = cos(φ) .

(.)

This means that the infinitesimal area element must be replaced by

dζ dγ � � 
6

FCD +b6
FCD +a + b

!#


dadθb . (.)

If – in analogy to (.) – the expression

ρT ċ nζ = ρ cos(γ − δ) (.)

is used for the inner product between the point to be reconstructed in the X-ray
fan surface and the unit vector in the direction of the virtual axis of an imaginary
parallel-beam detector, then the expression

f (r, s) = 


π−arctan
 a�
FCD +b �

∫
− arctan
 a�

FCD +b �

-.../...0
+amax

∫
−amin

pθb+ψ
� a

6
FCD +b6

FCD +a + b
!# ċ . . .

. . . ċ g fggghρ cos
θb + arctan
 a6
FCD +b � − δ� − a

6
FCD +b6

FCD +a + b

ijjjk . . .
. . . ċ � 

6
FCD +b6

FCD +a + b
!#


da
B...C...D dθb (.)

can be found for the filtered backprojection with the new coordinates.
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In (.), the following simplifications can be implemented immediately. The
integration limits of the new angle coordinate θb have to be changed accordingly
as a direct consequence of the substitution. However, since the integration over the
full angle π is invariant to a constant phase shift, it is also possible to integrate in
the new variable from  up to π. Furthermore, the projection value pγ(ζ) can be
muchmore easily expressed within the new detector variables, since the coordinate
transformation yields

pγ(ζ) � pθb+φ
� a

6
FCD +b6

FCD +a + b
!# = ϕθb(a, b)Sb=const. . (.)

(.) is thus simplified to read

f (r, s) = 


π

∫


-.../...0
+amax

∫
−amin

ϕθb(a, b)g �ρ cos
θb + arctan
 a6
FCD +b � − δ� . . .

. . . − a
6

FCD +b6
FCD +a + b

ijjjk ċ � 
6

FCD +b6
FCD +a + b

!#


da
B...C...D dθb . (.)

Using the easily perceivable fact from Fig. . that

φ = arctan
 a6
FCD +b � (.)

for the subsequent transformation of the argument of the function g[.] in (.),
one may apply the addition law (.) to calculate the argument of g[.] as

ρ cos(θb + φ − δ) − a
6

FCD +b6
FCD +a + b

=
ρ cos(θb − δ) cos(φ) − ρ sin(θb − δ) sin(φ) − a

6
FCD +b6

FCD +a + b
.

(.)

With

cos(φ) = 6
FCD +b6

FCD +a + b
(.)

and

sin(φ) = a6
FCD +a + b

(.)
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(.) reads

ρ cos(θb + φ − δ) − a
6

FCD +b6
FCD +a + b

= ρ cos(θb − δ) 6
FCD +b6

FCD +a + b
+ . . .

ċ ċ ċ − ρ sin(θb − δ) a6
FCD +a + b

− a
6

FCD +b6
FCD +a + b

.

(.)

The particular position determined by the point (ρ, δ) and the projection angle θb
shall now be considered in a similar manner to (.) on the basis of the detector
variable a. This detector position is denoted a′, so that

tan(φ′) = 
 a′6
FCD +b � = ρ cos(θb − δ)*6FCD +b + ρ sin(θb − δ), (.)

and furthermore

a′ = ρ cos(θb − δ) 6
FCD +b*6FCD +b + ρ sin(θb − δ), . (.)

Substituting (.) into the argument of g[.] in (.) yields

ρ cos(θb + φ − δ) − a
6

FCD +b6
FCD +a + b

=
= �GFCD +b + ρ sin(θb − δ)� a′6

FCD +a + b
+ . . .

ċ ċ ċ − ρ sin(θb − δ) a6
FCD +a + b

− a
6

FCD +b6
FCD +a + b= �GFCD +b + ρ sin(θb − δ)� a′6

FCD +a + b
+ . . .

ċ ċ ċ − �GFCD +b + ρ sin(θb − δ)� a6
FCD +a + b

.

(.)

For convenience, one may define

Ub = GFCD +b + ρ sin(θb − δ) , (.)
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whereUb is the projection of ρ onto the central beam in the angulated nσ �nη-plane.
Hence, one finds

ρ cos(θb + φ − δ) − a
6

FCD +b6
FCD +a + b

= Ub
a′6

FCD +a + b
−Ub

a6
FCD +a + b

= (a′ − a) Ub6
FCD +a + b

,

(.)

so that (.) may be arranged more concisely to read

f (r, s) = 


π

∫


-.../...0
+amax

∫
−amin

ϕθb(a, b)g �(a′ − a) Ub6
FCD +a + b

� ċ . . .
. . .

� 
6

FCD +b6
FCD +a + b

!#


da
B...C...D dθb .

(.)

The inner integral again represents a convolution. It should be recalled that the func-
tion g is still the spatial convolution kernel of the linear frequency ramp, i.e.,

g(ξ) = +�∫
−�

�q� eπ iqξ dq . (.)

Therefore, if one substitutes here the arguments found for fan-beam geometry with
a linear detector (cf. � Sect. ..), i.e.,

g 
(a′ − a) Ub6
FCD +a + b

� = +�∫
−�

�q� eπ iq
(a′−a) Ub

FCD +a+b

�
dq (.)

and further uses the substitution

q′ = q
Ub6

FCD +a + b
, (.)

one obtains the scaling behavior of the convolution kernel

g 
(a′ − a) Ub6
FCD +a + b

� = FCD +a + b

U
b

+�

∫
−�

�q′� eπ iq′(a′−a)dq′
= FCD +a + b

U
b

g(a′ − a) .
(.)
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Correspondingly, (.) finally reads

f (r, s) = 


π

∫


-.../...0
+amax

∫
−amin

ϕθb(a, b)FCD +a + b

U
b

g(a′ − a) ċ . . .
. . .

� 
6

FCD +b6
FCD +a + b

!#


da
B...C...D dθb

= 


π

∫



U

b

-.../...0
+amax

∫
−amin

ϕθb(a, b)g(a′ − a)� 
6

FCD +b6
FCD +a + b

!# da
B...C...Ddθb

= 


π

∫


FCD +b
U

b

-.../...0
+amax

∫
−amin

ϕθb(a, b)� 
6

FCD +b6
FCD +a + b

!# g(a′ − a)daB...C...Ddθb

= 


π

∫


FCD +b
U

b

-../..0
� ϕθb(a, b) 6

FCD +b6
FCD +a + b

!# > g(a)B..C..Ddθb . (.)

As a last step, the relationship between the rotation angle θb around the unit vec-
tor nξ in the direction of the normal of the fan surface vector and the actual rotation
angle θ of the sampling unit in the (x , y) planemust be determined. Figure .may
be helpful to illustrate what happens to an angular change Δθ if the fan is angulated
off the (x , y) plane.

In the central fan beam plane of the X-ray cone beam one finds the lengths

SO = YO = FCD (.)

and in the angulated plane the lengths

SB = YB = GFCD +b . (.)

Obviously, the distance on the flat-panel detector is

OB = b . (.)

For small angular changes, it holds sufficiently true that

SY = Δθ FCD � Δθb

G
FCD +b (.)

is the arc length of the X-ray source orbit. In this way, the desired variation of the
angular change Δθb due to an angulation Δθ of the fan can be estimated by

Δθb � FCD6
FCD +b Δθ . (.)
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Fig. ..Variation of the rotation angle Δθb if the X-ray fan is angulated off the (x, y) plane
However, as mentioned above, (.) and (.) are only approximations. Just
for small angular changes, Δθ, Δθb is located sufficiently within the angulated fan-
beam plane. Figure . illustrates that the distance

YB = GFCD +b (.)

is obviously not located within the angulated X-ray fan-beam plane for a large Δθ.
Fortunately, one is only interested in infinitesimal angular changes dθb of the

sampling unit in (.), so that one finds the exact relation

dθb = FCD6
FCD +b dθ . (.)

If (.) is substituted into (.)

f (r, s) = 


π

∫


FCD +b
U

b

-../..0
� ϕθ(a, b) 6

FCD +b6
FCD +a + b

!# > g(a)B..C..D ċ . . .
. . . ċ FCD6

FCD +b dθ
= 


π

∫


FCD +b
U

b
&
ϕθ(a, b) FCD6

FCD +a + b
� > g(a)'dθ

(.)
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is obtained. Furthermore, one may use the intercept theorem to read from Fig. .
that

FCD +b
U

b
= FCD

U , (.)

whereby, for convenience, the variableU that has beendefined in the previous chap-
ter,

U = FCD−x sin(θ) + y cos(θ) , (.)

might be used for the projection of the point to be reconstructed onto the central
beam in the (x , y) plane.Thismust also be considered and (.) can consequently
be substituted into (.) to complete the transformation of the rotational variables
θb � θ.

The point to be reconstructed can then be expressed as a function of the x and y
coordinates. (.) finally reads

f (x , y) = 


π

∫


FCD

U &
ϕθ(a, b) FCD6
FCD +a + b

� > g(a)'dθ . (.)

In analogy to (.) one may now write the short expression

f (x , y) = π

∫


FCD

U hθ(a, b)dθ (.)

where

hθ(a, b) = 


ϕθ(a, b) FCD6

FCD +a + b
� > g(a) . (.)

In this context, it is interesting that the weighting step in (.) allows the geomet-
rical interpretation

cos(β) = FCD6
FCD +a + b

= FCD6
FCD +a

6
FCD +a6

FCD +a + b
= cos(ψ) cos(κa) , (.)

cf. Fig. ..
However, at this point of the derivation of the instruction for the reconstruction,

only the x and y components of the point to be reconstructed have been obtained.
The two-dimensional backprojection result in (.) inside the angulated fan must
now still be sorted into the fixed three-dimensional (x , y, z) coordinate system.Ob-
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viously, the required z component is missing. According to (.), this component
obeys

z = s
b6

FCD +b − b . (.)

It is, by the way, not surprising that the z component, contrary to the x and y com-
ponents in (.), does not depend on r since the X-ray fan-beam surface A has
been angulated around the nσ-axis, i.e., around the long detector axis a.

In Fig. . the situation of the backprojection geometry for the z coordinate is
illustrated to assure that (.) does indeed yield the correct value for z. However,
b is needed as a function of the coordinates (x , y, z)T in (.). (.) is somewhat
awkward to invert, but, fortunately, Fig. . illustrates the expression

tan(κ) = b
FCD

= z
U

. (.)

This expression, in effect, immediately yields b as a function of the coordinates(x , y, z)T, i.e.,
b(x , y, z, θ) = z

FCD
FCD−x sin(θ) + y cos(θ) . (.)

Fig. .. Geometry for the backprojection within the angulated X-ray fan-beam plane. The
z component does not depend on r since the fan-beam surface A has been angulated about
the nσ-axis, i.e., the long detector axis a
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Together with (.), finally, the three-dimensional reconstruction formula

f (x , y, z) = 


π

∫


FCD

U &
ϕθ(a, b) FCD6
FCD +a + b

� > g(a)'dθ (.)

is obtained. All the instructions for the reconstruction may again be split into three
important steps, which are summarized in Scheme ..

Scheme . Feldkamp,Davis, andKress (FDK) reconstruction for the planar detector
array

. Coordinate transformation for the ramp filter: The required ramp filter

g �(a′ − a) Ub�
FCD +a + b

� = FCD +a + b

U 
b

g(a′ − a) (.)

must be precisely adapted to the form of the filter for the parallel projection by
coordinate transformation.

. Filtering of the projection signal: The high-pass filtered backprojection signal re-
sults from the convolution

hθ(a, b) = 

�ϕθ(a, b) FCD�

FCD +a + b
� � g(a) (.)

of the projection signal weighted with

cos(β) = FCD�
FCD +a + b

= cos(ψ) cos(κ)
and the filter kernel g(a) in the spatial domain of the flat-panel detector.

. The filtered backprojection over the complete angle interval of π is given by

f (x, y, z) = π

∫


FCD

U(x, y, θ) hθ (a(x, y, z, θ), b(x, y, z, θ)) dθ (.)

where

b(x, y, z, θ) = z
FCD

FCD−x sin(θ) + y cos(θ) . (.)

This means, within the backprojection, the weighted and filtered projection sig-
nals are traced back through the volume to be reconstructed converging toward
the X-ray source. Therefore, the values are weighted with the squared reciprocal
distance to the source. This makes the process look similar to the light cone of
a pocket lamp.The distance U is defined as the projection of the distance between
the X-ray source and the current point to be reconstructed onto the central beam
of the non-angulated fan.



8.6 Approximate 3D Reconstructions in Cone-Beam Geometry 

Fig. .. Schematic representation of the FDK method. It is an approximate X-ray cone-
beam reconstruction algorithm proposed by Feldkamp,Davis, and Kress

The FDK reconstruction method provides an exact backprojection instruction
for the values measured in a plane including the circular X-ray source trajectory.
Generally, the FDK reconstruction is of course an approximate method, since the
Radon space is incomplete. It has already been pointed out in � Sect. .. that the
Tuy–Smith sufficiency condition is not fulfilled for this trajectory.

For a point r = (x , y, z)T, which is located outside the (x , y) source plane to
be reconstructed, all other projections related to a particular, arbitrarily selected
projection fan-beam plane A are missing. Therefore, the objects located within this
plane A cannot be exactly reconstructed. Some Radon data are always inaccessible
due to the shadow zone illustrated in Fig. . for any point outside the (x , y) plane.

However, many studies have revealed that the deficiency of the FDK method
due to the incomplete Radon data set of the planar X-ray source trajectory is only
a minor deficiency, if the aperture angle of the cone beam is small. Figure . sche-
matically shows a summary of the FDK method.

The exact three-dimensional X-ray cone-beam backprojection method pro-
posed byDefrise andClack, whichwas described in � Sect. .., was not formulated
for a special source trajectory. Consequently, if (.) and (.) are compared,
a certain relationship between the two different methods can clearly be seen. In
both cases, the backprojection is defined as an integral over the trajectory param-
eters, whereby a filtered projection term h is used as integrand, weighted with the
reciprocal, normalized squared distance (FCD�U) of the projection of the distance
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between the point to be reconstructed and the X-ray source onto the central X-ray
beam. In fact, it can be shown that the exact method proposed byDefrise and Clack
is indeed reduced to an approximate FDK method, if a single circle is assumed to
be the source trajectory S(λ) (Jacobson ).

8.6.3
FDK Cone-Beam Reconstruction for Cylindrical Detectors

Most of the detectors used today for medical applications are cylindrical detectors;
therefore, the FDK approximation should be described for this geometry as well.
Figure . shows the cone-beam geometry in the cylindrical detector arrangement
with the fan angle ψ and the cone angle κ, which is defined by

κ = arctan � ε
FCD

� . (.)

With this definition, it is clear that the cone angle is constant along the individual
rows (ε = const.) of the cylindrical detector. Figure . illustrates that ε = b only
applies to the fan angle ψ = . In general, one finds the expression

b = ε
cos(ψ) (.)

between the planar and the cylindrical detector arrangement.

Fig. ..Cone-beam illumination of a cylindrical detector.TheX-ray source rotates on a ra-
dius FCD. A virtual detector is placed in the iso-center of the rotation of the sampling unit
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The individual lines of the detector are, of course, not located on a planar sur-
face containing the X-ray source. Planar surfaces, which were used in the previous
section, rather produce slightly curved intersections with the cylindrical detector.
However, it is possible to re-interpolate the projection data so that they are located
on a planar Cartesian grid.

The reconstruction method with cylinder geometry is split into three principal
processing steps in Scheme ..

Finally, a few important properties of the FDK reconstruction method should
be summarized.• Exact reconstruction is ensured by the FDK method in the central radiation
plane. This is, of course, the minimum requirement to be met by the method.
(.) or (.) reduce to (.) or (.) respectively, for the corresponding

Scheme . FDK reconstruction with cylinder geometry

. Pre-weighting of the cylinder detector projection values

ϕ̃θ(ψ, ε) = ϕθ(ψ, ε) FCD�
FCD +ε

cos (ψ)
= ϕθ(ψ, ε) cos (κ) cos (ψ) (.)

. Filtering of the projection signal. The ramp filter

g̃(ψ, ε) = 

� ψ
sin(ψ)�



g(ψ, ε) (.)

is a modified version of the filter for the parallel projection and is given in full
analogy to (.). Combined with the pre-weighting process described in the first
step of this scheme, the high-pass filtered signal for backprojection results from the
convolution in the angular domain

hθ(ψ, ε) = ϕ̃θ(ψ, ε) � g̃(ψ, ε) . (.)

. Again, in analogy to the equations in 
 Sect. .., the filtered backprojection over
the full angle of π is given by

fFDK(x, y, z) = π

∫



L hθ(ψ, ε)dθ , (.)

where

L = /(FCD−x sin(θ) + y cos(θ)) + (x cos(θ) + y sin(θ)) (.)

is defined as the distance between the X-ray source and the actual point to be re-
constructed in the (x, y) plane.
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two-dimensional X-ray fan-beam reconstruction for the cone angle κ =  (i.e.,
b =  for the planar detector or ε =  for the cylindrical detector).• The larger the cone angle κ, the poorer the quality of the reconstructed image.
This is due to the fact that an increasing quantity of Radon data is located in the
shadow zone (cf. � Sect. ..).• TheFDKmethod is exact for objects that are homogeneous in the z direction, i.e.,
for objects obeying f (x , y, z) = f (x , y). This result is achieved by pre-weighting
with cos(κ) in (.) for the planar detector or (.) for the cylindrical detec-
tor.The longer path along which the X-ray beam is attenuated with a larger cone
angle κ is weighted by the factor cos(κ) in such a way that the attenuation does
not depend on the cone angle and corresponds to the attenuation in the central
plane. The pre-weighted lines of the detector are identical for such objects, i.e.,
the method reduces itself to the fan-beam method in the plane.

Considering the planar detector, it should finally be pointed out that:• The integral

pz = ∫ f (x , y, z)dz (.)

is exactly preserved in spite of the approximate character of the FDK method.
This is due to the fact that all surface integrals that are perpendicular to the central
plane can be measured by a single planar, circular X-ray source trajectory, i.e.,
they are located within the measurable torus in the Radon space.

8.6.4
Variations of the FDK Cone-Beam Reconstruction

Weighting with theU−-factor in (.) is one of the problems related to the actual
implementation of fast three-dimensional reconstructions. As very fast implemen-
tations for reconstruction algorithms in parallel-beam geometry are generally avail-
able, it seems to be useful to convert the cone-beam geometry into parallel-beam
geometry by rebinning the beams in analogy to � Sect. ... As data are missing
in the Radon space with the cyclic, planar source trajectory, this can be achieved
successfully in the fan direction ψ, but not in the cone direction κ.

8.6.4.1
Rebinning with the Planar Detector

For the planar detector, the rebinned projection signal (without derivation, see
Turbell []) obeys

pγ(ξ, b) = ϕγ−ψ (ψ, b) = ϕγ−arcsin	 ξ
FCD 


� ξ FCDG
FCD −ξ

, b
!# . (.)
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Fig. .. Geometry of the projections after the X-ray cone beams have been rebinned, for
a the planar and b the cylindrical detector. In the iso-center of the rotation the virtual planar
detector is illustrated (courtesy of Turbell [])

The coordinate of the detector line b remains unchanged here. If one considers this
situation from the direction of the z coordinate, parallel-beam geometry has been
achieved after completion of the rebinning process. The beams of a particular de-
tector line b match a vertical planar detector (ξ, s) in the iso-center of the rotation
along the curves

s(b, ξ) = b 
 − ξ

FCD � . (.)

Additionally, Fig. .a illustrates what a detector (which is also a virtual detector)
would look like, if all beams of a particular detector line b had the same z value.

8.6.4.2
Rebinning with the Cylindrical Detector

For the cylindrical detector the rebinned projection signal – in analogy to (.) –
obeys

pγ(ξ, ε) = ϕγ−ψ (ψ, ε) = ϕγ−arcsin	 ξ
FCD 



arcsin
 ξ
FCD

� , ε� . (.)

The coordinate of the detector line ε remains unchanged here. If one again considers
this situation from the direction of the z coordinate, parallel-beam geometry has
been achieved after completion of the rebinning process. The beams of a particular
detector line εmatch a virtual planar detector (ξ, s) in the iso-center of the rotation
along the curves

s(ε, ξ) = ε

l
 − ξ

FCD . (.)

The intersection curves on the virtual, cylindrical detector are obviously not as
curved as they are for the planar detector, as described in (.).
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Fig. .a,b. Once the data have been rebinned, the geometry of the illuminated volume is
similar to a tent with a rectangular base area (courtesy of Turbell [])

8.6.4.3
Tent-FDK Method

Although one is able to accelerate the backprojection process by rebinning the data
as described above, the artifacts are still the same (Turbell ). However, this
changes if one takes into account the approach of Grass et al. ().They proposed
to re-interpolate the data pγ(ξ, b) from (.) or the data pγ(ξ, ε) from (.), on
the virtual (ξ, s) detector in the iso-center of the rotation in such a way that they
lie on horizontal lines.

This method can only be applied reliably, i.e., a ramp filter can only be applied
along horizontal lines, if the data along these lines on the detector are complete.
Figure .a shows that the data in the shaded area may therefore not be used for
the so-called T-FDK method. In Fig. .b, it can be seen that the cross-sectional
area produced with the T-FDK method in the three-dimensional space is shaped
like a tent with a rectangular base area. In practical applications, it is thus possible
to reduce the radiation dose by suitable collimation of the required data.TheT-FDK
method is able to improve the quality of the reconstructed image.

8.6.4.4
Sequential FDK Method

Köhler et al. () suggested sampling the patient projection data not on a hel-
ical path but in discrete distances ΔZ on circular paths. If the real detector is high
enough so that a virtual detector in the iso-center of the rotation has just the

 T-FDK is the abbreviation of Tent-FDK, because the data form a tent after completion of
the rebinning process.
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Fig. ..The beam geometry of the sequential FDK method (S-FDK) is a straightforward
extension of the FDK method in the axial direction (courtesy of Turbell [])

height ΔZ, then all voxels receive exactly one backprojection contribution from
each projection angle. Figure . is displaying this arrangement.

The voxels inside the double cone shown in Fig. .b receive their backpro-
jection contribution from the source trajectory with the smallest distance to this
voxel. All other points to be reconstructed receive contributions either from this
trajectory or from the following circular trajectory. A point is illuminated from the
consecutive circular trajectory at a projection angle θ+π only, if it is not illuminated
at a projection angle θ from the nearest neighboring circular trajectory. According
to this sequential FDK (S-FDK) principle, a complete set of measured projection
values is made available for all points to be reconstructed.

8.6.4.5
FDK-SLANT Method

Within the original FDKmethod, a horizontal line on the (planar) detector at a par-
ticular projection angle θ is considered for a point to be reconstructed. This line is
related to a projection plane A, which also contains the X-ray source and the point
itself. The projection values on the detector line can be pre-weighted, filtered, and
then backprojected in the direction of the X-ray source in the plane, independent
of all other projection angles and all other angulations, κ. If one switches over to
another projection angle θ′, one has to leave this plane and search for a new plane,
which starts from the X-ray source and then runs through the point to be recon-
structed at another angulation angle κ′.

Turbell () proposed to vary the FDK method in such a way that the plane
is held when the projection angle changes. Figure .a shows a fan consisting of
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Fig. .a,b.The beams of the FDK-SLANTmethod have a geometrical pattern that is sim-
ilar to the pages of a book.The intersection line between a book page and the detector plane
is non-horizontal.This line on the (ξ,s) detector corresponds to the filtering direction (cour-
tesy of Turbell [])

held planes with horizontal intersection lines on the planar detector and touching
the X-ray source trajectory at the projection angle θi at the point

Si = (−FCD sin(θi),FCD cos(θi), ) . (.)

This geometrical situation is similar to a half-opened book, the pages of which are
stitched together at the point Si in (.). Turbell then uses a number N of such
books with the anchor points Si , with i = , . . . ,N being uniformly distributed on
the cyclic source trajectory. The first five anchor points are shown in Fig. .b.

The filtering direction of a filtered backprojection at the projection angle θ is
given by the intersection line of the detector plane and the book page with the an-
chor point Si . Figure .b clearly illustrates that the intersection lines on the virtual
detector are slanted straight lines.Thekey idea of thismethod is that the backprojec-
tion is to remain as far as possible an interaction between the points within a single
plane.

8.7
Helical Cone-Beam Reconstruction Methods

In the previous sections of this chapter, object reconstruction with cone-beam
geometry based on initially arbitrary source trajectories (exact methods proposed
by Grangeat, � Sect. .., and Defrise and Clack, � Sect. ..) and then special
circular, cyclic X-ray source trajectories (approximate methods proposed by Feld-
kamp, Davis, and Kress and their extensions, � Sect. .) have been discussed. The
derivative-free reconstruction method proposed by Feldkamp et al. () has been
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frequently used in technical applications.However, it is an approximatemethod, the
use of which inmedical applications is not unproblematic due to the required image
quality. As long as the cone angle aperture of the X-ray beam is small, this method
yields acceptable results. However, today, the development of new detector genera-
tions focuses on even larger flat-panel detectors; thus, the reconstruction algorithms
must be adapted accordingly. Also, inherently three-dimensional methods must be
implemented because the three-dimensional adaptations of the two-dimensional
approaches reach their limits.

In � Sect. .. it has been explained that a single circular, cyclic source trajec-
tory cannot completely fill the Radon space. As Kalender et al. () has success-
fully demonstrated with the spiral method for the one-dimensional detector array
(cf. � Sect. .), here it can be shown that the methods developed for cone-beam
geometry can be adapted to spiral or helical trajectories

S(λ) = (−FCD sin(λ),FCD cos(λ), hλ) (.)

of the X-ray source. In Fig. . it has already been illustrated that the helix repre-
sents anX-ray source orbit, which, in principle,may completely fill theRadon space.
In this case, λ ; Λ ⊂ R is again the parameterization of the trajectory. The param-
eter h denotes the rise of the helix. The parameter pitch introduced in � Sect. .,
explaining the simple spiral CT method, has no direct meaning in an X-ray cone.
However, the pitch parameter can be adapted to the new situation. This can be done
for instance by defining P = πh, meaning the table feed in z direction per full rota-
tion of the sampling unit on the gantry (Proksa et al. ). In this way, the patient

Fig. .. Tam–Danielsson window B on the flat-panel detector array ϕλ(a, b), which is
exceptionally located outside the source trajectory area here. The data window B on the
detector used for the reconstruction process is defined by two successive arcs of the spiral. It
is called a PI window
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table feed in the axial direction can be expressed by

z(λ) = λ
P
π

+ z . (.)

Figure . illustrates the geometrical situation. The detector is exceptionally not
placed in the iso-center of the helical rotation, although the mathematics of the
object reconstruction would be more concise if a virtual detector were considered
in the iso-center.

The data measured by a rectangular flat-panel detector must be windowed to
prevent projection values being overrepresented in the reconstruction algorithm.
For this purpose, one only considers the detector field in the area B. The so-called
Tam–Danielsson window (Tam ; Turbell ) is defined by restricting the
X-ray beams to the area between two successive spiral arcs opposite the source
position S(λ). On the planar (a, b) detector with the projection values ϕλ(a, b),
a projection yields the restriction of the data to be used between the curves

b+(a) = P 
 + a

FCD �
arctan (a�FCD)
π

+ 

�

= h 
 + a

FCD ��arctan (a�FCD) + π

� (.)

and

b−(a) = P 
 + a

FCD �
arctan (a�FCD)
π

− 

�

= h 
 + a

FCD ��arctan (a�FCD) − π

� .

(.)

Due to this restriction, this method is classified as a so-called PI method.
The object may now be reconstructed according to the approach proposed by

Pierre Grangeat, which has been described in � Sect. ... For this purpose, the
derivative of the three-dimensional Radon transform, i.e., the differentiation of the
integration over the Radon surfaces through the object, has to be computed. Fig-
ure . shows the orientation of an arbitrary Radon surface through the object.
As the aperture of the X-ray cone is limited, the Radon surface must be assembled
from several segments.

The points of intersection of the helical X-ray source orbit with the Radon sur-
face in consideration (cf. Fig. .a) are the nodes of a triangulation of the Radon
surface. In Fig. .b, visualization along the surface normal of the Radon surface
onto the resulting triangulation is given. The Tam–Danielssonwindow restricts the
measured values in such a way that each triangle is illuminated exactly once. Thus,
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Fig. .. aThe intersection points of the helix are basis points bymeans of which any Radon
surface may be triangulated. b If one looks perpendicularly onto the Radon surface, one
sees the segments of the Radon surface, which is thus completely illuminated, but not in an
overlapping manner

if the source has reached the position S(λ), then the data made available are re-
stricted by the points S(λ) and S(λ) in accordance with (.) and (.), so
that the corresponding triangle is exclusively illuminated by theX-ray source at pos-
ition S(λ). If one assembles all these segments, an angulated ellipse can be found
within the helix (cf. Fig. .a).

The key idea of the exact reconstruction for incomplete projections is the com-
bination of the individual contributions of the segments shown in Fig. .. The
intermediate result of Grangeat was

∂
∂ξ

pγ ,ϑ(ξ) = 
cos(κ)

�

∫
−�

∂
∂τ

Xc
w Tμγ ,ϑ(σ, τ(ξ))U dσ , (.)

i.e., replacing the derivative in the radial direction of the Radon transform with the
weighted radial detector derivative and line integration.

The surface can be decomposed into triangular segments

∂
∂ξ

pγ ,ϑ(ξ, λi) � 
cos(κ)

σ

∫
σ

∂
∂τ

Xc
w Tμγ ,ϑ(σ, τ(ξ), λi)U dσ , (.)

whereby the sum over all NΔ triangular elements

∂
∂ξ

pγ ,ϑ(ξ) = NΔ�
i = 

∂
∂ξ

pγ ,ϑ(ξ, λi) (.)

only yields the desired derivative of the Radon transform.
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Kudo et al. () have shown that the single addition in (.) unfortunately
does not provide an exact reconstruction result. They proposed a correction term

∂
∂ξ

pγ ,ϑ(ξ, λi) = 
cos(κ)

σ

∫
σ

∂
∂τ

Xc
w Tμγ ,ϑ(σ, τ(ξ)), λiU dσ + . . .

ċ ċ ċ − tan(κ)
FCD

�σXc
w Tμγ ,ϑ(σ , τ(ξ))U − σXc

w Tμγ ,ϑ(σ , τ(ξ)), λiU�
(.)

considering the actual borders of the integration intervals. Turbell () interprets
this correction term as a compensation of a minor change in the triangular surface,
which arises when the Radon surface moves along the surface normal, while the
derivation process is carried out.On the basis of this piece of Radon data, the filtered
backprojection may, for instance, now be implemented according to the approach
proposed by Defrise and Clack ().

Proksa et al. () have shown that this PImethod can of course be extended to
a n-PImethod, if larger flat-panel detector areas are used. If one defines the detector
window more generally as

bn(a) = P 
 + a

FCD �
n

− arctan (a�FCD)

π
�

= h 
 + a

FCD ��nπ

− arctan (a�FCD)� (.)

where

Bn = �(a, b)� − bn(−a) � b � bn(a)� , (.)

the data used cover a multiple of the helix pitch. This extension is called the n-PI
window.

The ellipse resulting from a section of the Radon surface under consideration
with the helix contains an odd number no of piercing points, S(λi), of the source
trajectory with the Radon surface. For the n-PI detector Proksa et al. () found
that all Radon surfaces with no piercing points and no < n have an no-fold il-
lumination or over-representation. If no : n, the Radon surfaces have an n-fold
over-representation. The corresponding over-representation is compensated for by
means of a function M, which has already been mentioned in � Sect. ...

 All positive integer odd numbers are in principle acceptable in this context. But in prac-
tice, only n = , , , and  are used.
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In the case here, the M function reads

Mn(λ,nξ) = -..../....0


no(λ,nξ) for no(λ,nξ) < n


n

otherwise
, (.)

so that one may finally formulate the reconstruction shown in Scheme ..
Today, a multitude of algorithms or implementation strategies are available for

three-dimensional helix-based X-ray cone-beam geometries.
Finally, the rebinning strategy, which has already been formulated for a tilted

gantry (Kachelrieß et al. , ), should be addressed. Compared with the n-PI
methods, the essential difference is due to the possibility of replacing the computa-
tionally expensive, three-dimensional backprojection step with a two-dimensional
backprojection step on appropriately defined planes.The appropriate slice is defined
such that its inclination matches the helical X-ray source trajectory locally.

Scheme . Exact cone-beam helical reconstruction for n-PI detector geometry

. Determination of the number of intersection points no with the helix for all Radon
surfaces.

. Computation of the positions S(λi) for all intersection points from step .
. Determination of the integration intervals [σ, σ] belonging to the individual pos-

itions.
. Computation of the derivative of the individual partial Radon surfaces

∂
∂ξ

pγ ,ϑ(ξ, λi) = 
cos(κ)

σ

∫
σ

∂
∂τ

Xc
w &μγ ,ϑ(σ , τ(ξ)), λi' dσ + . . .

. . . − tan(κ)
FCD

"σXc
w &μγ ,ϑ(σ , τ(ξ)), λi' + . . .

. . . − σXc
w &μγ ,ϑ(σ, τ(ξ)), λi'# .

(.)

. Computation of the compensation function

Mn(λ, nξ) = 
min �no(λ, nξ), n� . (.)

. Summation of the individual Radon segments

∂
∂ξ

pγ ,ϑ(ξ) = M
NΔ�
i = 

∂
∂ξ

pγ ,ϑ(ξ, λi) . (.)

. Computation of the object with the Radon inversion formula

f (x, y, z) = − 
π ∫∫

S

∂ pγ ,ϑ(ξ)
∂ξ

dS . (.)
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As illustrated in Fig. . the two-dimensional reconstruction plane nutates
about the patient z-axis like a gyroscope with an inclination angle, α. The nature
of the different reconstruction artifacts is described by Köhler et al. ().

As a last remark regarding helix-based cone-beam geometry, it should be men-
tioned that Katsevich () proposed an exact backprojection method that also
works for long objects in such a way that one does not have to include data acquired
in areas far away from each other.

Fig. ..Nutation of the two-dimensional reconstruction plane around the axial direction.
The surface normal is tilted by the angle α with respect to the axial direction

Fig. .. Performance of modern cone-beamCT scannerswith flat-panel detectors. a and b
show the three-dimensional visualization of a human jaw and a corresponding section
through a row of teeth. c shows the smallest human bones, i.e., the hammer, anvil, and stir-
rup in the middle ear. The pictures have an isotropic spatial resolution of μm (courtesy
of General Electric Medical Systems: Pfoh [])
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Figure . demonstrates the performance of a cone-beam CT prototype scan-
ner.The scanner is equipped with a flat-panel detector measuring cm�cmwith
. � . detector elements (cf. � Sect. ..). Figure .a shows the volume
CT image of a human jaw. Figure .b shows the corresponding section through
a row of teeth, revealing extremely small details with a resolution of μm. Even
the smallest bones in the human body, i.e., the hammer, anvil, and stirrup in the
middle ear, can be excellently imaged with an isotropic spatial resolution of μm.
Figure .c shows a volume CT image of the three bones (Pfoh ).
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9.1
Introduction

Thephysical attenuation values f (x , y) of the human tissue within an axial slice are
distributed continuously in value and space. In the previous chapter it has become
evident that in practice it is indispensable for computed tomography (CT) to digi-
tize the acquired data in order to carry out the mathematical object reconstruction.
This means that the attenuation of the radiation must be measured, digitalized, and
stored. Within this processing chain, the continuous physical signal is discretized
in the spatial domain and the values have to be quantized. Figure . shows that
this process can be modeled as a signal transmission chain. One can thus evaluate
the changes – in general the deterioration – to which the signal f (x , y) is subjected
during acquisition and discretization into a series of numbers g(n,m) and further
on until the tomogram c(n,m) is displayed and presented to the clinician.

The signal path is to be modeled with five layers. The first layer, which is called
the physical layer or X-ray imaging layer, describes the beam characteristic. This
layer must be considered analogously to the lens system of a camera because the
physical quality of the X-ray optical system is described by the focus spot size in

 The physical parameters influencing the image quality can of course be evaluated retro-
spectively only, i.e., after the image has been reconstructed.This is due to the fact that an
image f (x, y) is not available at the focal spot of the X-ray tube.
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the X-ray tube and by the slice collimation of the X-ray fan. The transfer functions(H and H) describe the change of the spatially continuous and value-continuous
input signal f (x , y). The physical nature of the signal initially remains unchanged.
However, the interaction between the imaging radiation and the object generally
also changes the physical nature of the radiation regarding hardening of the spec-
trum of polychromatic X-ray.This may be compared with the chromatic aberration
of a camera lens system.The image, which has been degenerated by beamhardening(H), is denoted by b(x , y).

The sensor or detector layer (analogous to the film plane of a conventional opti-
cal camera) is the second layer. Here, the signal is subdivided by an anti-scatter grid
beam collimation (H) and then physically transformed. That is, the X-ray pho-
tons are, for example, detected with a scintillation crystal and then converted into
an electrical signal e(x , y) with an attached photomultiplier or photodiode. Here,
among others, crystal properties such as afterglow (H) have to be modeled.

In practice, spatial discretization will already occur in the sensor or detector
layer. However, for a better separation of each cause of signal deterioration, this ef-
fect is modeled in the third layer – the electronic or digitalization layer – in which
the electrical signal of the photomultiplier or the photodiode (cf. Fig. .) is spa-
tially discretized (H). Furthermore, the values are quantized (H) by an acquisi-
tion with an analog–digital converter (ADC).

In the fourth layer – the reconstruction or algorithm layer – the size of the image
matrix to be reconstructed together with the corresponding detector interpolation(H) as well as the special properties of the filter kernels used for the filtered back-
projection (H) are modeled.

The last layer – the image processing and display layer – models the type of
image representation. An example is, for instance, the mapping of the physical at-
tenuation values onto a gray-value interval (H), which is appropriate for human
perception aswell as the quality of the visualizationmedium, for example, themoni-
tor (H).

In the following sections of this chapter, it will be shown how the individual fac-
tors of the imaging chain that influence each part can be quantified. In this context,
the so-called modulation transfer function (MTF) plays an important role.

9.2
Modulation Transfer Function of the Imaging Process

With the transfer functions H through H in the chart shown in Fig. ., the imag-
ing, or more precisely, the alteration of the representation of an object f (x , y) can
be described mathematically (cf. � Sect. .). These functions are generally avail-
able as amplitude and phase curves as a function of the spatial frequency, i.e., as
H(u, v). From a technical point of view, it is interesting how the spatial resolution
is changed by each individual element of the system chain during the imaging pro-
cess.The commonly used unit of the spatial resolution is [lp/mm], i.e., line pairs per
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Fig. .. The image acquisition process can be modeled in signal transmission layers from
the X-ray tube to the visualization of the image data on a display

millimeter. The spatial resolution thus indicates how close two neighboring lines
can get to each other before they can no longer be distinguished due to the vanish-
ing modulation of the image values, i.e., the variation of the gray values between
the lines. An important parameter related to the evaluation of the spatial resolution
is the contrast

C = max � f (x , y)� −min � f (x , y)�
max � f (x , y)� +min � f (x , y)� (.)

of the image, i.e., the variation interval of the image values around the mean value,
normalized by the mean value.
 This is because resolution cannot be defined by the visibility of a small single object. It is
rather defined by the ability to sufficiently separate two neighboring objects.

 The contrast is also called modulation.
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In this section itwill be explainedwhy themodulation transfer function is a suit-
able measure for the spatial resolution. One should initially assume that Fig. .
shows a one-dimensional sinusoidal gray-value distribution

f (x) =  + C sin(πux) (.)

of an image. It is further assumed that the parameter u is again the spatial frequency.

Fig. ..Motivation of the modulation transfer function (MTF). Top: A sinusoidal signal is
blurred by a Gaussian impulse response.Center: Transfer of a narrow strip with a width of Δξ
via f (ξ)h(x − ξ)Δξ. Bottom: The entire image results from the convolution of the original
signal with the impulse response f (x) � h(x)
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With the impulse response

h(x) = 6
π
e−x


, (.)

which causes a Gaussian blurring, the following mapping of a narrow image strip
Δξ at the point ξ can be found

b′(x) = f (ξ)h(x − ξ)Δξ = 6
π

f (ξ)e−(x−ξ)Δξ . (.)

(.) represents the blurring caused by the imaging or transfer system. The entire
image obviously results from the convolution b(x) = f (x) > h(x) of the original
signal f (x) with the impulse response h(x), i.e., from

b(x) = �

∫
−�

f (ξ)h(x − ξ)dξ = 6
π

�

∫
−�

f (ξ)e−(x−ξ) dξ . (.)

Since the convolution is symmetric, one may also write

b(x) = �

∫
−�

f (x − ξ)h(ξ)dξ = 6
π

�

∫
−�

f (x − ξ)e−ξ dξ . (.)

If the gray-value distribution (.) is substituted into (.), one finds

b(x) = �

∫
−�

( + C sin(πu(x − ξ))) h(ξ)dξ . (.)

Taking into account the addition law for the sine

sin(α − β) = sin(α) cos(β) − cos(α) sin(β) , (.)

(.) can be converted into

b(x) = �

∫
−�

h(ξ)dξ + �

∫
−�

C sin(πux) cos(πuξ)h(ξ)dξ + . . .

. . . − �

∫
−�

C cos(πux) sin(πuξ)h(ξ)dξ
= �

∫
−�

h(ξ)dξ + C sin(πux) �

∫
−�

cos(πuξ)h(ξ)dξ + . . .

. . . − C cos(πux) �∫
−�

sin(πuξ)h(ξ)dξ .

(.)



 9 Image Quality and Artifacts

As the two last integral terms in (.) look like components of a vector, the expres-
sion

ε =
mnnnno� 

�

∫
−�

cos(πux)h(x)dx!#
 + � 

�

∫
−�

sin(πux)h(x)dx!#


(.)

may be interpreted as the length of a vector. From this point of view, the phase can
be expressed via

cos(φ) = 
ε

�

∫
−�

cos(πux)h(x)dx (.)

or by

sin(φ) = 
ε

�

∫
−�

sin(πux)h(x)dx . (.)

Since the impulse response is normalized to , i.e.,

�

∫
−�

h(x)dx =  , (.)

the image can be expressed as

b(x) =  + εC sin(πux) cos(φ) − εC cos(πux) sin(φ) (.)

or, again using the addition law (.), as

b(x) =  + εC sin(πux − φ) . (.)

(.) is thus the mapping of the object, represented by (.), via the transfer system.
To be able to interpret the value ε, one still has to verify that ε always ranges

between  and . This is directly due to the normalization (.) of the impulse re-
sponse, since

 = �

∫
−�

h(x)dx = � 
�

∫
−�

h(x)dx!#
 : HHHHHHHHHHHH

�

∫
−�

h(x)e−iπux dx
HHHHHHHHHHHH


= HHHHHHHHHHHH
�

∫
−�

h(x) cos(πux)dx − i
�

∫
−�

h(x) sin(πux)dxHHHHHHHHHHHH


= � 
�

∫
−�

h(x) cos(πux)dx!#
 + � 

�

∫
−�

h(x) sin(πux)dx!#
 = ε .

(.)
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Thus, ε may be interpreted as the MTF, since this variable obviously controls the
modulation of the image during the transfer through a system with the impulse
response h(x).

Again, looking at (.) reveals that ε depends on the spatial frequency such that
one may write

ε = MTF(u) = HHHHHHHHHHHH
�

∫
−�

h(x)e−iπux dx
HHHHHHHHHHHH , (.)

where the normalization MTF() =  shall apply.
The relation with the contrast function (.) can now be interpreted as follows.

The object contrast – for simplicity described for the one-dimensional case – is de-
fined as

C = max � f (x)� −min � f (x)�
max � f (x)� +min � f (x)� . (.)

In analogy, the contrast of the mapped pattern is defined as

Cb = εC = max �b(x)� −min�b(x)�
max �b(x)� +min�b(x)� . (.)

This means that the MTF(u) reads
ε = MTF(u) = Cb

C
= 
max�b(x)� −min �b(x)�

max�b(x)� +min �b(x)��

max� f (x)� −min � f (x)�
max� f (x)� +min � f (x)��

(.)

and is thus the frequency-dependent ratio of the image contrast to the object con-
trast. Figure . shows a typical profile of the MTF. The profile must be interpreted
such that the constant component of the image, i.e., MTF(), is always perfectly

Fig. .. Profile of the frequency-dependentMTF(u). Steeply decreasing curves characterize
poor image transmission quality (dashed curve)
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transmitted. With increasing spatial frequency of the structures in the object to
be imaged, the contrast in the image decreases. The faster the MTF decreases, the
poorer the quality of the transmitted image becomes.

The complete MTF of a system consisting of several components in the imag-
ing chain is the product of the corresponding MTFs of the individual components.
Regarding Fig. ., this means, for example,

MTFsystem(u) =MTFX-ray layer(u) ċMTFdetector layer(u) ċMTFelectronics layer(u) ċ . . .
. . . ċMTFalgorithm layer(u) ċMTFdisplay layer(u)

(.)

with

MTFX-ray layer(u) = MTFX-ray source(u) ċMTFcollimator(u) ċ . . .
. . . ċMTFphoton-matter interaction(u) (.)

and further layers in analogy to the above equations. (.) indicates that theweakest
transfer element in the chain dominates the MTF of the entire system and thus the
imaging quality.

9.3
Modulation Transfer Function and Point Spread Function

The MTF can be easily set in relation to the Fourier transform of the point spread
function (PSF).Therefore, one has to assume that a δ spike is located in theCartesian
x–y image plane. As shown in � Sect. ., the imaging system generates a special
image g(x , y) of that point – the point image. With a δ spike as an input signal, i.e.
a point being the object to be imaged, the resulting image is actually identical to the
PSF of the imaging system.

Taking into account the conditions of linearity and shift invariance of the imag-
ing system one can use the Fourier transform to find the expression

OTF(u, v) = �

∫
−�

�

∫
−�

h(x , y)e−π i(xu+yv)dx dy , (.)

called the optical transfer function (OTF) (Lehmann et al. ).The absolute value
of the optical transfer function is then the MTF

MTF(u, v) = �OTF(u, v)� . (.)

In general, the OTF is a complex expression so that it can be divided into the abso-
lute value and phase

OTF(u, v) = MTF(u, v)eiPTF(u ,v) . (.)
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The PTF is called the phase transfer function. In summary, (.) may thus be de-
scribed by

PSF A———• OTF(u, v) =MTF(u, v)eiPTF(u ,v) . (.)

If the radial frequency is defined as

q = 6u + v (.)

and if it is initially assumed that v = , to use the example described in the previous
section, (.) reads

OTF(q, ) = �

∫
−�

�

∫
−�

h(x , y)e−π ixq dx dy

= �

∫
−�

� 
�

∫
−�

h(x , y)dy!# e−π ixq dx .

(.)

The bracketed expression is the line spread function L(x). One therefore writes
MTF(q) = �OTF(q, )� = HHHHHHHHHHHH

�

∫
−�

L(x)e−π ixq dx
HHHHHHHHHHHH . (.)

According to Krestel () the MTF is thus the absolute value of the one-dimen-
sional Fourier transform of the line spread function. In the one-dimensional exam-
ple, described in the previous section, the line spread function can be identified by
the PSF. For this purpose, one may compare the (.) with (.).

In practice, it may happen that the phase changes during the signal transfer
through the system. If, for example, the image grid b(x) is shifted by π with respect
to the object grid g(x), then a wave trough of b(x) just falls onto a wave crest of
g(x). In doing so, dark structures will be displayed bright and bright structures
dark. This effect is called pseudo-sharpness. Figure . illustrates this effect on the
MTF. In the frequency range q < q < q, the image is reproduced with inverted
phases (Morneburg ).

Fig. .. Profile of the frequency-dependentMTF(u) with pseudo-sharpness
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9.4
Modulation Transfer Function in Computed Tomography

For quantitative and thus objective evaluation of the imaging quality in CT, the
concept of theMTF has indeed proved to be useful. The corresponding approach is
described bymeans of (.), where the system is decomposed into its components.
The first step consists of separating the technical image generation process from the
image reconstruction algorithm, thus

MTFCT(q) = MTFimaging hardware(q) ċMTF imaging software(q) . (.)

The first factor represents layers  through  of Fig. . and the second factor layer .
Layer  will be not be dealt with here.

Concerning the hardware part that is related to the image generation process,
two components, namely the X-ray source and the detector, play a particularly im-
portant role. In the following, the focal spot size of the X-ray tube and the spatial
discretization of the detector array will be discussed in detail. These two issues are
represented in Fig. . by H in layer  and by H in layer . As suggested by (.),
one may also consider these two components separately and then multiply the in-
dividual MTFs of the components, i.e.,

MTFimaging hardware(q) = MTFX-ray source(q) ċMTFsampling(q) . (.)

Starting with the X-ray source, the size of the target point of the electrons on the
anode has to be interpreted as the spatial dimension of the X-ray source. In fact,
the size of the focal spot on the rotating anode depends on several parameters, such
as on the angle under which the detector “sees” the spot. Furthermore, the tube
power plays an important role, too. Typical focal spots in clinical applications have
a diameter of approximately mm (cf. � Sect. ..).

Figure . shows the situation for an X-ray source with a focus diameter F. The
detector, which has a distanceFDD from the source, is initially assumed to be ideally
punctiform because one actually considers the components separately. Therefore,
the detector does not contribute to image deterioration in this first step.

A point located in the center of themeasurement field (the distance between the
focus and the center will be denoted the focus center distance, FCD, and the focus
detector distance, FDD, will be assumed to be FCD) generates on the punctiform
detector – according to the intercept theorem – an inverse rectangular function of
the length

bF = F
FDD−FCD

FDD
= F

. (.)

This rectangular signal is the PSF, i.e., the impulse response of the imaging system,
since it is in fact the image of a δ object in the center of the measurement field. If

Iξ′(ξ) = I 
 − 
b̃F

rect
 ξ
bF
�� (.)
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Fig. .. Deconstruction of the imaging system into its components to determine the indi-
vidual MTFs for each element. Illustration of a real X-ray source with a focal spot diameter
F and an ideal punctiform detector

is the inverse rectangle with a length bF –where b̃F is a dimensionless normalization
length bF�(m) – then the modulation transfer function may be easily determined
on the basis of the Fourier transform of the impulse response, i.e., by

MTFX-ray source(q) = 9 sin(πbFq)
πbFq

9 (.)

(cf. � Sect. .).
If the detector is considered a second component of the imaging chain, then

one readily sees that a finite aperture must always be taken into account for real
systems. In analogy to the first step, one also starts here by idealizing all the other
components. The focus of the X-ray source will thus be assumed to have a zero
diameter in this second step.

The object is scanned with a rectangular sensitivity profile here, i.e. the detector
is integrated over its length Δξ. For a δ object in the center of the measurement field
this means that a signal is acquired, which – similar to (.) and also according to
the intercept theorem – has the length

bD = Δξ
FCD
FDD

= Δξ


. (.)

Figure . readily illustrates this fact.This sensitivity profile represents the required
impulse response

I j(ξ) = I 
 − 
b̃D

rect
 ξ
bD

�� . (.)
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Fig. .. Deconstruction of the imaging system into its components to determine the indi-
vidual MTFs. Illustration of an ideal punctiform X-ray source and a real detector consisting
of elements of size Δξ

The MTF can again be determined by means of the Fourier transform from this
inverse rectangle with a length bD (where b̃D is the dimensionless normalization
length bD�(m)). The result reads

MTFsampling(q) = 9 sin(πbDq)
πbDq

9 . (.)

For the major hardware parts of the imaging system chain one now finds the MTF

MTFimaging hardware(q) = MTFX-ray source(q) ċMTFsampling(q)
= 9 sin(πbFq)

πbFq
9 9 sin(πbDq)

πbDq
9 . (.)

Figure . shows the behavior of the totalMTF. Indeed it is obvious that the weakest
component of the imaging system chain impairs the final result. The first root of
the MTF is called the cut-off frequency. This is the maximum frequency of spatial
structures that can be resolved by the system.

Themagnitudes of the cut-off frequencies given in Fig. . are simply estimated
values that have to be adapted to the corresponding real situation. Depending on
the design of the tube, which is frequently designed as a flying focal spot system,
the terms in (.) must be computed accordingly.

In order to provide another example for the assessment of the image quality, the
MTF of the reconstruction algorithm will be estimated according to (.). Regard-
ing the filtered backprojection, the MTF shown in layer  of Fig. . consists of the
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Fig. ..MTFs for the X-ray source, for the sampling process with a finite detector aperture,
and for the major hardware parts of the imaging system chain (from top to bottom)

following components

MTFalgorithm(q) = MTFinterpolation(q) ċMTFfilter kernel(q) . (.)
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Thefirst term in (.) describes the image transfer behavior through interpolation.
Theprojection values must be interpolated because the projection profile is scanned
with detector elements with a width Δξ. As already described in � Sect. .., the
required point of the imagemask is usually not available on an exact sampling point
of the projection or the filtered projection. Figure . illustrates this problem with
a very coarse sampling grid, Δξ, of the filtered projection.

In order to illustrate the MTF for the interpolation process, one has to discuss
the interpolation itself. If a required value is not found on the grid of the available
values, then this value must be interpolated from the neighboring points.

This, formally, is the convolution

hγ(ξ′) = �
j

hγ( jΔξ)l(ξ′ − jΔξ) . (.)

In this context, the ideal convolution kernel l(ξ) results from the sampling theo-
rem (cf. � Sect. .). As sampled signals have a periodic spectrum, an appropriate
window has to be chosen within the inverse Fourier transform when the signal is
reconstructed from the spectrum. Under ideal conditions, a multiplication of the
spectrumwith a rectangular window is used for this purpose. In the spatial domain,
the rectangle is represented by a sinc function, i.e., the ideal convolution kernel for
the interpolation process is the function

lideal(ξ) = sin�π 
Δξ

ξ�
π


Δξ

ξ
. (.)

Fig. .. Interpolation of the sampling values for the filtered projection signal.The grid value(x, y)T usually does not yield an integer sampling value of hγ( jΔξ)
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Fig. ..With the linear interpolation based on the superposition of triangle functions, one
can approximate sufficientlywell the ideal sinc function formany practical cases.The triangle
function is the required impulse response

Since the impact of the real spatial signal is limited to the detector length, the ideal-
ized kernel (.) cannot be used. Therefore, an approximation of the convolution
kernel lideal(ξ)must be found.

An appropriate approximation is given by the linear interpolation. As outlined
in Fig. ., the linear interpolation yields the triangle function, i.e.,

llinear interpol.(ξ) = -.../...0
 − �ξ�

Δξ
for �ξ� � 

 otherwise
. (.)

The function (.) is the exact impulse response of the linear interpolation, since
a single sampled δ impulse is represented simply by a triangle in this case.This is the
reason why the MTF of the linear interpolation is the absolute value of the Fourier
transform of the triangle function.

For the frequency representation of the triangular convolution kernel, one may
go back to the derivation in (.) and carry out the following changes,

Llin. interp.(q) = Δξ

∫
−Δξ


 − �ξ�
Δξ

�e−iπξq dξ

= Δξ

∫
−Δξ

e−iπξq dξ + . . .

. . . − 
Δξ

�� 


∫
−Δξ

(−ξ)e−iπξq dξ + Δξ

∫


ξe−iπξq dξ
!"#

= Δξ

∫
−Δξ

e−iπξq dξ + . . .

. . . + 
Δξ



∫
−Δξ

ξe−iπξq dξ − 
Δξ

Δξ

∫


ξe−iπξq dξ .

(.)

 Limited to one detector element in this definition.



 9 Image Quality and Artifacts

Integration by parts yields

Llin. interpol.(q) =�− 
πiq

e−π iqξ�Δξ

−Δξ
+ 
Δξ

�
−πiqξ − (πiq) � e−π iqξ�
−Δξ

+ . . .

. . . − 
Δξ

�
−πiqξ − (πiq) � e−π iqξ�Δξ



.

(.)

After applying the limits, the above reads

Llin. interpol.(q) = − 
πiq

e−π iqΔξ + 
πiq

eπ iqΔξ + . . .

. . . − 
Δξ

�+ (πiq) + 
πiqΔξ − (πiq) � eπ iqΔξ� + . . .

. . . + 
Δξ

�
πiqΔξ + (πiq) � e−π iqΔξ − (πiq) � .

(.)

If the bracketed expressions in (.) are evaluated

Llin. interpol.(q) = − 
πiq

e−π iqΔξ + 
πiq

eπ iqΔξ + . . .

. . . + 
Δξ

�− (πiq) − πiqΔξ(πiq) eπ iqΔξ + (πiq) eπ iqΔξ� + . . .

. . . + 
Δξ

� πiqΔξ(πiq) e−π iqΔξ + (πiq) e−π iqΔξ − (πiq) � .

(.)

If one rearranges the terms of the second and third line of (.), one finds the
complex expression of the sine

Llin. interpol.(q) = 
πiq

eπ iqΔξ − 
πiq

e−π iqΔξ + . . .

. . . + 
Δξ

� (πiq) eπ iqΔξ − (πiq) + (πiq) e−π iqΔξ� + . . .

. . . + 
Δξ

� Δξ
πiq

e−π iqΔξ − Δξ
πiq

eπ iqΔξ�
(.)
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so that

Llin. interpol.(q) = 
πq


 eπ iqΔξ − e−π iqΔξ

i
� + . . .

. . . + 
Δξ


 
πq

� 
 eπ iqΔξ − e−π iqΔξ

i
� − 

πq

 eπ iqΔξ − e−π iqΔξ

i
�

= Δξ
sin(πqΔξ)

πqΔξ
+ Δξ 
 sin(πqΔξ)

πqΔξ
� − Δξ

sin(πqΔξ)
πqΔξ

= Δξ 
 sin(πqΔξ)
πqΔξ

� .

(.)

This is in fact the MTF of the linear interpolation

MTFlin. interpol.(q) = 9 sin(πΔξq)
πΔξq

9 . (.)

The second term in (.) consists of

MTFfilter kernel(q) = �G(q)��q� , (.)

where G(q) is the Fourier transform of the kernel g(ξ). Corresponding examples
have already been listed in � Sect. ..

Deviating from the ideal reconstruction filter �q� of the filtered backprojection,
special band limitations were introduced in � Sect. .., which – on the one hand –
are necessary because the spectrum of the sampled projection signal is a periodic
spectrum. On the other hand, special window functions are selected for band limi-
tation to attenuate higher band noise. With respect to the windowing, it is obvious
that the exact window function will influence the resolution of the image to be re-
constructed, since the higher bands contain spatial structures of high frequency that
are no longer resolvable. This means that windowing is actually identical to shifting
the cut-off frequency to lower values.

Regarding (.), it immediately becomes apparent that one obviously has to
normalize theMTF of the filter kernel with the ramp filter �q�.Thismay be explained
by the fact that G(q) already includes the idealized ramp. However, the idealized
(infinitely long and continuous) ramp in fact just produces an exact reconstruction
of the object with a theoretical MTF for whichMTF(q) �  holds. Deviations from
this may only be achieved due to windowing since

G(q) = �q�W(q) . (.)
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Therefore, W(q) denotes the band-limiting window function. Strictly speaking,
(.) should more clearly arranged and actually read

MTFfilter kernel(q) = �G(q)��q� = ��q�W(q)��q� = �q� �W(q)��q� = �W(q)� . (.)

If the frequently used standard Shepp–Loganwindow is used – (cf. � Sect. ., (.))
one obtains

MTFfilter kernel(q) = 9 sin(πΔξq)
πΔξq

9 . (.)

Finally, one finds the special case of theMTF for the reconstruction algorithm with
Shepp–Logan windowing and linear interpolation

MTFalgorithm(q) = MTFinterpolation(q) ċMTFfilter kernel(q)
= 9 sin(πqΔξ)

πqΔξ
9 ċ 9 sin(πqΔξ)

πqΔξ
9 = 9 sin(πqΔξ)

πqΔξ
9 .

(.)

At this point, themajor terms of the overallMTF of CT imaging can be summarized.
According to (.), one thus finds

MTFCT(q) = MTFimaging hardware(q) ċMTFimaging software(q)= MTFX-ray source(q) ċMTFsampling(q) ċ . . .
. . . ċMTFinterpolation(q) ċMTFfilter kernel(q) (.)

i.e.,

MTFCT(q) = 9 sin(πbFq)
πbFq

9 9 sin(πbDq)
πbDq

9 9 sin(πqΔξ)
πqΔξ

9 9 sin(πqΔξ)
πqΔξ

9 . (.)

As illustrated in Fig. ., for the imaging hardware layer, the first root of MTF(q)
determines the total transfer behavior of the system. In summary, one may say that
any one of focus spot size, detector aperture, reconstruction kernel, and interpol-
ation strategy can impair the image resolution on its own. Inversely, all components
must contribute positively to a good imaging system. In addition to the above par-
ameters, there are others that influence the image quality that are not part of the
front-end scanner unit. For example, the viewing station – which is the so-called
back-end unit – also influences the image quality.

Due to technical progress in the field of detector technology with the latest
generation of two-dimensional flat-panel detectors with sensor sizes of less than
μm, which have already been tested as prototypes, in combination with the
continuous improvement of X-ray tube technology, the resolution limits of clini-
cal CT scanners are continuously decreased. Figure . shows the performance of
these prototypes. The reconstructed images of the mouse have almost micro-CT-
like image quality. In fact, the clinical prototypes of CT scanners with flat-panel
detectors are getting closer to a resolution to the order of micro-CT (Pfoh ).
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Fig. .. Illustration of the performance of modern cone-beam CT scanners with two-
dimensional flat-panel detectors. a and b compare axial slices of a mouse thorax. a shows
the result of a cone-beam system with the resolution of .mm and b the result of a clin-
ical CT system with a slice thickness of .mm. c shows the variety of details of a three-
dimensional reconstruction of the mouse with an isotropic resolution of .mm (courtesy
of General Electric Medical Systems: Pfoh [])

9.5
SNR, DQE, and ROC

Noise impairs the detectability of signals. It therefore seems to be useful to define the
quotient between the signal level and the fluctuation range as a quality characteris-
tic. In � Sect. .. it has been already mentioned that the so-called signal-to-noise
ratio (SNR)

SNR = signal level
noise level

= μ
σ

(.)

is an important parameter in evaluating image quality. In the above equation,
μ and σ denote the mean value and the standard deviation respectively. Poisson-
distributed X-ray photons obey

SNR = `naG`na = G`na (.)

i.e., the signal-to-noise ratio is increased with the root of the mean value of the
quantum number. In principle, the image quality might thus be arbitrarily im-
proved. However, the number of X-ray quanta is proportional to the dose and can
thus not be arbitrarily increased.
 The mean value 0n1 is the estimation of the expectation value n�.



 9 Image Quality and Artifacts

We therefore have to take into account that

SNR 	 6
dose . (.)

At small dose values the quantum noise is thus the dominant factor influencing the
image quality (Kamm ). It is well known that an SNR of at least  is necessary
to reliably detect a detail in a homogeneous noise background (Neitzel ).

Not only the inherent fluctuation of the X-ray quanta, but also the efficiency of
the detectors, i.e., the degree according to which X-ray is converted into visual light
and finally to electrical signals, plays an important rolewith respect to image-quality
assessment. This factor is quantified by the so-called detective quantum efficiency
(DQE), which is related to the signal-to-noise ratio via

DQE = �SNRdetector output��SNRdetector input� . (.)

Taking into account the detective quantum efficiency, it is possible to evaluate to
what extent the detector further deteriorates the signals already impaired by the
quantum noise. According to (.) one obviously must take into account that

DQE = `nadetector output`nadetector input , (.)

so that the detective quantum efficiency only reaches the maximum value  with an
ideal detector.

If one wants to indicate the quanta that have actually been detected, one has to
take into account the noise equivalent quanta (NEQ)

NEQ = DQE`nadetector input = `nadetector output . (.)

The MTFs defined in the previous sections and the detective quantum efficiency
(DQE) are evaluation parameters, which cannot be optimized simultaneously and
independently (Dössel ).

Regardless of these technical parameters, in practice it is, frankly speaking, only
interesting whether a physician is able to recognize a diagnostically relevant struc-
ture or not. The answer to this question is of course rather subjective, since physio-
logical perception processes are involved, which are naturally subject to a certain
variability. All experiments must therefore be precisely planned to measure the so-
called receiver operating characteristic (ROC).

With this method, the test structures are submitted to a group of skilled ob-
servers who have to make a decision. The imaging quality is then evaluated by
means of a statistical assessment of the test objects, which have been correctly or
incorrectly detected (Morneburg ). In this context, the terms “sensitivity” and
“specificity” play a key role. The first one describes the number of correct positive
decisions compared with the total number of positive cases, while the second one is
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the number of correct negative decisions compared with the total number of nega-
tive cases. The sensitivity is proportional to the success probability p and the speci-
ficity is proportional to  − q, where q is the so-called false alarm probability. The
ROC curve plots p versus q to evaluate the detection performance.

9.6
2D Artifacts

Artifacts are image errors that may emerge due to a variety of reasons. Artifacts
can originate from a simplification of the reconstruction method – to date usually
the filtered backprojection – which assumes monochromatic radiation or continu-
ous representation of the projection signal. Artifacts may also stem from the use of
special sampling technologies and detector arrangements, or simply from defective
detector elements. Corrective actions may only be taken if the causes of such arti-
facts are known. Such counter-measures are in fact very important, since the filtered
backprojection has the disadvantage that artifacts are projected back over the en-
tire image so that the overall diagnostic value of the image is reduced or completely
destroyed.

9.6.1
Partial Volume Artifacts

If a detail of an object consists of a sharply contrasted boundary, the limited resolu-
tion of a detector system of course becomes particularly noticeable. The boundary
will usually not be located directly at the edge from one detector element to an-
other. Therefore, the intensity of X-ray on the corresponding element that has to
image this boundary, will be linearly averaged over the detector width, Δξ. Due to
this averaging step the object is blurred.

In the following, problems, which are due to the partial overlap of object struc-
tures on the detector elements, will be illustrated. This is done by taking an axial
abdomen slice with a strong absorbing vertebra as an example. For this purpose,
Fig. .a shows schematically that blurring of the details at the object boundary
from the vertebral body to the surrounding tissue is more and more reduced the
smaller the detector width, Δξ.

A change in the projection signal due to the object structure within the detector
width Δξ is of course problematic for the reconstruction process with regard to
a violation of the sampling theorem. However, the corresponding reconstruction
problem in the field of CT, which is referred to as “partial volume artifact,” is due to
the logarithm of the intensity values, i.e.,

I(ξ) = I(ξ)e− ∫ μ(ξ,η)dη p p(ξ) = ∫ μ(ξ, η)dη . (.)

 In this context, the detector element is assumed to have a rectangular sensitivity profile.
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Fig. .. aThedetectors of the array have a finite width, Δξ. Sharp anatomical object bound-
aries that are represented here as high-contrast, gray-value edges located within a beam with
the width Δξ are thus not imaged faultlessly.The smaller the detector width, the more details
are revealed in the projection signal. In b an artificial edge image schematically illustrates
that the partial volume error is a non-linear effect

Figure .b shows graphs representing (.). The projection values, p(ξ), which
are the basis of all the reconstruction methods described in the previous chapters,
are the result of the negative logarithm of the ratio between the intensities in front of
and behind the attenuating object. As the reconstruction process assumes linearity
of the projection integral, sharp object boundaries encounter the problem that

ln (αI(ξ) + ( − α)I(ξ)) 8 ln (αI(ξ)) + ln (( − α)I(ξ)) . (.)

(.) states that the logarithm is a non-linear function. Expressing (.) in words,
the logarithm of the linearly averaged intensities I(ξ) and I(ξ) does not corres-
pond to the sum of the logarithms of the individual partial intensities. In this con-
text, the factor α ; (, ) describes towhat extent the projection of the high-contrast
object boundary effectively covers the corresponding detector element with respect
to the detector width Δξ. As a result, one does not only obtain a smoothed edge, as
illustrated in Fig. .b, but also amean attenuation, which does notmatch themean
intensities. Consequently, the estimated effective attenuation coefficient is too small
(Morneburg ).

Due to the superposition of filtered backprojections from all directions, this
inconsistency leads to artifacts within the reconstructed image, which are visible as
streaks from the origin of the inconsistency along the backprojection path. Partial
volume artifacts are thus observed, for instance, as ghost lines that extend particu-
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larly straight object boundaries.This is due to the fact that the backprojections from
the other directions are not able to consistently correct an erroneously detected
value, which has been projected back over the entire image.

9.6.2
Beam-Hardening Artifacts

X-ray produced in electron-impact sources, where fast electrons are entering a solid
metal anode, cannot be monoenergetic or monochromatic. In � Sect. .. the dif-
ferent spectral X-ray components, such as the continuous spectrum of the brems-
strahlung (fast electrons are decelerated by the Coulomb fields of the atoms in the
anode material) and the characteristic emission lines (originating from the direct
interaction of the fast electrons with the inner shell electrons of the anodematerial),
have already been discussed in detail. The latter effect represents a fingerprint of the
anode material.

Colloquially, X-ray is known to have the property of effectively penetrating ma-
terial. If this phenomenon is considered from a physical point of view in detail, it
can be seen that the radiation attenuation does not only depend on the path length,
but is also a function of the specific, wavelength-dependent interaction between
X-ray and the material concerned. The physical photon–matter processes involved
in this interaction have already been discussed in detail in � Sect. ...

In order to describe the basic mathematical reconstruction procedures (as al-
ready indicated in� Sect. ..), the attenuation ismodeled in a first step by Lambert–
Beer’s law

I(s) = I()e− s
∫


μ(η)dη
(.)

for the intensity of X-ray having passed through a material along the path s. A cru-
cial issue in this context is the fact that attenuation coefficients, μ, which only de-
pend on the spatial coordinate, η, are summed along the X-ray path. This indeed is
a simplification. If, in addition, the energy dependence of the attenuation coefficient
μ = μ(ξ, η, E) is taken into account, one finds

I(s) = Emax

∫


I(E)e− s
∫


μ(ξ,η ,E)dη
dE , (.)

where I(E) is the X-ray source spectrum.The reconstruction is in this case – simi-
lar to the partial volume artifact described in the previous section – impaired by the
non-linearities, which occur here.That is, the simple negative logarithmic ratio be-
tween the incident and the output intensity does not sufficiently take into account
the energy dependence of the attenuation. If one describes the incident intensity
with

I = Emax

∫


I(E)dE , (.)
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the projection integral must be extended to

p(ξ) = − ln�� 
I

Emax

∫


I(E)e− s
∫


μ(ξ,η ,E)dη
dE
!"# . (.)

The so-called beam-hardening artifact is caused by the non-linear relation between
the attenuation values, μ, and the measured values of the projection, p. If an X-ray
beam with a broad-band energy spectrum passes through an object, the spectrum
changes along the path. This is due to the fact that different bands of the frequency
spectrum are differently attenuated, depending on the specific attenuation coeffi-
cients μ = μ(ξ, η, E) of thematerial being radiographed. In general, the low-energy,
i.e., soft, X-ray beams, are more strongly absorbed than the high-energy, hard X-ray
beams. This is the reason why this effect is named hardening of the X-ray spectrum
and the corresponding image error is named beam-hardening artifact.

In Fig. ., the mass attenuation coefficients are given for water, bone, amal-
gam, and gold. If the mass attenuation coefficients are considered as a function of
the incident radiation energy, a complicated structure is revealed. Water and bone,
for instance, show quite well the λ dependence of the photoelectric absorption;
however, amalgam and gold have their characteristic absorption edges within the

Fig. ..Mass attenuation coefficient, μ�ρ, versus incident photon energy for water, bone,
amalgam, and gold. For the diagnostic energy window of CT, E = [ keV– keV], photo-
electric absorption is dominant for amalgamand gold.However, Compton scattering is dom-
inant for water. For bone, Compton scattering and photoelectric absorption show compara-
ble contributions to the total attenuation (compiled with data from the web database XCOM
[Berger et al. ])
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diagnostic window. Additionally, the contribution of the Compton effect in relation
to the photoelectric absorption is different for eachmaterial.The variety ofmaterials
inside the human bodymakes it therefore impracticable to simultaneously calibrate
and compensate for the beam hardening caused by any material.

Similar to the partial volume artifact, the beam-hardening artifact can be ex-
plained by the inconsistency of the individual projection values from different dir-
ections, which cannot complement each other correctly within the filtered back-
projection method. The individual detectors in practice only measure the integral
intensity over all wavelengths, i.e., they cannot differentiate distinct energies. Fig-
ure .a illustrates this situation schematically. A section of an axial abdomen
image with a vertebral body is to be reconstructed. Having a look at the image area
above the vertebral body it can be seen that the soft, low-energy X-ray quanta of
the horizontal, polychromatic X-ray beam are attenuated by the tissue, while the
hard, high-energy X-ray quanta pass through the tissue almost unattenuated. The
incident and output spectra are shown schematically.

Along the vertical line the X-ray beam, which is required for the reconstruction
of the marked field of view, passes through the vertebral body, which – contrary
to soft tissue – attenuates high-energy radiation significantly. The schematic output
spectrum illustrates that here – contrary to the horizontal X-ray beam– the curve of
the intensity versus the energy is considerably lowered for all wavelengths (compare
the Kβ lines of the spectra in Fig. .a).

Overall, the mean energy of the radiation, i.e., the first moment of the distri-
bution, is shifted to higher energies due to the beam-hardening effect. The mean
intensities measured for the individual projections in each detector element are
therefore not consistent. This is the reason why streaks arise in the filtered back-
projection, which often spread along the backprojection directions over the entire
image. Certain anatomic regions are particularly sensitive to these beam-hardening
effects. These image errors are for instance disturbing in the area of the cerebellum,
where both beam-hardening and partial volume artifacts occur.

One corrective method applied in virtually all CT scanners consists of filtering
the soft radiation next to the source, i.e., before the radiation reaches the tissue.
This may, for example, be done with thin aluminum or copper foils. In Fig. . the
influence of an aluminum and a copper filter on the X-ray spectrum can be seen.

It should be noted that for a singlematerial with knownproperties, it is of course
possible to correct for beam hardening computationally. In general, for simplicity,
the material properties of water are introduced into this computational correction
step, since the properties of the soft tissues of importance in this context just differ
slightly from those of water.

Figure . illustrates the so-called cupping artifact induced by the non-linear
characteristics of beam hardening. Due to the fact that the actual measured pro-
jection value is always below the “true” (expected) value (cf. Fig. .b), a simple
calibration method can be carried out by elevating any measured projection to its
ideal curve in a pre-processing step. Since this calibration step is usually performed
with a water phantom, this pre-processing is named water correction.
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Fig. ..The attenuation of X-ray passing through the tissue depends on the length of the
path and the energy-specific attenuation coefficient μ = μ(ξ, η, E). aThe dependency of the
attenuation coefficient upon the radiation energy results in inconsistencies during the re-
construction process. The different energies are illustrated here by the different wavelengths
within the radiation field.Themarked anatomical area located above the vertebra shall be re-
constructed.The logarithmic ratio of the intensities is not the same for the different energies
within one projection direction. Since the detector integrates all incoming X-ray quanta in
the same manner, the change in the spectral shapes results in effective projection values that
do not match each other and thus cause image errors called beam-hardening artifacts. bThe
projection values actually measured, p, should ideally be proportional to the path length s of
the beam through the object. However, in the real situation p is always smaller than the ideal
value.The real curve can be corrected in a calibration step indicated by the arrow
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Fig. .. a, b Cupping artifact due to beam hardening and the result of water correction
for a skull phantom and c, d for an axial abdominal tomogram (c, d: Courtesy of Siemens
Medical Solutions)

More precisely, Fig. .a illustrates the consequences of an uncalibrated recon-
struction. The cupping artifact is schematically reproduced for a simple head phan-
tom, which consists of a high absorbing skull and a water-like X-ray absorbing soft
tissue.The center gray-value profile shows a sagged line, whichmay indicate an area
being affected by pathology. After water correction has been carried out, the cen-
ter gray-value profile should be a straight horizontal line as illustrated in Fig. .b.
In Fig. .c and d the real reconstruction of an abdominal slice without and with
water correction respectively can be seen.

However, this a priori correction cannot be performed for any potentially un-
known object with arbitrary attenuation spectra, which differ considerably from
those of water. Even if water correction has been carried out, beam-hardening arti-
facts might therefore occur in the area of thicker bony structures. This is illustrated
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Fig. .. Streak artifacts in the base of the skull caused by beam hardening.The arrowsmark
the most peculiar image errors, which are due to the change in the X-ray spectrumwhile the
beams pass through thicker bony structures.The shadow between the petrous bones is called
the Hounsfield bar. Since filtered backprojection was used as a reconstruction algorithm,
image errors spread from the structure, causing this error across the entire image

in Fig. ., which provides two CT reconstructions of the skull base, where so-
called Hounsfield bars, sometimes also referred to as interpetrous lucency artifacts,
emerge between the petrous bones. These image errors are marked with arrows in
Fig. ..

However, it would be possible to reconstruct images without beam-hardening
artifacts with any wavelength or energy of radiation. Due to the specific attenuat-
ion property of the different tissues, a slightly different image would be produced
for each individual energy. Due to this variety of information provided by images
obtained with the above method, their combination might be useful in diagnostics.
However, CT scanners do not producemonochromatic radiation. Nevertheless, the
energy-dependent attenuation properties of the tissue are used in practice by scan-
ning the patient with different accelerating voltages . With these images it is for
instance possible to estimate the mineral content of bones and to compute images
that look as acquired with monochromatic radiation. This allows an elegant beam-
hardening correction. In the dual-energy approach, the energy dependence of the
attenuation coefficient must be modeled as

μ(ξ, η, E) = kabsorption(ξ, η) ċ αabsorption(E) + kscattering(ξ, η) ċ μscattering(E) .
(.)

Here, the spatial and energy dependence of the attenuation is factorized for the two
main photon–matter interactions in the diagnostic energy window, i.e., photoelec-
tric absorption and Compton scattering (cf. � Sect. ..). The energy dependence

 In conventional fluoroscopy, this method is also known as the dual-energy method.
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of the photoelectric absorption is given by (.)

αabsorption 	 (hν) . (.)

The energy dependence of the Compton scattering is given by the Klein–Nishina
equation (.), i.e.,

μCompton =n ċ πre ��  + EE  �
( + E)
 + E  − ln( + E)E � + ln( + E)

E −  + E( + E) � ,

(.)

where E = hν�(mec) is the reduced energy of the incoming photon and n is the
number of target atoms per unit volume. If (.) is substituted into (.), one
obtains
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where

Kabsorption(ξ) = s

∫


kabsorption(ξ, η)dη (.)

and

Kscattering(ξ) = s

∫


kscattering(ξ, η)dη . (.)

The integrals Kabsorption(ξ) and Kscattering(ξ) can now be approximated by dual-
energy measurements. That means, for instance, two different scans may be carried
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out at two different X-ray tube voltages . This leads to

p,γ(ξ) = − ln�� 
I
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∫


I(E)e−αabsorption(E)Kabsorption(ξ)−μscattering(E)Kscattering(ξ)dE
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p,γ(ξ) = − ln�� 
I

Emax

∫


I(E)e−αabsorption(E)Kabsorption(ξ)−μscattering(E)Kscattering(ξ)dE
!"# ,

(.)

where

I = Emax

∫


I(E)dE and I = Emax

∫


I(E)dE . (.)

Obviously, two projection integrals, p,γ(ξ) and p,γ(ξ), are measured for two un-
knownvariablesKabsorption(ξ) andKscattering(ξ). In thisway, the integralsKabsorption
and Kscattering can be estimated and, further, the distributions kabsorption(ξ, η) and
kscattering(ξ, η) can be obtained by inverting the integrals (.) and (.) using the
reconstruction methods from�Chap. . Knowing the distributions kabsorption(ξ, η)
and kscattering(ξ, η) in (.), artifact-free images can be reconstructed in an energy
range that is correctly modeled with (.) and (.).

9.6.3
Motion Artifacts

So far it has been assumed that the morphology in the slice to be reconstructed is
not changed during data acquisition. But if one also has to take into account the
temporal variation of the attenuation coefficient, μ = μ(ξ, η, E, t), one faces the
problem of image reconstruction with a changing data basis. That is, the data meas-
ured during the rotation are inconsistent.

One example of the occurrence of system-inherent or deliberately accepted in-
consistencies is the spiral CT method, which has already been described in � Sect.
.. Due to the continuous table feed, none of the measured projection profiles con-
sistently matches the other ones. However, as one knows the speed of the change,
one is able to complete the spiral CT data by interpolation – within certain limits.
These limits refer to the pitch factor. How image reconstruction is impaired if the
selected pitch factor is too high will be described later in this chapter.

 Split detector and sandwich principles or alternating X-ray tube voltages during rotation
of the sampling unit have been proposed as well (Kak and Slaney ).
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Another example of deliberately induced changes is the administration of con-
trast medium. If the absorption of contrast medium is to be observed dynamically,
then the spatial distribution of the attenuation coefficient with respect to time also
changes – however, this is exactly the physiological information one is interested
in. But with regard to the imaging quality, there are also unwanted motions such
as colon peristalsis, respiration, and the beating heart, which result in inconsistent
projection data.

Figure . shows the simulation of the administration of contrast medium.
A Perspex bar is introduced during a � rotation into the central hole of a Per-
spex cylindrical phantom with five holes. In order to ensure that this change occurs
in the projection angle interval ranging from � to �, a robot is used to intro-
duce the Perspex bar into the plane that is to be reconstructed. The slice thickness is
restricted to  mm by means of collimators. Figure .b shows the sinogram with
the detector data given as a function of the projection angle. The different holes
of the phantom can be readily distinguished by the corresponding sine curves in
the diagram – they are numbered accordingly. The correspondence is illustrated in
Fig. .c, which provides the reconstructed image free from any motion artifacts.
In order to be able to compare the different reconstructions, Fig. .e shows the
image with the completely inserted central bar. This image does not show any mo-
tion artifacts either.The reconstruction corresponding to the sinogram of Fig. .b
is shown in Fig. .d. The artifacts, spread over large image areas in a way that is
characteristic of the backprojection method, are readily visible.

Recently, a data-driven method has been proposed that learns the motion par-
ameters from the raw data (Schumacher and Fischer ). It combines the recon-
struction and the motion correction in a single step. Such an augmented recon-
struction can be formulated as a regularized optimization problem

(f ,ω)�min =min
f�Ω

& 


K�
i=
eAiT(ωi)f − pie + αR(f)' . (.)

The number K denotes the number of projection sets where the object is at rest.
The system matrix Ai , which models the projection geometry and the projection
pi , is partitioned into K sets. Compared with the equations in � Sect. ., the novel
step within (.) is the introduction of the motion parameter ω describing the
transformation T. Since (.) represents an over-determined system of equations,
the image f and the motion parameters ω can be estimated by means of a least-
squares minimization.

However, one fundamental goal for engineers developing new CT scanner gen-
erations is the acceleration of the data acquisition process, particularly with respect
to the time constants related to anatomical and physiologicalmotions.Thepresently
used scanners are multi-slice sub-second CTs, which, however, are not able to dis-
play perfect radiographs of beating hearts without ECG triggering.

The acquisition speed cannot be arbitrarily increased at present due to technical
restrictions. On the one hand, the mechanical equipment reaches the load limit to
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Fig. .. Simulation of the administration of contrast medium. During a � rotation of
the sampling unit, a matching Perspex bar is introduced into the central hole of a cylindrical
Perspex phantom with five holes. a The bar is introduced by means of a robot pushing the
bar into the hole while the sampling unit rotates by �, starting with a projection angle
θ = �. bThe sinogram shows the raw data of this measurement for a rotation about �.
On the first half of the sinogram the five holes can be readily distinguished and are numbered
accordingly. Beyond an angle of θ = � the central hole fades more and more over an
angular interval of � (this corresponds to the partial volume effect over a slice thickness of
mm) and then disappears. The tomogram corresponding to this sinogram is shown in d.
Due to the inconsistencies related to the backprojection, this artifact is not limited to hole
“” into which the bar has been introduced, but extends over wide image areas. To be able
to compare the different models, the tomograms without artifact – c without bar and e with
completely introduced bar – are also shown. c also shows the correspondence between the
five holes to the sine curves in the sinogram given in b

be taken into account with the high angular velocities and the corresponding angu-
lar moments of a ,-kg gantry. On the other hand, data transmission from the
rotating sampling unit to the fixed gantry is a bottle neck due to which the data
rate cannot arbitrarily be increased as well. Electron beam computed tomography
(EBCT) described in � Sect. . is therefore still the technology providing the short-
est acquisition times. However, recently, it has been claimed that a dual-source CT
system, which will briefly be discussed in � Sect. ., actually achieves comparable
acquisition times.
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9.6.4
Sampling Artifacts

In � Sect. . it has already been pointed out that, as in general in any signal pro-
cessing task, Shannon’s sampling theorem must not be violated in CT. This applies
to both the reconstruction of an axial slice and the subsequent reconstruction of D
data presentations by slice stacking. Sub-sampling of a signal also results in the typ-
ical aliasing artifacts. The inherent sampling problem discussed in � Sect. . arises
particularly for the detector array with a rectangular sensitivity profile of the single
detector elements.That is, the individual elements would have to be arranged at half
the distance of their own width. As this requirement cannot be met due to obvious
technical reasons (cf. � Sect. .) one makes use of an elegant mechanical trick. The
corrective action, which is nowadays used to prevent aliasing, is either the quarter
detector shift or the so-called flying focus of the X-ray tube.

9.6.5
Electronic Artifacts

There are several electronic defects deteriorating the image and in most cases des-
troying it.Themost famous, or better, most notorious, electronic defect is the failure
of a detector channel. In third-generation CT scanners such a detector defect will
result in prominent so-called ring artifacts.

Figure . outlines the occurrence of the ring artifacts. As the X-ray source
and the detector array are tightly joined at the sampling unit, the failure of an indi-
vidual detector element or the corresponding processing channel respectively be-

Fig. .. In third-generation CT scanners, each detector element is responsible for the data
collection on a circle in the object space. If one element fails, the data may only be acceptably
reconstructed within the corresponding circle
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Fig. .. Example of a detector channel failure. a The planning overview of an anthropo-
morphic torso phantom shows a defective detector as a straight vertical line resulting from
the fixed position of the X-ray tube while the table moves forward along the feed direction.
The dashed horizontal line marks the location of the axial tomogram to be measured. bThe
sinogram also contains a straight line since the corresponding detector position ξn is shown
as a function of the projection angle. The horizontal detector position indicates the defec-
tive channel.This position is not changed while the sampling unit rotates.The figures on the
right side exemplarily show the image reconstructions with c a normal detector array and
d a defective detector array. It is readily visible that only the image data located inside the
corresponding circle, which is called the ring artifact and results from the tangents of the
backprojected erroneous signals, are reconstructed without major errors

comes specifically visible. During the filtered backprojection the virtual lines con-
necting the corresponding detector element and the X-ray source, which some-
times are called defective beams, form the tangents of a circle. This means that
all values outside the circle are seriously concerned by this artifact. Inconsisten-
cies with the measured values of the corresponding other projection directions in
fact arise for each point of each line. Due to the backprojection, all image areas
are again affected by the artifact. However, the area inside the circle encounters
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this problem less frequently (cf. Fig. .). It is in fact possible to reconstruct the
image almost without artifacts inside the circle formed by the defective beam tan-
gents.

Figure . provides an example of the failure of a detector channel while an
anthropomorphic torso phantom is scanned. In Fig. .a the planning overview of
the phantom can be seen.The axial slice is to be reconstructed along the gray dashed
line through the heart. In the planning overview, it can be already seen that one of
the measuring channels is defective. Due to the fixed anterior-posterior orientation
of the X-ray tube/detector array unit, the defective channel results in a straight line
along the table feed direction.

Figure .b shows the Radon space as a sinogram. Although the sampling unit
rotates over � with approximately Np = , angular steps, the defective chan-
nel still stands out as a straight line. This can also be easily understood as the hor-
izontal lines ξn = const. always correspond to a fixed line connecting the radiation
source and the detector array elements. Figure .c first shows the artifact-free
axial tomogram of the axial slice indicated with a dashed line in Fig. .a. Fig-
ure .d illustrates the consequences of the detector failure on the reconstruction
process. The circle or ring is formed by accumulation of the circle tangents, which
are backprojected over the entire image over �. The generation principle of this
ring artifact had already been illustrated schematically in Fig. .. Outside the cir-
cle the image is defective. Different Moiré patterns, which arise during reconstruc-
tion according to the number of the measured projection angles, Np, can be ob-
served.

As already mentioned above, the result of the reconstruction process inside the
ring is almost artifact-free. However, smaller waves are visible in the vicinity of the
ring artifact inside the circle, which are also reconstruction artifacts. These waves
are due to the convolution of the projection signal before it is backprojected. As
a result of the convolution, the error in the filtered projection is finally broader (cf.
Fig. .) than in the raw projection. However, the data error quickly decays with
increasing distance from the circle toward the circle center.

9.6.6
Detector Afterglow

Images can also deteriorate due to too long a glow time of the X-ray detectors. The
fluorescence time of the detectormaterial after conversion of anX-ray quantum into
a visible photon should be as short as possible. Otherwise, afterglow artifacts appear
in the reconstruction, which manifest as smeared object boundaries in the image.
Although afterglow is a short-term effect, it becomes significant at the high rotation
speed of the sampling unit. Afterglow is usually modeled as a linear effect on the
intensities, independent on the detector element position. It decays exponentially
and, if the temporal signature is known, the artifact can be suppressed by means of
deconvolution.
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9.6.7
Metal Artifacts

One known problem in CT is the appearance of metal artifacts in reconstructed CT
images. Low-energy X-rays are attenuated more strongly than high-energy X-rays
(cf. � Sect. ..). Recall that the absorption is given by

α 	 Zλ . (.)

Due to the Z dependence, this beam-hardening effect is prominent for metals that
are introduced into the human body, such as dental fillings or hip prostheses, and
leads to inconsistencies in the Radon or projection space.These inconsistencies ob-
served in the integral attenuation values are due to the polychromatic X-ray spec-
trum produced by the X-ray tube. Additionally, without applying the dual-energy
principle, the total attenuation of the X-ray intensity is an a priori unknown com-
bination of the photoelectric effect and the Compton effect. This often leads in the
reconstructed images to artifacts in the form of dark stripes between metal objects
with light, pin-striped lines covering the surrounding tissue. Besides beam harden-
ing, another origin of the metal artifacts is a higher ratio of scattered radiation to
primary radiation, causing a low SNR in the metal shadow. This effect will be dis-
cussed in the subsection below. Additionally, the partial volume effect (� Sect. ..)
is a source of metal artifacts in transmission CT images. Especially in those cases in
which the radiation is completely absorbed due to the thickness of the materials,
very bright strips are found radially around the object; thus, the complete image
loses its diagnostic value.

If there arematerials with high attenuation coefficients in the object to be exam-
ined, then strong streak artifacts arise, which are spread across the whole image. In
practice, the system detects an infinitely high attenuation coefficient of the object.
In the reconstructed image, one obtains on the backprojection lines through the
object extremely high numerical values, which are spread across the entire image,
as already stated above, and more importantly may not be compensated for by any
other projection direction. But, as mentioned above, even if the radiation is not
completely absorbed, the arising beam-hardening artifacts and – due to the usually
extended sharp-edgedmetal implant objects – partial volume artifacts are so strong
that the diagnostic value is considerably reduced.

Figure . shows the occurrence of metal artifacts in the tomographic recon-
structions of the dental area. Figure .a again shows the planning overview scan
on which the position of the slices to be measured is selected. Figure .b–d shows
three axial reconstructions. Major artifacts are not visible in Fig. .b; however, on
Fig. .c and d, it can be seen that bright strike artifacts arise with an increasing
quantity of highly absorbing substance (in the tooth area this is frequently amal-
gam) through which the radiation must obviously penetrate inside the slice to be
 From a physical point of view, due to (.) the radiation is of course never completely
absorbed. But in practice the intensity may drop below the sensitivity of the detector or
the noise level may be higher than the signal level.
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Fig. ..Metal artifacts in CT images of a jaw. a presents the overview scan used to plan the
axial slices. b–d then show the axial reconstructions at different slice positions throughout
the tooth area. It is readily visible that the metal strike artifacts are considerably increased
with the solid amalgam tooth fillings

reconstructed. Along the lines connecting different fillings, the artifacts are particu-
larly striking, because the radiation must then pass through twometal volumes.The
fact that the artifacts occur star-like around the metal object is a result of the prin-
ciple of the filtered backprojection. Since the physical origin of the artifact is always
located in the respective X-ray path of the backprojection under the diverse angles,
the streaks appear radially distributed around the origin.

Although the mechanism is clear, standard filtered backprojection does not
cope with these inconsistencies in the integral attenuation values. Thus, artifacts
emerge within filtered backprojection, because the Radon space values are inher-
ently considered as a complete set of consistent absorption integrals of amonochro-
matic process.
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On the other hand, statistical reconstruction techniques (cf.�Chap. ) are espe-
cially capable of dealing with themetal artifact reduction problem.The core of these
methods consists of an a priori knowledge of the statistical distribution of photon
counts and a systemmatrix that models the physical X-ray absorption process. Each
row of the systemmatrix represents a single X-ray beam running through themeas-
urement volume. Contrary to filtered backprojection, the influence of each single
beam on the image reconstruction can be weighted separately. In this way, beams
through the metal objects can be treated appropriately.

Within themaximum likelihood (MLEM) algorithm discussed in �Chap. , the
image f is estimated that best fits themeasured projections p under consideration of
the statistical photon-count variations. It is based on the realistic assumption that
the photon counts follow a Poisson process. The parameters of the joint Poisson
distribution, which resemble the expectations of the linear attenuation coefficients
of the CT image f, have to be estimated from the measured projection data. Thanks
to the exponential Lambert–Beer attenuation law, the photon count is coupled to
the attenuation values that form the image f. Therefore, the MLEM algorithm is
generally superior to the filtered backprojection with respect to streaking artifacts
in the reconstructed image. This is due to the fact that, generally, MLEM for trans-
mission CT
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has an inherent weighting. Any X-ray that intersects a metal object will naturally
have a low intensity value. So, such rays will automatically get less weight, because
the projection integral

p�i = N�
j = 

ai j f �j (.)

of the estimated forward projection and the actual measured projection value pi
weight the influence of the corresponding terms in the sums of the nominator and
denominator respectively in (.). This is due to comparably high values of p�i
and pi .

However, inconsistent projection data can also be repaired with surrogate data
created by interpolation or the inconsistent data can be treated as missing data in
order to ignore the inconsistent data in the statistical approach.The problemwith
the interpolated surrogate data is that these always include residual inconsistencies
due to missing information during interpolation. On the other hand, within the
missing data approach, a brute force method is applied to eliminate inconsistencies.
However, the problem with this strategy is that the reconstruction actually suffers

 This is not possible for a filtered backprojection based reconstruction.
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from voids in the projection data. Recently, it has been shown (Oehler and Buzug
) that both strategies may be combined. A weighted MLEM approach can be
used to reduce the influence of the residual inconsistencies from interpolation in
such a way that optimal imaging quality is obtained by optimizing the compromise
between residual inconsistencies and void data.

Fig. .. a Philips CT scannerwith CIRS torso phantommarked with steel markers. b Sino-
gram of the torso phantom marked with two steel markers. c Region of interest from the
sinogram (b). Different interpolationmethods displayed in the region of interest. d Interpol-
ation inside one projection under one angle; e directional interpolation. f,g Reconstruction
of torso phantom data. f λ-MLEM reconstruction with linear interpolation and g λ-MLEM
reconstruction with directional interpolation (Oehler and Buzug )
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Raw data of an anthropomorphic torso phantommarked with two metal mark-
ers in a certain slice were acquired (cf. Fig. .a). Flat metal cylinders with a diam-
eter of mm and a height of mm – similar to those used as fiducial markers in
image-guided surgery – are used as markers in the experiments. The markers are
made of steel of high atomic number. This leads to an amplification of the beam-
hardening artifact, introducing inconsistent raw data. The markers are placed out-
side the phantom, because this configuration ensures that the sinusoidal metal trace
inside the Radon space has a maximum amplitude crossing all other sinogram
structures of the phantom. This is the most complicated case for evaluating the
interpolation. In Fig. .b the sinogram data of the torso phantom equipped with
the steel markers are shown.

In a first step, inconsistent projection data are bridged by interpolation. For this,
the metal object is labeled in a preliminary filtered backprojection reconstruction
using a simple threshold. Subsequently, a forward projection of the metal-marker
image is calculated, resulting in metal-trace projection data. This is used to label
the projections running through a metal object, i.e., the metal traces shown in
Fig. .b.

To demonstrate that different interpolation methods lead to different results in
terms of metal artifact reduction in the reconstructed images, the inconsistent data
are bridged by two different interpolation methods.The first is the standard method
(Glover and Pelc ): A linear interpolation inside one projection under one fixed
view is used (Fig. .c,d: Interpolation at an angle of � between q and◯). The
secondmethod,which considers the arrangement of the underling rawdata, is a dir-
ectional interpolation filling the gaps of inconsistent data following the flow of the
sinogram data outside the metal traces. The principle of directional interpolation is
shown in Fig. .c, e (interpolation betweenr ands).Thismethod leads to super-
ior results compared with the first interpolation schemes. Due to interpolation, the
projection values of the soft tissue lying behind the metal markers are estimated.

Unfortunately, any interpolation-based repair scheme of the Radon space is
based on a weak underlying physical model and hence it cannot be expected that
the estimated projection data will perfectly fit the projection data measured without
metal markers. Therefore, projections pi running through a metal object, as well as
the corresponding rows of the system matrix A = �ai j�, have to be weighted by an
appropriate confidence parameter  � λ � . Recall that j ; �, . . . ,N� corresponds
to the number of image pixels and i ; �, . . . ,M� to the number of projections.
A careful choice of the confidence parameter λ optimizes the compromise between
residual inconsistencies and void data. The corresponding fixed point iteration is
given by
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This modified MLEM algorithm is called λ-MLEM (Oehler and Buzug ). Fig-
ure .f and g display the results of the different interpolation methods – lin-
ear interpolation (Fig. .f) inside one projection under one single view and di-
rectional interpolation (Fig. .g) – as a pre-processing step with consecutive
λ-MLEM reconstruction. An appropriate weighting λ depends on the interpolation
scheme and the size of the metal object. Linear interpolation is a frequently used
approach to bridge metal data. It can be seen that this strategy works for the main
artifact between the two markers.

However, strong new artifacts are introduced that stem from a sharp non-
differentiable connection between the measured and interpolated Radon space
data. A directional interpolation follows the flow of the Radon space (cf. Fig. .c).
Contrary to the vertical interpolation schemes, the flow consists of sinusoidal traces
that connect projection values of actual objects inside the image. Consequently,
better results are achieved with the λ-MLEM algorithm in combination with dir-
ectional interpolation of the inconsistent data. As a practical rule of thumb, it has
been recommended to set the parameter of the approach to λ = .. This always
improves image quality compared with pure interpolation or missing data concept.

9.6.8
Scattered Radiation Artifacts

In � Sect. .. the photon–matter interaction mechanisms of X-rays have already
been discussed in detail. Whereas for the detector element located in the unscat-
tered, direct beam path it does in principle not make a difference which physical
mechanism of the interaction actually reduces the intensity, as long as

p(s) = − ln
 I(s)
I()� =

s

∫


μ(η)dη (.)

holds (cf. (.)). Other detector elements located outside the direct line of sight
may in fact be impaired by certain interactions. Particularly in the area of strong
attenuating anatomical objects such as the shoulder, abdomen, and pelvis (Morneb-
urg ), the measured values may be distorted due to scattered radiation. These
scattered X-rays may become a considerable part of the overall signal.

Whereas the scattered radiation is almost the same for all projection angles,
it is very different for the wanted signal. In projection directions in which highly
absorbing objects are located one after another, the wanted signal may become ex-
tremely weak so that the scattered radiation dominates the signal (cf. Fig. .a).
Within the filtered backprojection, inconsistencies then arise from this projection
direction, which result in streak artifacts.

With regard to the interfering radiation caused by scattering reaching the de-
tector, the third-generation CT scanners are superior to the fourth-generation CT
scanners. Figure .b and c outlines the scanners of both generations. Figure .b
shows the third-generation scanner. The detector array of this scanner is designed
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Fig. .. aThe background scatter signal may cover the wanted signal. Comparison of b the
third and c the fourth generation of CT scanners with regard to their radial geometry. As
the detector array of the third generation represents a circle segment, the center of which
is located in the X-ray tube, it is possible to design an anti-scatter grid with septa pointing
toward the X-ray focus

such that the row of detector elements is arranged on a circular segment whereby
theX-ray source is located in the circle center. It is therefore possible to collimate the
radiation by septa so that scattered radiation – with an incident angle into a “false”
detector element, which is larger than a threshold angle – is effectively shielded.The
critical angle is determined by the length and the spacing of the detector segments.
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Fig. ..The anti-scatter grid at the detector array; here the mobile Philips Tomoscan M –
a third-generation scanner – is shown.The septa of the grid are readily visible in the close-up

In the fourth-generation scanners (c.f. Fig. .c) the detectors are located on
a circle, the center of which is the iso-center of the measurement field. An X-ray
source, to which a detector collimation might be focused on successfully, obvi-
ously cannot be located there. Figure . shows the segmented scattered radiation
grid at the detector array of the mobile CT scanner Philips Tomoscan M – a third-
generation scanner.

9.7
3D Artifacts

In connection with the so-called secondary reconstruction of three-dimensional
images based on CT image stacks , but also with the implementation of D acqui-
sition techniques such as spiral CT, cone-beam reconstruction, and their combinat-
ions – the spiral or helical cone-beam reconstruction – a variety of new artifactsmay
arise, which will only briefly be discussed in this section.

 In the form of multiplanar reformatting (MPR) or surface rendering.
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9.7.1
Partial Volume Artifacts

Partial volume artifacts due to the finite detector width arise inside an axial slice.
These artifacts, which have been discussed in � Sect. .., are called transversal
partial volume artifacts. In addition, artifacts must also be expected in the axial or
z direction, i.e., the table feed direction, due to the finitely collimated slices. These
artifacts are called longitudinal or axial partial volume artifacts (Morneburg ).
Figure . shows that averaging plays an important part, not only within one slice,
but also in the axial direction due to the restricted slice thickness Δz.

In regions with a multitude of details rich in contrast, the partial volume arti-
facts may considerably disturb the reconstruction process. The slices in these ana-
tomic regions should therefore be as thin as possible. Figure . demonstrates this
effect.

Even if the slice thickness is usually given by a single scalar value, onemust bear
in mind that X-rays are leaving the focal spot of the X-ray tube in all directions (cf.�Chap. ). In this way, a source-sided collimation does not actually define a “slice
thickness,” but rather the aperture angle of the fan beam in the longitudinal or axial
direction. Figure .a shows the beam geometry for a thick slice and Fig. .b

Fig. .. Object boundaries passing through an axial slice with a high slope are blurred
(schematically on top of the figure). aThis effect is readily visible in the area of the jaw. The
arrows in the slices b and c indicate the blurred image areas
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Fig. .. Longitudinal or axial partial volume artifact. a If the axial aperture of the X-ray fan
beam is comparably large, different information (indicated by an arrow) is measured from
the anterior–posterior (a.p.) and the posterior–anterior (p.a.) direction. b This leads to in-
consistency artifacts in the reconstruction. cThe amount of inconsistency can be reduced by
a finely collimated X-ray beam. d In this way, the artifacts in the reconstruction are reduced

that for a finely collimated slice. Due to this reason, the projection measurements
always carry inconsistencies to some extent.

However, these inconsistencies are particularly disturbing if the axial aperture
angle is large and the object information is of high contrast. Bony structures, for
instance, indicated with an arrow in Fig. .a, show highly contrasted structures
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that are included in the measurement only in the anterior–posterior (a.p.) direc-
tion. As a consequence, the typical streak artifacts are visible in the reconstruction
displayed in Fig. .c. As a counter-measure, the beam may be collimated finely
(cf. Fig. .b) and the corresponding artifacts will be reduced (cf. Fig. .d).

9.7.2
Staircasing in Slice Stacks

If fast changes in object boundaries rich in contrast along the table feed direction
arise in the object to be imaged, then steps can be encountered side by side in the
three-dimensional reconstruction, leading to a stair-like appearance in the object
visualization. These steps are artifacts produced by averaging the object boundary
within the sensitivity profile of the axial slice. Figure . shows this effect schemat-
ically. At the skull surface visualization (cf. Fig. .d; the slice stack is also shown

Fig. .. If the object in the CT scanner is defined by boundaries that steeply pass through
the individual slices (a), then averagingwithin one slice (b) results in staircasing of the three-
dimensional reconstruction of the slice stack (c and d). Upper rows: Slice stack of the skull.
The last four slices are assigned to the three-dimensional reconstruction with numbers
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in the two top rows of this figure), it can be seen that the steps in the area in which
the surface is subjected to considerably fast changes with respect to the axial (in this
figure vertical) z direction are particularly pronounced.

This image error may be reduced by arranging very small collimated slices that
potentially overlap. However, themore elegantmethod is the spiral CT approach, by
means of which this artifact typemay be effectively reduced. In principle, arbitrarily
dense slice stacks may be computed retrospectively with the method described in� Sect. .. In the case of fast changes in structures that are rich in contrast along the
axial direction, a pitch factor p (cf. Eq. .) smaller than  is recommended (Blanck
).

Figure . shows the staircasing artifact on the images of a spine phantom.The
individual slices scanned with conventional CT acquisition technology are mm
thick here.This figure should also be compared with Figs. . and . in the previ-
ous chapter.The staircasing effect, which expresses the anisotropy of the underlying
data set, is particularly problematic if very small details must be analyzed.

Fig. ..Three-dimensional reconstruction of a vertebral phantom. Typical orthogonal re-
formatting and volume rendering can be seen. The slice thickness selected for the measure-
ment is mm. The staircase pattern of the three-dimensional rendering and of the coronal
and sagittal slices can be clearly seen
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Fig. ..Comparison of the reconstruction quality of a spherical tumor phantomwith a ra-
dius of mm. a shows the typical result of a conventional clinical CT system. The length
extension of the sphere in the z direction is due to averaging within the slice. b shows the
reconstruction result of a prototypical volume CT equipped with a flat-panel X-ray detec-
tor with .mm isotropic spatial resolution (courtesy of General Electric Medical Systems:
Pfoh [])

Figure . shows the image of a spherical tumor phantom with a radius of
mm. Figure .a demonstrates the typical length extension of the object due to
averaging within the slice measuring .mm thick. Inside the slice the resolution
is of course better and amounts to approximately .mm in this example. In the
isotropic presentation acquired with a volume or cone-beamCTwith a spatial reso-
lution of μm, in Fig. .b the spherical shape of the phantom is revealed.There-
fore, errors with regard to the volume estimation in tumor studies can be reduced.
The considerably higher spatial resolution with the cone-beam system does in con-
sequence not only enable amore precise quantitative volumemeasurement, but also
the potential early detection of small tumors in oncology (Pfoh ).

9.7.3
Motion Artifacts

Motion artifacts in a two-dimensional image, i.e., in the reconstruction of a single
axial slice, have already been described in � Sect. ... In the two-dimensional case,
image errors such as streaks, blurring, and ghost images found in the backprojection
were particularly due to inconsistencies in the raw data, i.e., the data of the Radon
space.

Another problem now arises with the three-dimensional, secondary recon-
struction, in which the size and position of objects to be imaged by several axial
slices in a stack no longer match with regard to the original object in consecutive
slices. Figure . shows one example in which the data set is blurred by respira-
tion. On the upper left of the figure, in the three-dimensional visualization of the
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Fig. .. Motion artifacts in the three-dimensional reconstruction. After approximately
three-quarters of all planned axial slices from the shoulder to the abdomen had been meas-
ured, the patient could no longer hold his breath. In the last quarter of the data set this re-
sulted in offsets and blurring marked by arrows in the corresponding images (courtesy of
Ruhlmann, Medical Center Bonn)

skin surface, it can be seen that the patient data in the lower quarter of the slice
stack (see arrow) have body contours that do not match each other.

In this example, the patientwas not able to hold his breath during the acquisition
time. If one selects an axial view of such a slice blurred by respiration, this blurring
effect and the resulting ghost structures (marked by arrows) can readily be seen.
The disturbances of course continue in the corresponding reformatting, i.e., in the
calculated sagittal and coronal slices.The correspondence among the axial, sagittal,
and coronal slice is indicated by vertical and horizontal lines in the images.

9.7.4
Shearing in Slice Stacks Due to Gantry Tilt

The spatial normal vectors of the individual slices need not necessarily match with
the z-axis, i.e., the table feed axis of the CT system. Under certain anatomic con-
ditions, the gantry, i.e., the frame of the rotating sampling unit with the X-ray
tube and the detector array, must be inclined so that the relevant structures are
located within one slice and need not be assembled from a slice stack. Figure .a
and b shows the planning overview for a skull tomogram with two possible slice
sequences. In Fig. .a, the normal slice stack is planned. This corresponds to the
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Fig. .. Planning overview of a cranial tomogram. a, c Normal slice sequence; b, d an-
gulated slice sequence. Due to the anatomical orientation of the brain inside the skull, the
angulated slice sequences are more appropriate. The eyes are, for example, not exposed to
direct radiation. The measured slice stack is shown in Fig. .

upright position of the gantry (cf. Fig. .c). In Fig. .b, an angulated slice se-
quence is planned. This corresponds to the tilted gantry shown in Fig. .d. Due
to the anatomical orientation of the cortex inside the skull, an angulated sequence
of images is frequently used to prevent unnecessarily high doses of direct radiation
on the sensitive eyes.

Fig. .. Schematic sketch of the slice sequence of conventional data acquisition, not taking
into account the sampling theorem. Left: Slice acquisition vertical to the z-axis. Right: Tilted
slice acquisition
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Figure . once again shows schematically the orientation of the individual
slices with the normal and angulated form. If one wants to compose a slice stack
measured in the angulated orientation of the gantry to provide a three-dimensional
presentation, then the orientation of the data set must be corrected slice by slice.
Figure . illustrates the correction process schematically and Fig. . shows the
result on the skull tomograms presented in Fig. . as a slice sequence. Shearing
does not only occur with an inclined gantry. When the table moves into the meas-

Fig. .. a If one assembles the data measured from an angulated slice sequence without any
correction into a slice stack, b the individual slices will be sheared with respect to one other. c
If one reverses this shearing process the data are available as they were in the original meas-
urement (a). However, the image will not have a rectangular format. d If one corrects this
deficiency by increasing the cyclic movement of the slices, e the object seems to be cyclically
shifted. f This deficiency can be corrected in a last step – by synchronous cyclic shifting of
all slices

Fig. .. If the skull measured with an angulated slice sequence is assembled by stacking
one slice on top of another without any further corrective action, the single slices seem to
be sheared with respect to one other. This is readily visible on the left-hand picture (cf. b in
Fig. .). Staircasing indicates the thickness of the slices. Shearing has been corrected on the
picture in the center, but the object seems to be cyclically shifted (cf. e in Fig. .). On the
right-hand picture, the cyclic shifting has also been corrected (cf. f in Fig. .)
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uring field, the gravity moment acting on the table increases more and more the
longer the path of the table through the gantry. This table deformation, the amount
of which depends on the feed length, also results in shearing of the individual slices.
However, this deformation is rather small and does not play a role at all with respect
to diagnosis. But if the CT data are used for image-guided surgery, then the table
deformation must be corrected (Zylka and Wischmann ).

9.7.5
Sampling Artifacts in Secondary Reconstruction

In � Sect. . it has already been pointed out that the requirement given in Shan-
non’s sampling theorem must be met within an axial slice and in an axial direction
as well. Due to (.) the axial sampling points must therefore have a distance Δz�
from each other. This means that the table must not be moved by more than Δz�
when a slice thickness of Δz has been chosen. Thus, at least two slices have to be
measured per slice thickness. Otherwise, the secondary reconstruction might be
subjected to aliasing artifacts. Figure . demonstrates this aliasing effect in a sec-
ondary reconstruction of an aluminum hole phantom.

Fig. .. Tomographic survey of a hole phantom (A phantom on the left-hand side) with
a slice thickness of mm each. If a slice is acquired every Δz = .mm (center) or every Δz =
.mm (right side) respectively, and a secondary three-dimensional reconstruction is carried
out, aliasing artifacts in the horizontal hole grid with d = .mm (diameter = distance) can
be seen
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9.7.6
Metal Artifacts in Slice Stacks

If considerably strong artifacts arise within a slice, then this slice destroys the sec-
ondary three-dimensional reconstruction of the volume in this slice. Figure .
shows the effects of metal artifacts in the three-dimensional image. Looking at the

Fig. .. Metal artifacts in the three-dimensional reconstruction. The figures a through d
show axial slices with artifacts of different strengths, depending on the number of tooth fill-
ings in the slice. e and f show a coronal and sagittal slice reconstruction (or reformatting)
froman axial stack of  slices respectively.The spatial orientations of this reformatting are al-
ways shown on the upper right on e and f. g and h show surface renderings based on a simple
gray-value threshold in which one can readily see the metal artifacts in the corresponding
axial slices (courtesy of Ruhlmann, Medical Center Bonn)
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jaw tomography that has already been presented in � Sect. .., once again some
axial slice reconstructions can be seen in the sequence of Fig. .a–d (anatomically
from bottom to top). In Fig. .a one initially does not see any significant artifacts.

In Fig. .b one can readily see that two metal objects located in the beam path
produce strong artifacts in the area of their connecting lines. In Fig. .c a multi-
tude of tooth fillings are located in the area of the slice to be reconstructed so that
the whole image is completely degraded by streaks due to the inconsistencies of the
projections from different directions. Figure .d once again illustrates the radial
propagation of the streaks in the area of a single tooth filling.

If one stacks the individual slices one above another, the image of a coronal
slice (Fig. .e) and of a sagittal slice (Fig. .f) in orthogonal reformatting can
be computed.The location of the corresponding slices is inserted in an artifact-free
axial slice on the upper right-hand side. One can clearly see that the complete slices
are contaminated with artifacts in the area of the tooth fillings.

Figure .g and h shows three-dimensional visualizations of the jaw.These are
surface renderings based on gray-value threshold bone segmentations. Both fig-
ures show the same object, each with a different viewing angle. Outside the slices
impaired by the tooth fillings, the image quality of the tomogram is very good.

9.7.7
Spiral CT Artifacts

In principle, image errors also arise in spiral CT that are similar to those arising in
the direct reconstruction of single axial slices. However, these artifacts are generally
not as strong as they are in single-slice CT, since spiral CT reduces considerably, for
example, motion artifacts or staircasing in the secondary reconstruction. However,
new spiral-related reconstruction artifacts arise with this CT method, which are
mainly due to interpolation inaccuracies in combination with the selection of the
pitch factor. In principle, one finds here as many image error types as interpolation
methods. In this section, the interpolation problem cannot be discussed in detail,
but the so-called scalloping (Blanck ) artifact should bementioned, which is due
to the fact that the slice sensitivity profile is increased in spiral CT so that partial
volume artifacts also become stronger (Wilting ).

Scalloping is a phenomenon arising, for example, in skull tomographies, particu-
larly in slice positions in which the skull diameter quickly changes its axial direc-
tion. Figure . shows an example of this specific spiral artifact. Two slices with
different curvatures in axial directions have been selected in a skull phantom. For
comparison, the slices with a thickness of  mm were measured for both positions
conventionally, i.e., without a continuous table feed.

The result is shown in Fig. .a and b. The virtually different thicknesses of
the skull in the two slice positions is due to the fact that the angle between the
corresponding reconstruction layer and the local skull surface normal vector varies.
One can also readily see the partial volume artifacts arising as a thin fringe around
the skull structure.
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Fig. .. Interpolation artifact in spiral CT. Top: The data structure looks like a cut radish.
On the lower left one sees the planning overview of a skull phantom in which two slices have
been selected. a and b show the corresponding, conventionally acquired reconstructed slices
with the partial volume artifacts described in 
 .. and ... These existing artifacts are
overlaid by an interpolation artifact if an excessively high pitch factor is chosen.The stronger
the curvature of the object in the axial direction, the more this error becomes visible in the
corresponding parts c and d

If the spiral acquisition method is used in this geometrical situation, errors may
arise with an excessively high pitch factor. These are shown in Fig. .c and d. The
fringe around the bone structure is considerably enlarged and it is shifted as a func-
tion of the angular position of the sampling system. This fringe is due to the fact
that data are used for interpolation that are not really close to each other due to
the quick axial change of the skull structure. This effect is usually small. To make it
nevertheless noticeable, an excessively high pitch factor of p =  has been chosen.
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If the pitch factors are carefully selected, this image error will not be relevant in
radiological practice. However, it is revealed in the reconstruction of this example
that the data structure of the spiral CT resembles a helically cut radish (cf. Fig. .,
top).

9.7.8
Cone-Beam Artifacts

Similar to the spiral CT method, a multitude of artifacts also arise with the cone-
beam reconstruction method that cannot be discussed in detail here. All artifacts
mentioned above may of course also occur with cone-beam geometry, even though
some image errors such as motion artifacts may be reduced due to the increased
acquisition speed. But again, new image errors arise with this method, which are

Fig. .. Result of the cone-beam correction with larger aperture angles of the X-ray cone.
a–c showan anthropomorphic thoraxphantom. c is the reformattedplane selectedby the ver-
tical line in b. An important factor influencing the quality of the cone-beam reconstruction
is the adaptation of the reconstruction plane to the spiral geometry. d shows the correspond-
ing reconstruction planes.The different reconstruction results are shown in e–g. e shows the
standard reconstruction for a  	 -mm slice with a feed of mm/s, f the standard recon-
struction for a  	 -mm slice with a feed of mm/s, and g the reconstruction with the
plane correction for a  	 -mm slice with a feed of mm/s (courtesy of Siemens Medical
Solutions)
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for example due to the shadow zone of the Radon space in cases of incomplete data
sets (Wang et al. ; Lee et al. ).

In practice, the choice of the orientation of the reconstruction plane within the
helical cone-beamgeometry is particularly important. Figure .a–c shows a simu-
lation of an anthropomorphic thorax phantom.

Figure .d illustrates the adaptation of the inclination of the reconstruction
plane to the cone-beam geometry and the Fig. .e–g illustrates the correspond-
ing reconstruction results (Stierstorfer et al. ). The result of the reconstruction
using the data of a -line detector with a slice thickness of mm each and a feed
of mm�s is still acceptable for clinical applications with standard reconstruction,
although the cone aperture angle has not been taken into account (cf. Fig. .e).

However, themathematical approximations of the standard reconstructionwith
regard to the actual inclination of the reconstruction plane in the three-dimensional
space are no longer valid with larger cone aperture angles.The standard reconstruc-
tion therefore produces considerable artifacts if, for instance, a -line detector is
used with a slice thickness of mm each and a feed of mm�s (cf. Fig. .f). Fig-
ure .g illustrates that the image quality is considerably improved by adapting the
reconstruction plane.

9.7.9
Segmentation and Triangulation Inaccuracies

The viewing workstation frequently presents very smooth surfaces to the clinician,
which, however, does not allow a conclusion to be drawn regarding the parameters
of the scan protocol, such as the slice thickness or the spiral reconstruction index.
Figure . shows the visualization results for the vertebral phantom presented in
Fig. . in the previous chapter. On the left-hand side a volume rendering is shown,
in which the slice thickness can be clearly concluded from the figure. On the right-
hand side a surface rendering is shown, which does not give any indication of the

Fig. .. Result of the volume and the surface representation of a vertebral phantom. In the
volume representation (left) the slice thickness of  mm is evident. The surface rendering
(right) does not give an indication of the slice thickness
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Fig. .. Left: An iso-line is selected in the measured slice by an individually chosen gray-
value threshold. Center: Orientation of the measured slice in the data volume. Right: A stack
of iso-lines of nine measured slices is the basis for triangulation

slice thickness. However, both representations are based on the same data acquisi-
tion protocol.

To understand why the slice thickness is no longer discernible in the surface
representation, the visualization processmust be briefly discussed.Within the visu-
alization process, the user may decide to show special ranges of gray values and to
mask out other ones selectively. If the user selects a constant gray value as a thresh-
old, then all spatial points with this gray-value attribute are displayed as iso-surfaces
in space. A single iso-line within the selected slice is shown on the left-hand side of
Fig. ..This example illustrates that the type of segmentation may already lead to
errors.The spinous processes, for example, which aremore faintly imaged due to the
partial volume effect, are not enclosed by the iso-line. In the middle of Fig. . the
location of the slice in the three-dimensional data volume is shown to improve the
orientation. The right-hand side of Fig. . illustrates the stack of the nine meas-
ured slices with the individual iso-lines.

The stack of the iso-lines is the basis for visualization since the gray-value
threshold-based iso-surface is reproduced with triangles on the basis of these lines.
Figure . illustrates the result of the triangulation. The iso-surface is shown as
a virtual surface by assigning each of the triangles with a reflectance and then
illuminating the mosaic consisting of the triangle tiles with a virtual light source
(Fig. ., right).

The higher the number of mosaic elements used to reproduce the surface, the
more realistic the result. Approximately , triangles have been computed in
Fig. . (right). In Fig. ., on the left-hand side, this result is compared with
a densely acquired spiral CT scan. Between the iso-lines of  slices that have been
retrospectively computed with a distance of .mm, , triangles form the sur-
face (dark shaded surface). The accuracy difference becomes visible when the sur-
faces of the conventional nine-slice measurement are visualized within the same
volume (bright shaded surface).

Figure ., on the right-hand side, illustrates once again why the result of the
coarse measurement must be less accurate. The actual data basis is superimposed
onto a transparent surface representation with a sagittal slice. The location of the
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Fig. .. Left: Grid model for the triangulation based on the iso-lines. Right: Each of the
triangles is assigned a reflectance and illuminated with a virtual light source

Fig. .. Left: The surface representations of the finely acquired spiral CT scan with 
retrospectively computed slices with a reconstruction distance of .mm (dark shaded sur-
face) and a conventional measurement of nine slices with a slice thickness of mm (bright
shaded surface) are compared. Right: The sagittal slice in the visualization of the transparent
surfaces reveals the difference between the coarse data basis and the smoothening triangu-
lation

surface in space is obviously the result of an interpolation. Furthermore, the selec-
tion of the gray value threshold for the iso-surface is obviously subject to a certain
arbitrariness and, in addition, the location of the surface is influenced by the partial
volume artifacts. This must always be taken into account when planning a surgical
intervention, for example, when so-called pedicle screws are to be placed through
the spinous processes, so that the screws are always placed exactly at the planned
location.
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9.8
Noise in Reconstructed Images

To evaluate and quantify noise in the reconstructed images, the data acquisition
chain has to be studied once again. At the end of the chain the CT images are in
fact a superposition of filtered projection data. However, the physical source of the
noise is the measurement process of X-ray quanta and this process indicates the
beginning of the signal processing chain.

In principle, noise must be classified into the categories of quantum noise and
detector noise.The quantum noise is produced by stochastic fluctuations regarding
scattering and absorption while the radiation passes through the object. In spite of
identical radiographic situations the number of quanta reaching the detector always
varies.

This stochastic process is modeled by additive noise.The quantum noise level is
linearly increased with the intensity. The quantum noise reveals that the energy is
transmitted to the detector in small portions, the X-ray quanta. In contrast, detector
noise is a thermal noise produced by the electrons in the detector, does not depend
on the X-ray exposure, and above all can also be measured without radiation.

9.8.1
Variance of the Radon Transform

Thenoise analysis is started with consideration of the number of quanta on a single
detector element. As the intensity of the radiation is proportional to the number
of quanta measured in the detector, one first takes into account Beer’s attenuation
law – cf. (.) – which reads

nγ(ξ) = nγ ,(ξ)e− ∫ μ(η)dη , (.)

where nγ(ξ) is the number of quanta measured under the projection angle γ at
the detector element ξ, and nγ ,(ξ) is the reference number of quanta without any
absorbing objects in the measurement field. Due to the linear relation between the
radiation intensity and the number of quanta, the projection integral – cf. (.) –
can be given by

pγ(ξ) = − ∫ μ(ξ, η)dη = ln
nγ ,(ξ)
nγ(ξ) � = ln �nγ ,(ξ)� − ln �nγ(ξ)� . (.)

The values of the projection integral represent the Radon space. As the number of
quanta measured during the counting process is subject to Poisson distribution, the
average value `nγ(ξ)a and the standard deviation σn ,γ(ξ) obey the relation

`nγ(ξ)a = �σn ,γ(ξ)� (.)

 Recall that the mean value is an estimate of the expectation value.
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(cf. � Sect. .), so that the measurement of the number of quanta on the individual
detectors can be expressed as

nγ(ξ) = `nγ(ξ)a $ σn ,γ(ξ) = `nγ(ξ)a $c`nγ(ξ)a . (.)

As the next step in the signal processing chain consists of the logarithmation of the
values measured with the detector, one is interested in the standard deviation of the
projection integral pγ(ξ).

If one substitutes (.) in (.), one finds

pγ(ξ) = ln �nγ ,(ξ)� − ln�`nγ(ξ)a $c`nγ(ξ)a�
= ln �nγ ,(ξ)� − ln

� `nγ(ξ)a fgggh $
G`nγ(ξ)a`nγ(ξ)a ijjjk!#

= ln �nγ ,(ξ)� − ln
� `nγ(ξ)a fgggh $ G`nγ(ξ)a

ijjjk!#
= ln �nγ ,(ξ)� − ln �`nγ(ξ)a� + ln

�  $ G`nγ(ξ)a!# .

(.)

With the series expansion

ln ( $ x) = − ��
i = 

(%)ixi

i
for −  < x < + , (.)

it can be concluded for `nγ(ξ)a� �  and the truncation of the expansion (.)
after the linear term that

pγ(ξ) = ln �nγ ,(ξ)� − ln �`nγ(ξ)a� $ G`nγ(ξ)a . (.)

According to (.), the first two terms in (.) can be considered as the average
value of the projection integral such that

pγ(ξ) = `pγ(ξ)a $ G`nγ(ξ)a . (.)

The standard deviation of the projection integral therefore obeys

σp,γ(ξ) = G`nγ(ξ)a (.)

and the variance is given by

�σp,γ(ξ)� = `nγ(ξ)a . (.)
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9.8.2
Variance of the Reconstruction

The next step in the reconstruction chain considered here is the filtered backpro-
jection, which can be formulated with its discrete form – cf. (.) – as

f (x , y) = π
Np

Np�
n = 

hγn(x cos(γn) + y sin(γn)) . (.)

If the convolution is carried out in the spatial domain of the detector array to filter
the projection signal, one can write, in analogy to (.),

f (x , y) = π
Np

Δξ
Np�
n = 

D�−�
k=−D�

pγn(kΔξ)gγn(x cos(γn) + y sin(γn) − kΔξ) . (.)

Taking into account (.), it can be seen that

f (x , y) = π
Np

Δξ
Np�
n = 

D�−�
k=−D�

� `pγn(kΔξ)a $ G`nγn(kΔξ)a!# gγn(x cos(γn) + . . .

. . . + y sin(γn) − kΔξ) ,
(.)

so that the individual pixel values may compactly read

f (x , y) = ` f (x , y)a $ σf (x , y) (.)

where

` f (x , y)a = π
Np

Δξ
Np�
n = 

D�−�
k =−D�

`pγn(kΔξ)agγn(x cos(γn) + y sin(γn) − kΔξ)
(.)

and

σ f (x , y) = π
Np

Δξ
Np�
n = 

D�−�
k =−D�

G`nγn(kΔξ)a gγn(x cos(γn) + y sin(γn) − kΔξ) .
(.)

As the individual projections represent statistically independent fluctuations, the
variance can be expressed as

σf (x , y) = 
 π
Np

Δξ� Np�
n = 

D�−�
k =−D�

gγn
(x cos(γn) + y sin(γn) − kΔξ)`nγn(kΔξ)a , (.)

because the mixed terms add up to zero.
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The variance in the origin is thus

σf (, ) = 
 π
Np

Δξ� Np�
n = 

D�−�
k =−D�

gγn
(kΔξ)`nγn(kΔξ)a , (.)

since a comparison with � Sect. .. shows that g is an even function so that
g(−kΔξ) = g(kΔξ). For a cylindrical, homogeneous object, the fluctuation of the
center beam is always the same under any projection angle; thus,

σf (, ) = 
 π
Np

Δξ� � Np�
n = 

`nγn()a!#� 
D�−�

k =−D�
gγ(kΔξ)!#

= 
 π
Np

Δξ� Np`n()a � D�−�
k =−D�

gγ(kΔξ)!# .

(.)

If the general relation for integral discretization, i.e.,

Δξ� gγ(kΔξ) � ∫ gγ(ξ)dξ (.)

and, furthermore, Rayleigh’s theorem (cf. � Sect. .), is used, then the real signal
gγ(ξ) obeys

∫ gγ(ξ)dξ = ∫ SGγ(q)S dq (.)

and, thus, the variance of the pixel in the origin obeys

σf (, ) = 
 π
Np

Δξ� Np`n()a 
Δξ

+ 
Δξ

∫
− 

Δξ

SGγ(q)S dq
= πΔξ

Np`n()a
+ 

Δξ

∫
− 

Δξ

SGγ(q)S dq .

(.)

Obviously, the pixel noise of the reconstructed image depends on the selected filter
function of the filtered backprojection. The variance σf (, ) of the pixel f (, )
is proportional to the area under the quadratic norm of the filter functional in the
frequency space. Several filter functions have been presented in � Sect. .. If the
functionals (.) through (.) are combined with (.), one clearly sees that the
image noise can be reduced by minimizing the area

σf (, ) 	 + 
Δξ

∫
− 

Δξ

SGγ(q)S dq . (.)

 Without restriction of generality, the behavior of the center pixel only is discussed.
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On the other hand, it must be taken into account that any deviation from ideal
filtering

G(q) = �q� for all q , (.)

results in a reduction of the spatial resolution because, as mentioned earlier in this
chapter, theMTF of the reconstructed image depends on the type of band limitation
and windowing of the ideal linear filter function. In � Sect. . it was explained that
the spatial resolution is determined by

MTFfilter kernel(q) = �G(q)��q� . (.)

This means that the spatial resolution cannot be maximized without increasing the
image noise, too. The selection of the filter functional is an optimization process in
which one has to find a trade-off between acceptable image noise and the required
spatial resolution, depending upon the anatomical problem. If (.) is substituted
into (.) one finds the expression

σf (, ) = πΔξ
Np`n()a

+ 
Δξ

∫
− 

Δξ

�qMTFfilter kernel(q)� dq . (.)

Minimizing the area under the integral would thus unfortunately mean that the
MTF would be minimized.

If a fixed filter functional G(q) is assumed, the normalization term

σf (, ) 	 πΔξ
Np`n()a (.)

of (.) can be analyzed. Obviously, noise is reduced with an increasing number
of projections, Np .

Furthermore, (.) supports the impression that the width of the detector
elements Δξ must be kept as small as possible to achieve a small variance in the
reconstructed pixels. This is actually a false conclusion since, on the one hand, the
average number of quanta `n()a, measured in one single detector element, linearly
depends on the detector width. On the other hand, the width of the detector elem-
ents appears within the limits of the integral term of (.). Therefore, one has to
solve this integral to draw a final conclusion on the dependence of variance and de-
tector width. For this purpose, ideal (rectangular) filtering – cf. (.) – is assumed;
thus, band limitation results in

σf (, ) = πΔξ
Np`n()a

+ 
Δξ

∫
− 

Δξ

(q) dq = πΔξ
Np`n()a  PqQ+ 

Δξ

− 
Δξ

= πΔξ
Np`n()a 

 (Δξ) = π

Np`n()a (Δξ) .

(.)
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Fig. .. Influence of the radiation intensity and the number of projections on the noise in
the reconstructed image. The phantom was scanned with different numbers of projections,
Np, and tube currents, I (a: Np = , and I = mA; b: Np =  and I = mA;
c: Np =  and I = mA)

In fact, the variance increases inversely proportional to the square of the detector
width.

In (.), `n()a is the mean number of transmitted X-ray quanta of the center
beam. For a circular disk of radius R and homogeneous attenuation μ, this number
can be estimated by

`n()a = `n()ae− R
∫


μ dη = `n()ae−Rμ . (.)

Under any angle, the mean value of the quanta number reaching the detector is
equal to the number of quanta generated in the X-ray source, multiplied by a con-
stant attenuation factor. As the mean number of quanta `n()a is inversely propor-
tional to the variance of the image noise, the noise may obviously be reduced by
increasing `n()a. The number of quanta `n()a depends on the current I of the
X-ray tube (cf. . and .). The higher the tube current, the higher the intensity
of the radiation and the more image noise is reduced. Figure . illustrates this ef-
fect on a phantom scanned with different numbers of projections, Np, and different
tube currents, I.

9.8.3
Dose, Contrast, and Variance

The X-ray dose to which the patient is exposed is proportional to the tube current,
I. The relation between the dose and the contrast, which is marginally visible, is
given by the so-called low-contrast resolution defined by a line of holes in a phan-
tom (Morneburg ). According to this, the dose D and the just identifiable con-
trast Kd are related by the proportionality

Kd 	 6
D

, (.)

where d is the diameter of the individual holes of the hole line.



 9 Image Quality and Artifacts

Strictly speaking, not the current but the product of current and measuring
time, the so-calledmAs product (cf.� Sect. .), determines the number of photons
and thus the image quality. If one doubles themAs product, the signal-to-noise ratio
is improved by the factor

6
 (cf. .).This of course improves the contrast. As the

dose increases linearly with themAs product, onemust therefore make a comprom-
ise in practice. Additionally, one has to take into account in practice that heavier
patients absorb more quanta than thinner patients. The signal-to-noise ratio is thus
reduced with heavier patients if the same mAs is used as for thin patients.

The influence of slice thickness on image quality has already been discussed in� Sects. .., .., and .. in the context of partial volume artifacts and staircasing.
These averaging problems resulted in a deterioration of the image. However, it must
be taken into account with respect to the image noise that, obviously, the number
of quanta increases proportionally to the slice thickness. Therefore, if one doubles
the slice thickness, the signal-to-noise ratio is improved by the factor

6
. These

two counteracting effects may not be generally compared, because, in practice, the
slice thickness to be selected always depends on the anatomic region that is actually
scanned.

Intelligent scanner concepts use (.) such that the anode current is dynam-
ically adapted to the corresponding anatomical area. Figure . illustrates this ap-
proach schematically. In the area of the lung the tube current and thus the dosemay
be reduced without having to accept a poorer image quality.

The relation between the signal-to-noise ratio and the dose, as well as the detec-
tor size is particularly interesting. Especially from a practical point of view, there is
a high demand for small detector elements in order to visualize smaller anatomical
details. In this context, the combination of (.) and (.) directly yields

σf (, ) = π

Np (Δξ) `n()ae−Rμ
. (.)

As the mean for the attenuation value to be reconstructed is μ everywhere for
a homogeneous disk or cylindrical object, the average value of the original pixel
particularly obeys

` f (, )a = μ . (.)

Taking into account the definition of the signal-to-noise ratio (.), we therefore
find

SNR(, ) = ` f (, )a
σ f (, ) = μ

π

c
Np (Δξ) `n()ae−Rμ (.)

for the pixel in the origin.
Thedose applied in the center pixel, f (, )with the pixel edge length b of a very

thin disk with the radius R during measurement with X-ray, amounts to

D 	 Np`n()a
b

, (.)
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(cf. formula of Brooks and DiChiro [] discussed in � Sect. .) and is thus pro-
portional to the quantumnumber per pixel area . If one assumes that the pixel edge
length b approximately corresponds to the size of the detector element, i.e., b � Δξ,
then (.) yields

SNR(, ) 	 μ
π

c
 (Δξ) D (.)

and one finds the important relation

D 	 (SNR)(Δξ) (.)

among the detector resolution, dose, and signal-to-noise ratio. (.) means that,
with a constant SNR, the dose is increased with the fourth power when the detector
size is reduced.Thus, the size of the detector elements can of course not be arbitrar-
ily reduced because the dose cannot be arbitrarily increased. This limits the chase
after smaller detector elements in future detector systems.

 The exact conversion of the quantum number/mm into the dose depends on the anode
voltage, the beam-hardening filter, and the tissue type (Dössel ).
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10.1
Introduction

In the following sections, some important practical aspects of computed tomog-
raphy (CT) will be discussed. Among others, these aspects concern scan planning,
data processing, and representation – particularly gray value scaling. In particular,
scan planning plays an important role in clinical applications of CT since the scans
cannot arbitrarily be repeated due to the system-inherent radiation dose to which
the patient will be exposed.

Therefore, it is furthermore not only important to properly plan the scan, i.e.,
to prepare the image acquisition, but also to be informed about how the image data
may be represented. That is, how to appropriately post-process the acquired data,
in order to maximize the information that is available from the images by means
of modern visualization techniques. Both aspects – planning and post-processing –
will be discussed in this chapter.The different scan protocols for the corresponding
radiological aspects will not be discussed here; they are described, for example, by
Romans (). However, in the last section some examples of the medical applica-
tion of modern CT systems are given.

10.2
Scan Planning

The first and most important step in planning a CT scan is the acquisition of an
overview scan, which is called a topogram, scanogram, scout view or pilot scan
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by the different manufacturers. To acquire this overview scan, the rotation of the
sampling unit is stopped at a desired angle. In principle, any angulation is possible,
but typical positions are anterior–posterior (a.p.), i.e., X-ray examination from the
patient’s front to the patient’s back, and lateral, i.e., X-ray examination from the side.

During acquisition of the overview scan the patient table is continuously moved
through the measuring field. Figure . exemplarily shows images resulting from
an a.p. and a lateral overview scan. The resulting images are quite similar to con-
ventional X-ray images. However, both imaging techniques differ in that a parallax
in the axial direction of the patient does not occur for the overview scan because of
the minimal divergence of the X-ray beam due to slice collimation.

By means of the a.p. overview scan, it is possible to plan and program a particu-
lar slice plane, the slice thickness, and the number of slices or the volume. When
using the lateral overview scan it is also possible to program special slice orien-

Fig. .. Preparation of an overview scan to plan the slice plane position. With a fixed tube
detector position, the table is continuouslymoved through the gantry. This produces projec-
tion images similar to X-ray fluoroscopy. Two geometries are typically used: Lateral – The
patient is X-rayed from the side; anterior–posterior (a.p.) –The patient is X-rayed from the
front to the back. It is often also possible to adjust to the opposite direction, i.e., posterior–
anterior X-ray examination
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tations by appropriately tilting the entire gantry. This is especially useful in skull
radiographs and spinograms to exclude sensitive organs (e.g., eyes) from the scan.

Figure .a shows the a.p. overview scan of a thorax. Here, axial slices with
a thickness and distance of mm up to mm are typically scanned. If the lumbar
vertebrae are to be examined, the gantry must be tilted such that it is adapted to the
orientation of the individual vertebral bodies. Figure .b highlights that this is the
only possibility of acquiring planar images of, for instance, the intervertebral disks.

Fig. .. a An a.p. overview scan is used to plan the slice position in thorax radiographs.
With this overview scan, it is only possible to plan axial radiographswithout tilting the gantry.
b If different lumbar vertebrae are to be examined, it is recommended to adapt the slice
orientation to the anatomical situation by programming the corresponding gantry tilts (c)
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Figure . shows two different orientations of the skull. If one aims to acquire
coronal skull images, it is necessary to appropriately place the patient on the table.
In Fig. .a a lateral overview scan of the patient can be seen. The patient is lying
on his abdomen with his head being heavily hyper-extended. This hyper-extension
of the head is indeed required due to the limitations in the angle of gantry tilt. Two
tomographic slices are shown on the right side in Fig. .a. Such radiographs are
frequently used either to diagnose chronic sinusitis or to evaluate bone fractures. In
slice , artifacts due to dental fillings can clearly be identified. Slice  shows a section
of the frontal calvarium of the skull with spongiosa. Both slices allow unobstructed
paranasal sinuses to be discerned.

Fig. .. Lateral overview scan for planning the slice position of head tomograms. a Due
to the limited tilt of the gantry the patient has to be bedded face-down and with his head
being hyperextended into the neck to be able to acquire a coronal representation of the facial
cranium: Slice () and (). b In comparison, axial images without gantry tilt: Slices () and(). Courtesy of Ruhlmann, Medical Center Bonn



10.3 Data Representation 

10.3
Data Representation

10.3.1
Hounsfield Units

In CT, the attenuation values μ from equation

I(η) = Io e−μ η (.)

are usually represented as gray values. In this context, an approach developed by
Hounsfield has proven to be appropriate and is nowadays commonly used. Here,
the attenuation values are transformed onto a dimensionless scale and are related
to the attenuation value of water. The definition of these CT values reads

CT-Value = μ − μwater
μwater

 . (.)

In honor of Hounsfield, the unit of these values,

[CT-Value] = HU, (.)

is called the Hounsfield unit (HU). On this scale, the CT value −,HU is as-
signed to air and the CT value HU to water. In principle, this is an open-ended
scale, but in practice it ends at approximately ,HU. The range of ,HU
overall can be captured quite well by means of -bit gray-value images. This scal-
ing is arbitrary, but nevertheless has practical consequences. Since the attenuation
values of almost all organs – except the bones – are quite similar to those of water,
the difference from the attenuation value of water that is given by (.) is of per
mill.

Radiologists are accustomed to considering the CT values as absolute values,
which can unequivocally be assigned to the organs. Deviations of these CT values
for certain organs indicate pathology. �Chapter  already pointed out the depen-
dence of the X-ray attenuation on the wavelength of the radiation and � Sect. ..
discussed the potential artifacts arising from this. This problem, which emerges in
the case of all CT scanners used for diagnostic imaging, is a consequence of the us-
age of polychromatic radiation spectra. While passing through the body, the spec-
tral distribution of the radiation changes such that an unequivocal assignment of
attenuation values is actually not possible.

Nevertheless, the view of the radiologists is largely justified, since most organs
behave like water with regard to radiation physics. Therefore, it is possible to cor-
rect the beam hardening for these objects by means of a calibration measurement
performed with a water phantom (cf. � Sect. ..). Thus, for the CT values of soft
tissue, the definition of the Hounsfield value

CT-Value = ρ − ρwater
ρwater

 (.)



 10 Image Quality and Artifacts

is directly linked to the tissue’s density ρ. In this context, the lower part (b) in
Fig. . is of special interest because different organs and organ changes can be
readily distinguished here according to (.). However, (.) does not hold for
bones, contrast media, metal implants, and similar materials, but depends on the
X-ray spectrum and the beam-hardening correction (Morneburg ).

10.3.2
WindowWidth andWindow Level

It is sensible to divide the whole Hounsfield scale into diagnostically relevant inter-
vals as shown in Fig. .. Figure .a provides the histogram of the relative fre-
quencies of the CT values of an abdominal slice.The accumulations of air, the foam
plastic of the patient bed as well as the fat and the organs can be seen. In the rep-
resentation of the tomographical slice of the parenchymatous organs in Fig. .b,
the problem arises that many organs are mapped into overlapping intervals of CT
values.Therefore, a sound diagnosis is actually not easy; thus, textures of organs are
also important in clinical practice.

The human visual system cannot resolve the complete dynamic range from−,HU up to ,HU with , gray-value steps. This is the reason why in
practice gray-value discriminations of only  steps are resolved on the display de-
vices. Recent studies have shown that the human observer is able to discriminate
between  and  shades of gray for the available luminance range of current
medical displays and in optimal conditions (Kimke and Tuytschaever ). To
be able to detect differences between organs that have rather similar visual repre-
sentations in their attenuation, it is necessary to appropriately map the respective
anatomically sensible Hounsfield interval to the perceptible gray-value range. For
this, one uses the piecewise linear function

G =  ċ
-........../..........0

 for CT values �WL−WW


WW− �CT value −WL+WW


�
 for CT values : WL+WW


.

(.)

TherebyWW denotes the window width and WL the window level.
Figure . shows the corresponding piecewise linear function for a bone win-

dow (WL =+HU, WW= ,HU) and a soft tissue window (WL=+HU,
WW= HU), as well as their effects on the representation of an abdominal tomo-
gram. Density differences in the spinal process are visible only in the bone window,
but a differentiation of the soft tissue is hardly possible due to the large width of the
window. In the soft tissue window, organs such as the liver and the kidney can be
distinguished quite well. However, in this relatively narrow window, all CT values
above +HU are displayed undifferentiated as white areas.
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Fig. ..Attenuation values inHounsfield units a of all tissues andb of the soft tissue interval
only. The data are compiled from the collections in Krestel and Hofer (Krestel ; Hofer
)
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Fig. .. The principle of windowing: The complete interval of practically sensible
Hounsfield values (HU), ranging from −,HU up to ,HU (cf. relative frequency of
the values for the abdomen area – lower left), cannot be recognized and distinguished by the
human visual system. Therefore, the different, anatomically interesting Hounsfield intervals
have to be mapped to appropriate gray-scale intervals that can be differentiated. The lower
right image provides the characteristic curves for two anatomically relevant windows. The
upper images show the result of the bone window (a:WL =+HU, WW= ,HU) and
the soft tissue window (b: WL=+HU, WW= HU)

Figure . exemplarily shows the results of applying different windows to an
image slice of the thorax. Again, the relative frequency of the CT values is given.
These images are especially challenging, since lung tissue, soft tissue, and the bone
tissue might be interesting from a diagnostic point of view. For the classification
of the areas, three windows turned out to be quite useful. Thus, the lung or pleura
window (WL=−HU, WW= ,HU), which allows to the lung tissue with
its low density to be differentiated, is added to the already mentioned soft tissue
window and bone window.

A quite narrow window has to be arranged in order to be able to image the
small density differences within the nerve tissue of the brain. This is exemplarily
illustrated in Fig. .a–c.

Typically, a window width of WW= –HU is selected for a window level
of WL=+HU (Hofer ). Again, Fig. . also shows the relative frequency
distribution of the CT values. Therefore, the cumulation representing the nerve
tissue is readily visible. When the brain window is adapted accordingly, it is even
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Fig. .. Comparison of the differentiability of tissue when using a soft tissue window
(a: WL=+HU, WW= HU), a bone window (b: WL=+HU, WW= ,HU),
and a lung or pleura window (c: WL=−HU, WW= ,HU); data courtesy of
Ruhlmann

possible to visualize density differences between the white and gray matter of the
brain. However, it is not possible to assess the calvarium of the skull at the same
time, since all CT values larger than –HU are again mapped appearing equally
white. For this purpose, one has to select the bone window to be able to differentiate
the higher CT values representing the cranial bone. The bone window representa-
tions in Fig. .b and d even allow the spongiosa structure of the cranial bone to
be identified.

10.3.3
Three-Dimensional Representation

Figure .b and c provides images of the volume rendering technique.Thismethod
assigns a physical light reflection and scattering value to each voxel (spatial pixel).
The computer is then used to light up this data fog with a virtual light source and
to model the optical impression artificially. To do so a real reflection and scattering
of light is simulated.

If bones, organs or contrast media-enhanced vessels are assigned to different
optical properties, interesting insights into the pathological status of the patient can
be gained (cf. Figs. .b–c and .f). In a post-processing step, certain tissue types
can be suppressed. In Fig. .d for example, bone is eliminated by a special bone
removal technique for better visualization of the vessel tree.
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Fig. .. Differentiability of tissue when using a brain window (a: WL=+HU,
WW= HU) and a bone window (b: WL=+HU, WW= ,HU). The frequency
distribution indicates how the brain window has been selected); data courtesy of Ruhlmann

Analternative tovolumerendering is surface rendering, as illustrated inFig. ..
The individual shades of gray of the layers (images) in the data stack represent the
degree of physical attenuation of the X-ray beam. In a clinical context, deviations
from the normal distribution of these values may indicate pathological changes in
the patient.



10.3 Data Representation 

Fig. .. Angiographic image acquisition with CT (CTA): a Maximum-Intensity Projection
(MIP), b volume rendering, c zoom into the knee and visualization from the back, and d vir-
tual bone eliminationwith the bone removal technique (courtesy of PhilipsMedical Systems)

Fig. .. Three-dimensional representation of the abdomen. a Coronal reformatting,
b–e volume and surface rendering, c–e virtual endoscopy of the intestine together with the
representation of the virtual endoscopy trajectory, and e virtually opened intestine in cylin-
der coordinates (courtesy of Philips Medical Systems)
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During visualization, it is possible to visualize certain ranges of values and to
selectively suppress others. If the viewer chooses a constant gray value, i.e., a thresh-
old, all spatial pointswith this valuemay be displayed in space as an iso-surface.This
surface is approximated by triangles using a technique called triangulation. Then
the mosaic of triangles is again lit and displayed by the virtual method described
above. The larger the chosen number of mosaic pieces for the reconstruction of the
surface, the more lifelike the result.

In addition to the three-dimensional representation of organs or bone surfaces,
whichmay be interactively rotated on the computer screen, an interior view of hol-
low organs and airways of contrast-enhanced vessels can be produced. In this way,
virtual rides into the body – for example into the bronchial tubes or the intestine –
can be visualized. In Fig. .e, a virtual insight into the human intestine is given.
The value of such a three-dimensional diagnostic approach lies in the data reduc-
tion otherwise being inherent in the hundreds of single slices.

10.4
Some Applications in Medicine

In the final section of this chapter, the broad variety of clinical applications of mod-
ern CT imaging is summarized by means of some examples. In Fig. ., four typ-
ical applications are given. Important fields of application are summarized in the
following:• Brain perfusion:The blood flow in the brain (cerebral blood flow –CBF), blood

volume in the brain (cerebral blood volume – CBV), mean transit time (MTT),
and peak time of the bolusmaximum (time to peak –TTP) are acquired and dis-
played as colored overlay onto the relevant CT slices. In this way, colored maps
of tissue vitality give indications of an acute or chronic infarct (cf. Fig. .a).• Liver perfusion: Arterial and portal measurements of perfusion in liver studies.• Tumor perfusion: Characterization of known lesions via their perfusion.• Lungmeasurement: Diagnostics of lung emphysema (cf. Fig. .b); automatic
detection of lung nodules.• Calcium scoring: Quantification of coronary calcification.• Vessel analysis (CTA): Visualization of vessel trees (cf. Fig. .c); analysis of
stenoses and aneurysms; planning of stents.• Cardio CT: Identification and quantification of stenoses; planning of stents and
visualization of implanted stents (cf. Fig. .d).• Virtual endoscopy: Three-dimensional CT data as a basis for anatomical inter-
ior views of hollow organs (cf. Fig. .e) and contrast-enhanced vessel trees.• Trauma: Fast imaging of the entire body for diagnostics of accident injuries.• Dental planning: Three-dimensional reconstruction and slices through the
maxilla and mandible as a planning basis for the implantation of prostheses for
the oral surgeon.
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Fig. .. a Perfusion measurement for stroke patients, b visualization of lung emphysema,
cCTangiography of the cranial vessels, andd imaging of a coronary stent (courtesy of Philips
Medical Systems)
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• Planning of radiotherapy:Three-dimensional CT reconstruction as a basis for
dose planning in the radiation therapy of tumors.• Image-guided surgery:Three-dimensional CT reconstruction as a basis for the
planning and navigation of surgical interventions.• Interventional imaging: Visualization of a surgical instrument tip during
a biopsy.

In particular, the perfusion measurements show that today’s CT is on the upswing
toward becoming a functional modality. This technique allows the blood flow to be
measured after contrast media injection into different organs.



11 Dose

Contents

11.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 485
11.2 Energy Dose, Equivalent Dose, and Effective Dose . . . . . . . . . . . . . . . . . . . . . . . . . . . 486
11.3 Definition of Specific CT Dose Measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 487
11.4 Device-Related Measures for Dose Reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 493
11.5 User-Related Measures for Dose Reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 499

11.1
Introduction

The gain in diagnostically valuable information accompanying the advent of com-
puted tomography (CT) was considered to be exceptional. This is one of the main
reasons why the applied dose was not considered to be of vital importance dur-
ing this developmental stage. Based on the number of devices currently installed in
Germany and an average of , examinations per year, an annual total number
of several hundreds of millions of slices can be estimated to be acquired each year.
This approximately lies within the same range as the total number of standard pro-
jection radiographs acquired in clinical practice. Considering the different types of
radiological examinations (X-ray examinations), one immediately becomes aware
of the following discrepancy. Although CT examinations represent only about %
of all radiological examinations, their share of the total dose amounts up to approxi-
mately %. In short, CT accounts for the largest portion of medically related X-ray
exposure.

Considering new generations of CT scanners, such as spiral multislice CT, the
applied dose indeed is not reduced. In fact, it is more likely that the amount of dose
applied during one single imaging session will increase. This is mainly due to the
fact that inmodern scanners longer sequences and thinner slices can be easilymeas-
ured (Nagel ). Initiated by reports about unnecessarily high X-ray exposure in
pediatric CT examinations (Sternberg ), which were actually performed on
the basis of the same scanning protocols as were used in human adults, a high sen-
sibility concerning the applied dose has emerged among both manufacturers and
users. Recent developments such as automatic exposure control, take the problem



 11 Dose

of dose into account. With this technology, one can easily adjust the amount of dose
according to the anatomy of the patient or likewise take into account whether the
individual under examination is an adult or an infant.

The second section of this chapter briefly introduces the essential physical in-
teractions between ionizing radiation and biological tissue as well as their phys-
ical parameters. The third section provides dose rates that are characteristic of
CT. Finally, in the last two sections, different methods of dose reduction are dis-
cussed.

11.2
Energy Dose, Equivalent Dose, and Effective Dose

The general definition of energy dose is

D = absorbed energy
tissue mass

. (.)

That is, the absorbed energy is related to the mass of the exposed tissue. The unit of
dose isGray ([D] = J�kg=Gy). Since the resulting biological effects of different types
of radiation having the same energy dose varies, an additional biological weighting
of the energy dose is necessary. This is done using the so-called equivalent dose. In
ICRP paper no. ,  (ICRP ) an equivalent dose for a certain organ or tissue
is defined as

HT =�
R

wR ċ DT,R , (.)

where DT,R represents the dose applied to the organ T with respect to the type
of radiation R. The equivalent dose HT is measured in units of Sievert ([HT] =
J�kg = Sv). Here, wR represents the so-called radiation weighting factor, which
only depends on the type and energy of the applied radiation. Table . provides
the weightings for different types of radiation. Obviously, the weighting factor for
X-ray is wR = .

In order to take the varying radiosensitivity of different organs and tissues into
account, a tissue weighting factor, wT, has been introduced, resulting in the so-
called effective dose E (as opposed to the equivalent dose HT). Table . provides
a collection of organs, which is subdivided into four distinct classes according to
their sensitivity.

The effective dose E is the sum of the weighted equivalent doses in all the tissues
and organs. It is given by

E = �
T

wT ċ HT =�
T

wT ċ �
R

wR ċ DT,R . (.)

The effective dose E is measured in units of Sievert [E] = J�kg = Sv.
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Table ..Weighting factors (wR) for different radiation types (ICRP )

Radiation type and energy range Radiation weighting factorwR

Photons (all energies) 
Electrons und muons (all energies) 
Neutrons E < keV 

keV < E � keV 
keV < E � MeV 
MeV < E � MeV 
E � MeV 

Protons (other than recoil protons) E � MeV 
α-Particles, fission fragments, heavy nuclei 

Table .. Tissue weighting factors to be used for calculation of the effective dose (ICRP
)

Tissue or organ Tissue weighting factor (wT)
Gonads .
Bone marrow (red) .
Colon .
Lung .
Stomach .
Bladder .
Breast .
Liver .
Esophagus .
Thyroid .
Skin .
Bone surface .
Remainder .

11.3
Definition of Specific CT Dose Measures

The spatial dose distribution in CT fundamentally differs from the one observed
in traditional projection radiography. Figure .a provides an illustration of the re-
sulting relative iso-dose lines as seen in an anterior posterior projection radiograph
of a skull. Since tissue attenuates the penetrating X-ray beam, the dose decreases
continuously along the y-axis, i.e., from the tube-adjacent side toward its opposite
side. As a result of Beer–Lamberts law the applied dose decreases exponentially.
In contrast, Fig. .b provides the iso-dose lines resulting from a CT of the same
skull. Here, the object is X-rayed from all sides, so that the resulting dose distri-
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Fig. .. Illustration of the spatial dose distribution. Isodose lines are drawn onto a cranial
slice for a normal projection radiography and b � CT

bution is almost homogeneous inside the skull. Of course, every single projection
yields exactly the same spatial dose distribution as seen in conventional projection
X-ray imaging with respect to the direction of the X-ray radiation. However, due to
the accumulation across all angles the spatial exposure in total is almost homoge-
neous.

Additionally, a difference in the simultaneously irradiated volume can be ob-
served. If the CT acquisition is limited by means of collimation to one single slice,
the patient is primarily just irradiated in this respective layer with a thickness of
only a few millimeters. Figure .a shows the dose profile for one single slice given
a nominal slice thickness of d =  mm. It immediately becomes apparent that the
measured dose profile does not conform to an ideal rectangular function. There-
fore, even outside the slice adjusted by means of collimation, the dose is applied to
the patient. The main reason for this is the scattered radiation being produced in
the respective layer. Typically, the nominal thickness of a layer is within the range
of the full width at half maximum (FWHM) of the dose profile. Considering the
total amount of dose, the additional dose applied by scattered radiation outside the
X-ray fan beam must not be neglected.These circumstances are taken into account
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Fig. .. a Illustration of a single-slice dose profile for a nominal slice thickness of d =
 mm. b The Computed Tomography Dose Index (CTDI) is obtained via the area of dose
profile for a certain slice thickness d

via CTDI, the Computed Tomography Dose Index. CTDI represents an important,
CT-specific dose quantity, which relates the total amount of a dose to an ideal rect-
angular dose profile along the z-axis. CTDI is calculated as follows

CTDI = 
d

�

∫
−�

D(z)dz. (.)

Here, D(z) denotes the function of the dose along the z-axis. Figure .b schemat-
ically illustrates the CTDI as the height of the hatched rectangular area. Therefore,
the CTDI represents the equivalent value of the dose inside the nominal slice with
an ideal rectangular profile that comprises the total amount of radiation that was
actually introduced (gray-shadowed area in the background of Fig. .b).

Since in CT applications a series of adjacent and overlapping slices is commonly
acquired, it has to be taken into account that the dose of one single slice increases
due to the contribution of the neighboring slices. This is expressed by the Multiple
Scan Average Dose (MSAD)

MSAD = CTDI
p

. (.)

Here, p is the pitch factor, whose definition from � Sect. . also holds for a se-
quence of single slices. Figure . shows how an MSAD dose plateau develops in
the presence of a sufficient number of overlapping slices.

In contrast to (.) the summation of the dose contribution is actually limited
by the FDA requirement for CT systems to an interval of$ times the slice thickness
in front of and behind the slice under consideration. That is,

CTDIFDA = 
d

+d

∫
−d

D(z)dz . (.)
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Fig. ..Dose profile of multiple slice scan series with slice thickness of  mm. a Series of 
sliceswith -mm table feed (pitch= ), b series of  slices with -mm table feed (pitch= .).
Definition of MSAD = Multiple Scan Average Dose (courtesy of Nagel [])

The FDA regulations obligate each CT manufacturer to specify the CTDIFDA. The
shortcoming of this definition of dose is obvious. The interval in which the dose
contribution of the scattered radiation is to be summed is actually reduced along
with the slice thickness.However, the range of the scattered radiation is almost inde-
pendent of the slice thickness.Therefore, the thinner the slices are, the more incom-
plete the coverage of the generated dose contribution will be. In order to avoid such
underestimations of the dose, the so-called Practical CTDI has been introduced. It
is defined as

CTDI = 
d

+mm

∫
−mm

Ka(z)dz (.)

i.e., fixed to a constant integration interval of mm. Furthermore, instead of the
absorbed dose in plexiglass, air kerma Ka is used.

A special significance is given to the so-called weighted CTDI. This quantity is
denoted by CTDIw. Current dose recommendations as well as dose displays at the
scanner backend are based on the CTDIw. The weighted dose index is defined by

CTDIw = 

CTDI,c + 


CTDI,p , (.)

i.e., resulting from the CTDI, one-third of which is related to the center of the
patient and two-thirds to the periphery. In analogy to (.), considering the total
examination, the dose-increasing and dose-reducing influence of a pitch value p 8 
has to be taken into account. This is done via the definition of the effective CTDI

CTDIw,eff = CTDIw
p

. (.)

 The word Kerma originates from “kinetic energy released per unit mass”.
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Occasionally, CTDI values found in technical datasheets of CT devices are given for
a certain current–time product

Q = I ċ t . (.)
The quantity

nCTDIx yz = CTDIx yz

Q
(.)

is called the normalized CTDI value. This is a device-specific constant for the dose
rate, which on its own does not allow any statement about the radiation exposure.

Another interesting dose quantity is the so-called organ dose

Dorg = absorbed energy
organ mass

. (.)

Here, the absorbed energy is referred to the mass of the organ. The dose D, as well
as all of the above-mentioned values derived from it, are measured in units of Gray[D] = J�kg = Gy. This quantity can be defined by means of tabulated conversion
factors from the dose free-in-air on the system axis

Dorg = 
p
CTDIair�

z
f (organ, z) . (.)

Therewith, the dose free-in-air on the system axis CTDIair is defined analogously
to (.), thus

CTDIair = 
d

+mm

∫
−mm

Ka(z)dz . (.)

The table by Zankl et al. (), which is used in Germany, contains conversion fac-
tors separated according to gender.The conversion factors are graphically illustrated
in Fig. ., as observed in a patient along a patient’s axial direction.

The relevance of the organ dose lies in the fact that one can estimate the prob-
ability of a radiation-induced cancer of the organ from the multiplication of the
organ dose by the corresponding risk factor.

At this point a new value has to be introduced, which describes the entire
amount of radiation exposure of a complete CT examination with for instance 
adjacent slices being acquired. The question regarding the applied dose in the case
of  slices in relation to the measurement of one single slice is frequently answered
incorrectly, because, surprisingly, the dose remains the same.That is to say, the term
dose has, according to the definition given in (.), the meaning of a density. The
mass density does not increase proportionally along with an enlargement of the
considered volume. In order to quantify the total effect of the radiation of n slices,
the so-called dose length product (DLP) is introduced.

DLPw = CTDIw,eff ċ p ċ n ċ d . (.)

Here, d is given in centimeters, so that the unit of the DLP is [DLPw] = Gy ċ cm.
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Fig. .. Conversion factor f per cm slice thickness from CTDIair to an effective dose for
normalweight adults: a female, bmale. Tube voltage:Uref =  kV; -mmAl filter equivalent
(courtesy of Nagel [])

By taking advantage of the DLP the effective dose defined in (.) can be esti-
mated in a simplified form by

E = DLPair ċ faverage . (.)

Therefore, the DLP free-in-air on the system axis is composed of

DLPair = CTDIair
CTDIw,X

DLPw . (.)

Table ..Average conversion factor faverage (in mSv/mGy ċ cm) fromDLP based onCTDIair
to effective dose for normal weight adults: Female, male. Tube voltage: Uref = kV; -mm
Al filter equivalent (courtesy of Nagel [])

Body region Female ( faverage) Male ( faverage)
Head . .
Neck . .
Thorax . .
Upper abdomen . .
Pelvis . .
Complete abdomen . .
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The subscript X in (.) refers to the employed body phantom (-cm head phan-
tom or -cm torso phantom). The average values of the conversion factors with
respect to different anatomical areas, a tube reference voltage of Uref =  kV and
a -mm Al filter equivalent (see Fig. .) are summarized in Table ..

11.4
Device-Related Measures for Dose Reduction

In � Sect. .. it has already been discussed that dose and image quality are closely
related to each other. Thereby, the formula of Brooks and DiChiro () is fre-
quently quoted, according to which this relation is given by

D 	 B
σ ċ b ċ Δξ ċ d . (.)

B = exp(Lμ) is the object’s mean attenuation factor, where L denotes the thickness
of the object and σ describes the noise, i.e., the variance, of the image values. b is the
sampling distance given at the rotation center, Δξ the width of the detector elem-
ent, and d the slice thickness. Sophisticated scanners take advantage of this connec-
tion in such a way that the anode current and therefore, the dose, are dynamically
adapted to the respective anatomical range, such that the resulting total dose can be
lowered whilst preserving the signal-to-noise ratio. Thereby, one basically takes ad-
vantage of the relation D 	 B (at a constant SNR). The three concepts – automatic
exposure control, longitudinal dose modulation, and angular dose modulation, all
of which are described in the following – are based on this idea.

Figure . schematically illustrates that one initially has to differentiate patients
according to their physique and between infants and adults respectively. If we ad-
just the same tube current–time product for infants (small values for L in (.)), as
used in scan protocols for adults (Fig. . left), the obtained intensity of the X-ray
at the detector and thus the applied dose, with respect to the achievable diagnostic
quality (i.e., the SNR = μ�σ), is too high.Therefore, in the case of a pediatric exam-
ination, it indeed is reasonable to decrease the anode current to a level that allows
a comparable diagnostic quality to be obtained, as achieved in the examination of
an adult (Fig. ., right). The automatic exposure control (AEC) can be steered by
means of the scanogram.

Figure . provides an illustration of the dynamic adaptation of tube current
or dose respectively with respect to the anatomical situation observed along the
axial z-axis (longitudinal dosemodulation). In anatomical areas inwhich, as known
a priori, a small attenuation of the X-ray intensity is to be expected (as for example
within the lung area) the tube current and thus the dose can be lowered, without
impairing the image quality. If all areas are operated on with the same tube cur-
rent, this will either result in dose rates that are too high or noise levels that are too
strong.

Figure . illustrates the dynamic adaptation of the tube current across the pro-
jection angle γ to the integral attenuation of the radiated body area (angular dose
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Fig. ..Automatic exposure control (AEC) differentiates between heavier and thinner pa-
tients (courtesy of Nagel [])

Fig. ..The longitudinal dose modulation is a dynamic adaptation of the tube current or
dose to the anatomical situation. In axial locations with low attenuation of X-ray intensity,
such as the lung, the tube current can be reduced without loss of image quality. The con-
ventional scan protocol, i.e., constant tube current along the axial scan direction, leads to
an unnecessarily high dose or unacceptably high noise level (courtesy of General Electric
Medical Systems)
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Fig. ..The angular dose modulation is a dynamic adaptation of the tube current or dose
to the shape of the axial body section. Especially in neck, thorax or abdomen imaging, the
attenuation of X-ray intensity in the anterior–posterior direction is lower than the attenu-
ation in the lateral direction.With an angular modulation of the tube current the signal level
at the detector can be held constant

modulation). At all sections through the body, which are oval rather than circular,
the angular dose modulation is to be applied. In particular for image acquisitions
of the shoulder, a strong dose modulation is to be used.

Figure . shows the effect of the combination of longitudinal and angular
dose modulation on the attenuation of the X-ray beams and on the tube current.
At conventional scan protocols with a constant tube current along the patient’s
axial direction, the dose is usually selected in such a way that all anatomical ar-
eas with a good signal-to-noise-ratio are measured. This adjustment of the tube
current, however, is oversized for most slice positions. In Fig. ., one easily can
recognize that only in the shoulder and in the pelvic areas is it necessary to em-
ploy a higher incoming intensity due to the fact that the attenuation is higher in
these areas. This is implemented by means of a longitudinal dose modulation. Fur-
thermore, it is possible to decrease the mean dose, provided that the differences in
attenuation between frontal and lateral radiation are considered. At additional an-
gular dose modulation, it is even possible to temporarily increase the dose during
lateral radiation compared with conventional scan protocols. Overall, this allows an
enhancement of the image quality whilst simultaneously reducing the overall dose
applied.

Another possibility for dose reduction arises in cardiac imaging. In Fig. .
a trigger sequence of an ECG-triggered image acquisition of the heart is depicted.
Since data are only acquiredwithin the resting phase of the beating heart, the overall
amount of the dose can be significantly reduced, provided that the tube current is
switched off outside the data window.This effective and efficient procedure is called
temporal dose modulation.
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Fig. .. Combination of longitudinal and angular dose modulation (courtesy of Siemens
Medical Solutions)

In Fig. . two other efficient methods of device-operated dose reduction are
provided. First, a flat metal filter, which is installed directly behind the X-ray tube,
allows the absorption of low-energy radiation present in the polychromatic X-ray
spectrum. Since the soft X-ray beam passing through the patient is attenuated more
strongly than the hard X-ray beam, its contribution to the overall dose is relatively
high – this is distressing since its contribution to the imaging result is quite small.
Due to its low energy, it is absorbed in the patient and therefore does not reach
the detector. This part of the X-ray spectrum correspondingly only contributes to
an increase in patient dose, without improving the image quality. Therefore, DIN
 demands at least a minimal value of the total filtering of .mm Al for CT.
Another advantage of this filter is the reduction of beam-hardening artifacts (cf.� Sect. ..). However, as a general rule, employing stronger filters will coevally
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Fig. .. The temporal dose modulation is an ECG triggered switching of either the tube
current or the dose. In cardiac imaging, best results are achieved when projection data are
acquired in the diastolic phase of the cardiac cycle. The dose can be reduced considerably if
the tube is switched off outside the data window (Nagel )

reduce the contrast and, moreover, result in higher noise due to the fact that less
radiation reaches the detector. In order to compensate for the loss of contrast-to-
noise-ratio, an increase in themAsproduct is necessary.This in turn counteracts the
positive effects arising from the reduced radiation exposure of the patient bymeans
of filtering (Hidajat ).Therefore, it is necessary to cope with a trade-off between
dose reduction and contrast-to-noise ratio, both of which are directly related to
the effects of filtering, as already mentioned above. Modern devices are frequently
equipped with a source filter of –mm Al and, device-specific, an additional filter
of .mmCu.The overall filtering therefore amounts to approximately –mmAl-
equivalent (Hidajat ).

Using a specially shaped filter, called a bowtie filter, it can be considered in a sec-
ond step that the total distances covered by beams of the X-ray fan passing through
the patient’s body differ from each other. The white lines in Fig. . schematic-
ally illustrate that the covered distance through the patient at the border of the fan
is typically shorter than in the center. This offers the chance to reduce the dose
of the rays situated at the border of the fan via a gradual attenuation in so far as
the signal-to-noise-ratio is comparable across the entire fan beam.The bowtie filter
also allows optimization of the requirements for the dynamic range of the detec-
tor system. In order to create absorption behavior comparable to that observed in
the anatomy, specially shaped filters often consist of plastic or other materials with
a lower atomic number Z. Some devices workwith differently shaped filters accord-
ing to the anatomical area to be examined (Hidajat ).

Figure .a shows a recent development in the field, the so-called dual-source
CT. Two complete sampling units, both of which consist of an X-ray tube and a de-
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Fig. .. With a flat metal filter a low-energy X-ray is attenuated. In a second step, a so-
called bowtie filter leads to a spatially increasing attenuation from the center to the border
of the X-ray fan

tector array, are installed perpendicular to each other. Best images of the beating
heart are obtained when the acquisition interval is set to the diastolic phase. Since
the patients are usually agitated, this resting phase of the heart is often so short that
motion artifacts are inevitable.

In Fig. .b it is schematically shown that images have to be acquired across
�, in order to obtain a complete raw data set within the relatively short resting
phase of the heart. Figure .c depicts that by employing a sampling unit taking
advantage of the dual-source technology, only a rotation about � is necessary.
Thereby, the sampling time is halved, such that motion artifacts are significantly
reduced. If one wants to abandon the administration of beta blockers, which are
used to lower the pulse, an artifact-free image reconstruction by means of a single-
source scanner is no longer possible. Figure .d schematically depicts that single-
source scanners in this casemust employmulti-segment protocols with a high dose.
Here the strength of the halved acquisition time (cf. Fig. .e) becomes appar-
ent. Using these modern dual-source subsecond scanners a temporal resolution
can be achieved, which only differs by a factor of  from the acquisition speed
achieved by electron-beam CT (cf. �Chap. ). Considering the applied dose, the
ECG-supported triggering of the acquisition window – a principle that already has
been discussed in Fig. . – is of great importance. Here, compared with the stand-
ard CT scan protocol in which the tube current is not modulated, a dose reduction
of up to % can be achieved.

At this point it must be noted that for the calculation of the effective dose,
device-specific correction factors have to be introduced, if one does not accept es-
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Fig. .. Dual-source CT consists of two independent sampling units. a A second X-ray
tube and a second detector array has been added perpendicular to the first sampling unit.
b–e Especially in cardiac imaging, it is of great significance for simultaneous data acquisition
to double the temporal resolution (courtesy of Siemens Medical Solutions)

timation errors of up to %. The values for the conversion factors as given in
Fig. . refer to devices, that are operated with a reference voltage of Uref = kV
and are employed with a radiation filtering of a -mmAl-equivalent. Furthermore,
it is assumed that no special shaped filters are installed and that the focus center
distances are approximately – cm. Since these assumptions are by no means
representative, (.) has to be corrected via

E = DLPair ċ faverage ċ kCT . (.)

An overview of the device-specific correction factors kCT can be found in Nagel
().

11.5
User-Related Measures for Dose Reduction

Apart from device-related measures for the reduction of radiation exposure, for
which the manufacturers bear responsibility, there is a set of user-related measures,
which also affect the applied dose. The quantities and their connection to the dose,
adjustable in the scan protocol, are given in the following. For a detailed discussion
on the radiation exposure in CT, one is referred to the book by Nagel ().• Current–time product (mAs product): Dose and mAs product, i.e., the prod-

uct between the X-ray tube current and acquisition time, has a linear depend-
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ency. However, the standard deviation, i.e., the image noise, increases inversely
proportional to the root of the mAs product.• Acquisition time: At constant X-ray tube current, the dose increases linearly
along with the acquisition time. However, the mAs product is always to be con-
sidered as a total, so that at a constant dose the acquisition time can be reduced
along with simultaneously increasing the tube current.Thereby, the image noise
is unaffected; however, motion artifacts are less likely to occur at short acquisi-
tion times.• Tube voltage: With an increasing tube voltage, UB, the efficiency of the X-ray
tube as well as the penetration of the radiation is increased. The intensity of
the radiation increases with UB on average by the power of .. With a larger
penetration of the radiation, the image contrast obviously decreases. However,
this is more than compensated for by the better quantum statistics. Therefore,
the image quality generally is improved – obviously at the expense of a higher
dose being applied to the patient. If the voltage is for instance increased from
kV to kV, in order to reduce the dose whilst maintaining image quality,
the mAs product must be reduced by %. Thus, a dose reduction of approxi-
mately % is obtained (Nagel ). If one wants to calculate the effective dose
at a voltage U that differs from the reference voltage Uref = kV on the basis
of (.), then two adjustments to this equation are required. The normalized
CTDI free-in-air (cf. (.)) typically changes with the nd power of the voltage,
such that the corresponding correction factor reads

kU , = � U
Uref

� . (.)

In addition, the conversion factors change (cf. Fig. . and Table .) – in-
directly related to device-specific factors – on average by approximately % if
the voltage is increased by  kV.This can be considered by a second correction
factor

kU , = � U
Uref

�. . (.)

• Thickness of the object to be imaged: For infants and frail patients one has
to bear in mind that a smaller mAs product has to be adjusted. Due to lower
attenuation, the statistics of the X-ray quanta are still as good as for adults or
heavier patients. Correspondingly, the image quality is not affected. For heavier
patients, an increase in X-ray tube voltage is preferable to an increase in themAs
product, since the increase in radiation exposure is less intense.• Slice thickness:The slice thickness can typically be adjusted bymeans of a tube-
sided collimator from mm up to mm. Thereby, the slice thickness does not
affect the dose if the same body section is to be measured. The advantage of
a finer slice sequence is the reduction of partial volume artifacts as well as step
artifacts occurring at coronal or sagittal reformatting of the image. The disad-
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vantage is that at a finer collimation fewer X-ray quanta will reach the detector
such that the image noise will correspondingly increase. If the image quality is
to be kept constant, the mAs product and thus the dose will have to increase
inversely proportional to the slice thickness.• Pitch factor: A pitch factor of p =  means that in the case of a rotation of the
sampling unit through �, the patient table is linearly moved by a length equal
to the adjusted slice thickness. If p < , the individually measured slices have
a larger overlap, such that the image quality is increased. However, this results
in an increased dose. Accordingly, if p � , the dose can be reduced. In theory, an
artifact-free image reconstruction should be possible up to a pitch of p =  (cf.� Sect. .).With this, the scanning length is increased such that in the presence
of the samemAs product less X-ray quanta are available for the image formation
of a coevally larger body section. Therefore, the image noise increases.• Scanning length: If the imaged body section is enlarged, the dose applied to
the patient will accordingly increase. This is expressed by means of the effective
dose or the dose-length product. The number of slices always has to be limited
to the diagnostically relevant section, which has to be specified in the overview
scan.• Filter kernel: The choice of the respective filter kernel at first glance does not
directly influence the dose. However, as described in � Sects. . and .., the
choice of the high-pass filter of the filtered backprojection does indeed affect
the image resulting from the reconstruction, since the choice of the filter kernel
represents a trade-off between noise and spatial resolution. If one wants to re-
duce the noise while maintaining a high spatial resolution, this is only possible
at the expense of an increase in dose. Thus, it always depends on the diagnostic
question as to whether an appropriate choice of the filter kernel can be used for
dose reduction.• Window width: The window width (cf. �Chap. ) used for adjusting the dis-
play of the CT images does not initially have a direct influence on the dose.
However, the higher the selected contrast by constricting the window width,
the stronger the present noise in the images. Conversely, it is possible to smooth
the image by enlarging the window width. If there is a contrast reserve due to
the diagnostic question, a smoothing of the visualization can be already incor-
porated during the planning step. This will decrease the mAs product and thus
decrease the radiation exposure.• Field-of-view (FOV): By using a very small FOV, i.e., a very strong detail mag-
nification, as a general rule, a very sharp reconstruction filter has to be used.
This is due to the fact that the magnification of the section under examination
is typically, because a locally more detailed image needs to be analyzed. This
immediately has consequences for the image noise, which can only be reduced
with an increase in the mAs product and, therefore, an increase in the applied
dose.

For practical assistance for dose estimation the calculation strategy of the effective
dose from the mAs product is provided in Table ..
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Table .. Calculation steps from the mAs product to the effective dose. The example is for
a thorax study of an adult male patient on a Siemens SOMATOM  Plus scanner

Step Variable Calculation Result Example Reference

 Tube current I  mA Scan protocol
 Exposition time ċt s Scan protocol= Q mAs product mAs (.)
 Normalized CTDI

free-in-air
ċnCTDIair .mGy�mAs Nagel ()

 st voltage
correction

ċ kU , (�) (.)

= CTDIair CTDI free-in-
air

.mGy (.)

 Slice thickness ċ d .cm Scan protocol
 Number of slices ċ n  Scan protocol= DLPair Dose length

product
.mGyċcm (.)

 Conversion
factor

ċ faverage . Table .

 System correction
factor

ċkCT  Nagel ()

 nd voltage
correction

ċkU , (�) (.)

= E Effective dose .mSv (.)

Finally, it shall be mentioned that the progress toward smaller detector elem-
ents also influences the dose. It has been derived in � Sect. .. that at a constant
signal-to-noise ratio the dose increases to the power of four as soon as the detector
element size is reduced. If in the formula of Brooks (cf. (.)) it is assumed that
b � d � Δξ for the sampling distance in the rotation center and for the slice thick-
ness respectively, then, in consideration of the definition for the signal-to-noise
ratio SNR = μ�σ, one immediately obtains the relation

D 	 (SNR)(Δξ) . (.)

Obviously, this limits a further reduction of the size of the detector elements, since
the dose may not be arbitrarily increased.
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